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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

EXAMPLE: DUAL OF A DISCRETE GROUP

Let I" be a discrete group and consider the left regular representation A of I' on the Hilbert space
(I):

(L)) =v(p g,  yelD), pgel.

Furthermore let C;(I') be the C*-algebra generated by the operators {1,|p € I'} (i.e. the smallest
closed subalgebra of B(£*(I")) containing these operators which happens to coincide with the closure
of the span of {1, |p € I'}).

Next consider the unitary operator W on T @ 2 = 62T X y) defined by
W)p,q) = ¥(p.q"'p), W eI XT), p,geT.
Then we have (W*W)(x,y) = Y(x, xy~!) and consequently

(W, ® 1)W*¥)(a,b) = (4, ® HYW*¥)(a, b a)
=(WW)pla,bla) = PP a,p'b) = (1, ® 1,)¥)(a,b).
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

It follows that the map x — W(1 ® x)W* restricted to C*(I') has range in C'(I') ® C/(I') and maps
each 4, to 4, ® 4,. Defining A to be this mapping we easily see that A is a coassociative unital

x-homomorphism. Moreover for any p,q,a,b € I’

Ap) A ® A1) =2, ®A; and (A1t ® D)A(Ap) = A4 ® Ap

and such operators span a dense subspace of C*(I') ® C/(I'). It follows that the density conditions
from the definition of a compact quantum group are satisfied, i.e. the pair (C/(I'), A) describes a
compact quantum group. This compact quantum group is usually denoted by the symbol T and it is
referred to as the dual of I" or, more precisely, the reduced dual of I.
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS EXAMPLES

EXAMPLE: DUAL OF A DISCRETE GROUP II

Apart from C;(I') one can also form the universal or full group C*-algebra C*(I') of I. It is the
C*-algebra generated by symbols {u,},cr which are all unitary and satisfy the relations u,u, = uy,
for all p, g € I'. The existence of the comultiplication A: C*(I') —» C*(I') ® C*(I') is an easy
consequence of the universal property of this C*-algebra and it is equally easy to see that (C*(I'), A)
describes a compact quantum group.

Since the operators {4,}, <r of the left regular representation are unitary and satisfy the appropriate
relations, there exists a unique (quotient) map : C*(I') — C;(I') which obviously satisfies

(m®m) o A = A or (these are comultiplications on two possibly different C*-algebras). It is known
that 7 is an isomorphism iff the group I" is amenable. The compact quantum group in this example
is often called the universal dual of T".
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

TraEOREM (S.L. WORONOWICZ)

Let A be a unital C*-algebra generated by elements {u;};j-1..., such that the matrices

Uil e Uip uip vt Up
u=|: . | and u'=

Unl °° Unn Uln ° Unn

are invertible in Mat,(A) and assume there exists a unital s-homomorphism A: A — A ® A such that

n

Au;j) = Z Ui ® Ugj.

k=1

Then (A, A) describes a compact quantum group.
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

Proor
It is easy to see that A is coassociative, since it is enough to check this on generators of A.
To see that A(A)(1 ® A) is dense in A ® A it is enough to check that the set

B={a€A

m
Axi, .o XV ym €A a®l = A(xl-)(]l®y,~)}

i=1
is dense in A (indeed {h ® a|a € A, b € B} is contained in A(A)(1 ® A) and the former set is linearly
dense in A ® A).

The set B is a subalgebra of A because it is obviously a vector subspace and if

a®l=> Ax)1®y) and bel= ) A)I®Y)
i=1 j=1

then

ab®l =) Adewbel) =) Awbe ey =) AAGDUSNLEy) = )] A1 © ).

ij ij
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

Proor

Now note that the assumption on A says that

Awry) - Alury) w1 ®Ll - u,1[1®u

A(un,l) te A(un,n) Up1 @ T ... Uppn @ 1j|1® Un,1

so if
Vil ot Vi

Vol *°° Van

is the inverse of u then

Awrg) -+ Aw)|[Le@vig -+ 1®viy, u,®1

A(un,l) A(un,n) ]l®vn,1 ]l®vn,n un,1®]l
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

Proor

The last equality means that each generator u;; belongs to B.

Next we note that the assumed invertibility of u' is equivalent to invertibility of

* *

Ui Ui
= :
* *

un,l un,n

(because u = (u')*), so multiplying the equality

A(u’;l) A(”T,n) uh@]l u’f’n®]l ]l®u’i1 ]l®u’;n
A(u:’l) e Ay, ,) u;’1®]l Uy, ®1 ]l®u:’1 o 1eu,,

from the right by the matrix of elements 1 ® wy;, where {wy} are elements of 7' we find that each
u:]. also belongs to B.

PM. Sortan (KMMF) FALL SEMESTER 2026/2027 8/14



DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

Proor
Since B is an algebra containing all generators of A and their adjoints, it is dense in A.

In a similar way we show that (A ® 1)A(A) is dense in A ® A thus showing that (A, A) describes a
compact quantum group. O
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS

DEFINITION

A compact quantum group G described by (A, A) as in the last theorem is called a compact matrix
quantum group.

~>» The original terminology referred to compact matrix quantum groups as compact matrix
pseudogroups.

~> A compact matrix quantum group G with commutative C(G) is a (classical) compact group of
matrices.
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

EXAMPLE: THE QUANTUM GROUP SU,(2)

Fix g € [-1, 1]\ {0} and let C(SU,(2)) be the C*-algebra generated by @ and y such that

da+y'y=1, ad*+qgyy =1,
ay =qya, @y =qy'a,
Yy=vr
(let us note that in the case of C*-algebras the relation ay* = gy*a actually follows from the
remaining ones). Then there exists A: C(SU,(2)) — C(SU,(2)) ® C(SU,4(2)) such that

Aa)=a®a—-qgy'®y, Ay)=y®Qa+a* ®Yy.

The pair (C(SU,(2)), A) describes a compact matrix quantum group denoted by SU,(2). For g = 1
this is the classical group SU(2).
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

EXAMPLE: THE QUANTUM GROUP SU,(2)

The fact that SU,(2) is indeed a compact quantum group can be argued in many different ways. For
example it follows from the fact that the algebra o7, discussed in the first lecture is a Hopf algebra.

However a more direct proof can be obtained as follows: let

]
Y @

and let A € C be such that 2% = g. Then

N I e N (I e
“Flaoo |"a oo |

so u' is invertible.
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS ExampLES

ExAMPLE: THE QUANTUM GROUP S}

Let C(S;,) be the C*-algebra generated by elements {u; ;
all i,j and

i,j=1,...,n}suchthatu;; = ul.ZJ. :u;‘Jfor

o for any i we have 3 u;; = 1,
J

e for any j we have ) u;; = 1.
i

Note that these conditions mean that the matrix # with entries u;; is unitary and so is its transpose.
The comultiplication A: C(S;) — C(S;)) ® C(S;)) is defined in the usual way:

n

Awij) = Y wig®ugj,  Lj=1,....n.
k=1

Thus the pair (C(S;), A) describes a compact quantum group S;/ called the quantum permutation
group.
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DEFINITION AND EXAMPLES OF COMPACT QUANTUM GROUPS EXAMPLES

If we additionally impose the requirement that the generators {u; ;} of C(S}}) pairwise
commute, the resulting commutative algebra is isomorphic to the algebra of all continuous
functions on the set of n X n matrices with {0, 1} entries whose every row and every column
sum to 1.

In other words the abelianization of C(S}}) yields the algebra of functions on the set of
permutation matrices which can be identified with the symmetric group S,.

Thus S, is a quantum subgroup of S;'.
In fact for n = 1, 2, 3 the algebra C(S;)) is already commutative and thus isomorphic to C(S,,).

One can show that the algebra C(S;)) is not commutative and infinite-dimensional for n > 4.
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