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3d Ising

Important remarks are in order. For each exponent,
increasing s: (i) extrema alternate between being given
by a maximum and a minimum; (ii) the local curvature at
αopt increases; (iii) strikingly, the exponent values at αopt
essentially alternate around and converge very fast to values
very close to the conformal bootstrap “exact” ones. (At
order 6, the optimal value of ν “crosses” the exact value, but
these two numbers coincide up to three or four significant
digits; see Fig. 1 and Table I.) The increase of curvature at
αopt and the accompanying faster variations of exponent
values with α as s is increased imply that it is crucial to
work with the optimal values given by the extrema, that is
νðαðνÞoptÞ and ηðαðηÞoptÞ. This fast, alternating convergence is
due to the alternating nature of the series of coefficients cn.
The speed of convergence is also in agreement with our
considerations above about the radius of convergence R of
the DE at criticality: the amplitude of the oscillations of
the optimal values considered as functions of s decreases
typically by a factor between 4 and 10 at each order s
(Table I).
As mentioned above, all regulators we studied yield very

similar results. For each exponent, the dispersion of values
(over all regulators studied) typically also decreases by a
factor 4 to 8 when going from one order s to the next,
something we interpret as another manifestation of the
radius of convergence of the DE; see Table II. We also
noticed that regulators not satisfying our prerequisites very
well typically yield “worse” results, somewhat away from
those given by the set of good regulators (7) [29]. Our
extensive exploration of regulators, including some multi-
parameter ones not described here, thus leads us to
conjecture the existence, for a given exponent and a given
order of the DE, of an optimum-optimorum value, a
“ceiling”—or a “floor”, depending on the exponent and
the order considered—that cannot be passed by any
regulator (taken at its optimal parameter value αopt). In
particular, at LPA level, we did not find any regulator able
to yield a ν value below the one given by the Wilson-
Polchinski approach νWP ¼ 0.6496 [33]. We recall that

this value is the one given by regulator Θ1
k, which thus

appears, under our conjecture, as the optimal regulator at
LPA level [34,44].
The above conjecture, if adopted, allows us to order

regulators by increasing quality. Pending a proof, or,
better, a constructive method to determine optimal regu-
lators, we propose to use, at each order s, the range of
exponent values over a family of “reasonable” regulators
to define typical values (given by the middle of this range)
and error bars (given by the half-range, which may appears
as a conservative estimate). The resulting numbers are in
Table II. To estimate asymptotic (s → ∞) values for a
given problem treated by the DE, we propose to extrapolate
results obtained at low orders taking into account the
facts uncovered above: The exponents, considered as
functions of s, should have a monotonic as well as an
oscillating contribution. For instance νðsÞ ¼ ν∞ þ
aνβ−s=2 þ bνð−1Þs=2β−s=2 where, typically, 4 ≤ β ≤ 9
(given by the radius of convergence) and a and b are
unknown coefficients. By considering all the regulators
we have studied as well as all values of β between 4 and 9
we obtain a dispersion of asymptotic estimates, whose
mean and maximal extent give us the following final
numbers and associated error bars (Table II, see also [26]):

TABLE I. Three-dimensional Ising critical exponents obtained with regulator (7c) at orders s ¼ 0 (LPA) to 6.
Absolute distances between these values and the near-exact conformal bootstrap [23] ones are given by jδνj and jδηj.
Monte Carlo [42], high-temperature expansion [43], and six-loop perturbative RG values [2] are also given for
comparison.

DE ν jδνj η jδηj
s ¼ 0 0.651 03 0.021 06 0 0.036 30
s ¼ 2 0.627 52 0.002 45 0.045 51 0.009 21
s ¼ 4 0.630 57 0.000 60 0.033 57 0.002 73
s ¼ 6 0.630 07 0.000 10 0.036 48 0.000 18

Conformal bootstrap 0.629 971(4) 0.036 297 8(20)
Six loop 0.6304(13) 0.0335(25)
High T 0.630 12(16) 0.036 39(15)
MC 0.630 02(10) 0.036 27(10)

TABLE II. Exponent values given by the middle of the range of
values observed over the family of regulators (7a)–(7c). Error
bars are simply given by the half range. Extrapolation to
asymptotic (s → ∞) values are obtained by fitting the finite-s
ones (see text).

Derivative expansion ν η

s ¼ 0 (LPA) 0.651(1) 0
s ¼ 2 0.6278(3) 0.0449 (6)
s ¼ 4 0.630 39(18) 0.0343(7)
s ¼ 6 0.630 12(5) 0.0361 (3)
s → ∞ 0.6300(2) 0.0358(6)

Conformal bootstrap 0.629 971(4) 0.036 297 8(20)
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FIG. 5. Dependence of the 𝐿→ exponent on the cuto! param-
eter 𝑀 in the DE(2)+W↑ (𝑁) calculation, plotted for the three
considered families of regulators. The PMS value of 𝑀 as well
as the shape of the curve di!ers substantially depending on
the regulator type; the PMS value of the exponent is however
almost insensitive with respect to the regulator choice, the
di!erence being of order 0.3% of the value of 𝐿→.

M(𝐿,𝑀1 ) , ( 𝑁 ,𝑀2 )
:=

𝑂

(
𝑂𝑂F𝐿 (𝑁1)

)
𝑂F𝑁 (𝑁2)

####
𝑃↓
→
,𝑄↓ ,F↓ ,

(25)

where F ↓ is the vector of fixed-point functions. This rep-
resents the variant of the flow equations linearized around
F

↓. After discretizing the field 𝑁, we extract the eigen-
values of thus obtained stability matrix.
In accordance with expectations, our calculation al-

ways yields two negative eigenvalues (denoted hereafter
as 𝑃1 and 𝑃2) corresponding to the two relevant eigenper-
turbations. We identify the 𝐿→ exponent as 𝐿→ = 𝑃

↔1
1 and

the crossover exponent 𝑄 [2, 5] as 𝑄 = 𝑃2/𝑃1. We perform
the scan of 𝑀 dependencies of these two quantities in a
procedure analogous to the one implemented for 𝑅→ and
𝑆 in Sec.IVB - see Figs. 5 and 6. For the PMS values
averaged over the three implemented cuto!s, we find:

𝐿→ ↗ 0.679 , 𝑄 ↗ 0.48 , 𝐿↑ ↗ 0.3091 , (26)

where the value of 𝐿↑ ; follows from 𝐿↑ = 𝑆𝐿→ using PMS
values of 𝑆 and 𝐿→.

𝑆 𝑅→ 𝐿→ 𝑅↑ 𝐿↑ 𝑄

MF 1/2 0 1/2 0 1/4 1/2
O(𝑇) [38] 1/2 0 0.625 0 0.313 0.625
O(𝑇

2
) [38] 0.47 0.039 0.709 -0.019 0.348 0.677

Improved O(𝑇
2
) [39] 0.47 0.124 0.746 -0.019 0.348 0.715

1/N [40, 63] 0.451 0.306 0.726 0.223 0.266 -
LPA (Ref. [28]) 1/2 0 0.63 0 - -
DE(2)+W↑ (𝑁) 0.455±0.011 0.125±0.031 0.679±0.012 -0.12±0.03 0.3091± 0.0093 0.48±0.12

TABLE I. Comparison of the critical exponents controlling the uniaxial Lifshitz point in 𝑈 = 3 obtained from the DE(2)+W↑ (𝑁)

truncation and from other theoretical approaches - the 𝑇-expansion around 𝑈 = 4+ 1
2 and the 1/𝑉 expansion, see the main text

in Sec. IVC for discussion.

Our final estimates for the critical exponents at the
uniaxial Lifshitz point in 𝑈 = 3 are collected and com-
pared to those obtained from other approaches in Ta-
ble I. The agreement may be discussed only at a qual-
itative level. As a general observation, we note that
for most cases our numbers compare relatively favorably
with those of the 𝑇-expansion and are often completely
o! to those from the 1/𝑉 expansion - see Table I. As con-
cerns the value of 𝑆, there is agreement between all the
discussed approaches indicating estimates in the range
0.45-0.47, somewhat below the classical value 1/2. For
𝑅→ our result is (presumably by coincidence) very close
to one of the predictions from the 𝑇-expansion and dif-
fers from the one from 1/𝑉 by a factor larger than 2.
The values of 𝐿→ predicted by the three approaches com-
pare well. We note that our uncertainty for this exponent
reaches below 2% and is significantly lower than for some
of the other critical indices (see also Sec. IVD). For 𝑅↑

we obtain a negative value way higher than the one from
the 𝑇 expansion (but of the same sign). All the earlier
results for 𝑅↑ are way outside our error bars and there is
no sign of agreement between any of the discussed pre-
dictions. In contrast, for 𝐿↑ and 𝑄 the quoted numbers
are in a qualitatively comparable range.

D. Error estimates

Our error bar estimate methodology is based on the in-
sights of Refs. [44–46, 59], which identify a small param-
eter of the DE and propose, as well as test, a procedure
relying on comparison of results obtained at two consecu-
tive orders of the systematic DE. Within this framework,
the error of a quantity 𝑊 obtained at order 𝑂𝑅 of the DE
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this value is the one given by regulator Θ1
k, which thus

appears, under our conjecture, as the optimal regulator at
LPA level [34,44].
The above conjecture, if adopted, allows us to order

regulators by increasing quality. Pending a proof, or,
better, a constructive method to determine optimal regu-
lators, we propose to use, at each order s, the range of
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s ¼ 0 0.651 03 0.021 06 0 0.036 30
s ¼ 2 0.627 52 0.002 45 0.045 51 0.009 21
s ¼ 4 0.630 57 0.000 60 0.033 57 0.002 73
s ¼ 6 0.630 07 0.000 10 0.036 48 0.000 18

Conformal bootstrap 0.629 971(4) 0.036 297 8(20)
Six loop 0.6304(13) 0.0335(25)
High T 0.630 12(16) 0.036 39(15)
MC 0.630 02(10) 0.036 27(10)

TABLE II. Exponent values given by the middle of the range of
values observed over the family of regulators (7a)–(7c). Error
bars are simply given by the half range. Extrapolation to
asymptotic (s → ∞) values are obtained by fitting the finite-s
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Conformal bootstrap 0.629 971(4) 0.036 297 8(20)
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by [22,23]

H ¼
X

k

!knk þ 1

2L

X

k;k0;q

fkk0ðqÞnkðqÞnk0ð%qÞ; (10)

where nkðqÞ ¼
P

"c
y
k%q=2;"ckþq=2;" and L is the number

of lattice sites. For nearest and next-to-nearest neighbor
hopping the kinetic energy reads !k ¼ %2tðcoskx þ
coskyÞ % 4t0 coskx cosky. Its van Hove (saddle) points are
situated at k ¼ ð#; 0Þ and (0, #). The interaction has the
form

fkk0ðqÞ ¼ %gðqÞdkdk0 ; (11)

where dk ¼ coskx % cosky is a form factor with dx2%y2

symmetry. The coupling function gðqÞ & 0 has a maxi-
mum at q ¼ 0 and is restricted to small momentum trans-
fers by a momentum cutoff. For sufficiently large g ¼ gð0Þ
the interaction drives a d-wave Pomeranchuk instability
leading to a nematic state with broken orientation symme-
try, which can be described by the order parameter

$ ¼ g

L

X

k

dkhnki: (12)

The mean-field solution of the model (10) has been
analyzed in a series of articles [11–13]. In the plane
spanned by the chemical potential and temperature a ne-
matic phase is formed below a dome-shaped transition line
Tcð%Þ with a maximal transition temperature near van
Hove filling. The phase transition is usually first order
near the edges of the transition line, that is, where Tc is
relatively low, and always second order at the roof of the
dome.

Introducing an order parameter field via a Hubbard-
Stratonovich transformation, integrating out the fermions,
and keeping only the leading momentum and frequency
dependences for small q and !n=jqj leads to an action
S½$( of the form Eq. (1), with z ¼ 3 and

Uð$Þ ¼ $2

2g
% 2T

Z d2k

ð2#Þ2 lnð1þ e%ð!k%$dk%%Þ=TÞ: (13)

The coefficients of a Landau expansion of this potential,
Uð$Þ ¼ a2

2 $
2 þ a4

4! $
4 þ . . . , are given by a2 ¼

g%1 % N2ð%Þ and a2l ¼ % @2l%2

@%2l%2 N2lð%Þ for l & 2. At T ¼
0, N2lð%Þ ¼ 2

L

P
k d

2l
k&ð!k %%Þ is the density of states at

the Fermi level with a d-wave form factor [13] and di-
verges logarithmically at van Hove filling. Hence a2l is
typically negative for l & 2 at low T.

The coefficients A0 and Z0 in S½$( are related to the
d-wave particle-hole bubble and the coupling function
gðqÞ [23]. Note that A0 and Z0 are not involved in the
mean-field solution of the model Eq. (10). A0 is associated
with the Landau damping term in the bubble, and depends
actually on the orientation of q. We will neglect this q
dependence and insert a constant A0 corresponding to an
angular average. While the bubble is fully determined by
the kinetic energy !k, the choice of Z0 remains to a large

extent arbitrary since it also depends on the momentum
dependence of gðqÞ. Since momenta q in the action S½$(
correspond to momentum transfers in the underlying fer-
mionic model, the ultraviolet cutoff !0 in S½$( limits
momentum transfers in gðqÞ to jqj ) !0=

ffiffiffiffiffiffi
Z0

p
.

We now present results for the nematic transition as
obtained from the functional RG. The following parame-
ters are the same in all quantitative plots: t ¼ 1, t0 ¼
%1=6, g ¼ 0:8, A0 ¼ 1, and Z0 ¼ 10. In Fig. 1 we show
an exemplary plot of the evolution of the flowing effective
potential Uð$Þ for ! ranging from the ultraviolet cutoff
!0 ¼ e%1 * 0:37 to the final value ! ¼ 0. The initial
(mean-field) potential has a minimum at $0 ¼ 0:112.
The final potential exhibits spontaneous symmetry break-
ing with an order parameter$0 ¼ 0:102. Fluctuations shift
$0 toward a slightly smaller value compared to the mean-
field solutions. Note the flat shape of Uð$Þ for $ ) $0 at
! ¼ 0, which is imposed by the convexity property of the
grandcanonical potential [24,25]. The final value of$0 can
be obtained either by following the sequence of minima
$!

0 until ! ! 0, or by determining the point on the $ axis
where the flat shape in the final potential Uð$Þ terminates.
In Fig. 2 we present the transition line between normal

and symmetry-broken phases for two choices of !0.
Compared to the corresponding mean-field result, the tran-
sition temperature is suppressed, with a larger reduction for
larger !0 (corresponding to a larger phase space for fluc-
tuations). While the phase transition is of first order at low
temperatures in mean-field theory, and also in the presence
of fluctuations with a cutoff !0 ¼ e%1, for !0 ¼ 1 the
transition is continuous down to T ¼ 0, leading to quantum
critical points %c at the edges of the nematic dome. In
Fig. 3 we show the order parameter $0 at T ¼ 0 as a
function of % near the left edge of the transition lines in
Fig. 2 for !0 ¼ e%1 and !0 ¼ 1. For the case !0 ¼ e%1

the jump of $0 indicates a pronounced first order transi-
tion. By contrast, for !0 ¼ 1 the order parameter rises
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FIG. 1 (color online). Effective potential Uð$Þ for various
values of ! between !0 ¼ e%1 and 0, at % ¼ %0:78 and T ¼
0:05.
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! = 0.8297(2)

!2 = 1.67� 2.02

!3 = 3.8� 4.2

!4 = 5.5� 6.2

!5 = 7.2� 8.0

CFT:
Going to higher order in 

DE does not help.

How to organise the calculation so that 

the spectrum remains real? 

Can the complex eigenvalues 

represent the actual physical truth?




