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Abstract. We study one-dimensional Schrédinger operators defined as closed op-
erators that are exactly solvable in terms of the Gauss hypergeometric function.
We allow the potentials to be complex. These operators fall into three groups.
The first group can be reduced to the Gegenbauer equation, up to an affine trans-
formation, a special case of the hypergeometric equation. The two other groups,
which we call hypergeometric of the first, resp. second kind, can be reduced to the
general Gauss hypergeometric equation. Each of the group is subdivided in three
families, acting on the Hilbert space L?] — 1,1[, L?(R,) resp. L?(R). Motivated
by geometric applications of these families, we call them spherical, hyperbolic,
resp. deSitterian. All these families are known from applications in Quantum Me-
chanics: e.g. spherical hypergeometric Schrodinger operators of the first kind are
often called trigonometric Pdschl-Teller Hamiltonians. For operators belonging
to each family we compute their spectrum and determine their Green function
(the integral kernel of their resolvent). We also describe transmutation identities
that relate these Green functions. These identities interchange spectral parame-
ters with coupling constants across different operator families. Finally, we describe
how these operators arise from separation of variables of (pseudo-)Laplacians on
symmetric manifolds. Our paper can be viewed as a sequel to [12], where closed
realizations of one-dimensional Schréodinger operators solvable in terms Kummer’s
confluent equation were studied.
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1. Introduction

One-dimensional Schrodinger operators are operators of the form
L:=-0?+V(x), (1.1)

where V(x) is the potential, which in this paper is allowed to be complex-valued.
Our paper is devoted to several families of operators of the form (1.1), interpreted
as closed operators on L?(]a,b[) for appropriate —co < a < b < 400, which can be
reduced to the (Gauss) hypergeometric equation

(2(1 = 2)02 + (¢ — (a+b+1)2)0, — ab) f(z) = 0, (1.2)

and whose Green functions can be expressed in terms of the (Gauss) hypergeometric
function.

We will also consider operators of the form (1.1) that can be reduced to the
Gegenbauer equation.

((1 —w?)02 — 2(1 + a)wdy + A2 — (a+ %)z)g(w) ~0. (1.3)

The Gegenbauer equation is up to an affine transformation a special case of the
hypergeometric equation. Its special property is the mirror symmetry.

Our paper can be viewed as the sequel to [12], where one of the authors (JD)
together with Jinyeop Lee studied a similar problem for the confluent equation. We
will mostly use the same terminology and methods. We try to make the present
paper reasonably self-contained, however the reader is encouraged to consult [12],
especially concerning the general theory of closed realizations of operators of the
form (1.1).

In the remaining part of the introduction we give a summary of the results of
our paper. In the later section these results will be discussed in detail.

1.1. 3 X 3 Families of Hypergeometric Hamiltonians

Abusing the terminology, for the sake of brevity, we will use the term Hamiltonian for
one-dimensional Schrodinger operators. We study three categories of Hamiltonians:

(1) Those reducible to the Gegenbauer equation; they will depend on a single com-
plex parameter, and can be viewed as a subclass of hypergeometric Hamiltoni-
ans, both of the first and second kind.

(2) Those reducible to the hypergeometric equation by the substitution z = sin” §
(or similar); they will be called hypergeometric of the first kind; they will depend
on two complex parameters.

(3) Those reducible to the hypergergeometric equation by the substitution z =
ﬁ (or similar); they will be called hypergeometric of the second kind; they
will depend on two complex parameters.

2
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Within each category we will consider 3 families, which differ by the choice of
the interval ]a, b[. This interval can be viewed as a subset of the complex plane. We
will always assume that the endpoints are singular points of the equation. For each
of 3 x 3 =9 cases, for a set of parameters with a nonempty interior the operator L,
defined originally on C®]a, b[, possesses a unique closed realization in the sense of
L?]a, b[. This realization depends holomorphically on parameters, and extends to a
holomorphic family of closed operators on a larger domain. We will call it the basic
family of closed realizations of L. For some special ranges of parameters there exist
other closed realizations of L with mized boundary conditions—we will not consider
them in this paper.

For each operator L, from those families we will find its spectrum, denoted
0(Ls). In all cases with real potentials, these operators will be self-adjoint (so that
0(Le) C R). More generally, the resolvent set (the complement of the spectrum)
of these operators will be nonempty. For z in the resolvent set we will find the
resolvent, that is (Le —2) ™!, which we will usually denote . The Green function

L
of Le — z, that is integral kernel of the resolvent ;—— will be denoted T )(:L' Y),
with z,y €]a,b[. We will find expressions of Green functlons of Hamiltonians from
all 3x3 families in terms of the Gamma function and the Gauss hypergeometric
function.

These 9 families were discovered in the early days of Quantum Mechanics by
physicists trying to find exactly solvable models for various quantum systems. In
the literature they are usually named after the researchers who discovered them.
Instead of the traditional names, we will prefer to use different names: spherical,
hyperbolic and deSitterian. In the spherical case ]a,b[ is | — 1, 1], in the hyperbolic
case it is |0, 4oo[=: R4, and in the deSitterian case it is R.

Our names indicate a major geometric application of these families: spherical,
hyperbolic, resp. deSitterian Gegenbauer Hamiltonians appear when we separate
variables for the (pseudo-)Laplacian on the sphere, on the hyperbolic space, resp.
on the deSitter space.

1.2. Review of 9 Families

Let us briefly review the 9 families described in the paper, referring the reader to the
main text for precise statements. We will write A, for the domain of uniqueness,
that is, the set of parameters (a subset of C or C x C) for which there exists a
unique closed realization of a given differential expression. This realization in all
cases depends holomorphically on its parameters, and extends to a larger domain,
denoted Ayo1. Ag. will indicate the set of parameters for which the operator is self-
adjoint. Note that the operators are essentially self-adjoint on C¢®Ja, b[ if and only
if the parameter belongs to A, N Aup.

Note that we always use the notion of an analytic family of closed operators
in the sense of Kato [14,30]. In Appendix A we give a concise explanation of this
concept.
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1. Gegenbauer Hamiltonians
(a) Spherical Gegenbauer Hamiltonian, L]0, 7[:
1 1
LS = -0 + <a2 — ) )
“ " 4/ sin®r (1.4)
A = {Rea > 1}, Apg ={Rea > -1}, Aq, =] —1,400].
(b) Hyperbolic Gegenbauer Hamiltonian, L?(R,):
1 > 1
(1.5)

Lh = —82+<a2— ,
« " 4 ) sinh?r
Anol = {Rea > —1}, Aga :] —1, +oo[.

Aun = {Rea > 1},
(c) DeSitterian Gegenbauer Hamiltonian, L?(R):

i G e
4/ cosh”r (1.6)
Aun = Ahol - (C7 Asa =R.
2. Hypergeometric Hamiltonians of the first kind:
(a) Spherical hypergeometric Hamiltonian of the first kind, L?]0, r|:
1 1 1 1
S 5= —0? 2z s —%
af ”L(a 4> 4sin2;+<ﬁ 1) Lcos? L
Aun = {Rea,Re s > 1}, Ao = {Rea,Ref > —1}, (1.7)
Asa =] — 1, +00[x] — 1, +00].
(b) Hyperbolic hypergeometric Hamiltonian of the first kind, L?(]0, oo[):
1 1 1 1
e (- e (-
o " 4 ) 4sinh? z b 4 ) 4 cosh? 5 (1.8)

Aun = {Rea Z ]‘} X (C7 AhOl = {Rea > _1} X C) Asa :] - ]-7 +OO[ R
(c) DeSitterian hypergeometric Hamiltonian of the first kind, L?(R),
as . 42 [ 2 1 1 1 isinhr) (o 1 1 1 isinhr
La,ﬁ = 87‘ (Oé 4) COShQT (2 + 2 ) (6 4) COShQT (2 2 ) ) (19)
A = Ao =Cx C, A ={a= B}

3. Hypergeometric Hamiltonians of the second kind:
(a) Spherical hypergeometric Hamiltonian of the second kind, L?]0, 7|:

(1.10)

2
s a2 cosu pe 1 1
K= =0 tTemu T ( 4 4) sin?u’
Aummn =Cx {Rep >2}, Ano=C x {Rep > —2}\{(0,-1)}, Asa =Rx]—2,+00[.
(b) Hyperbolic hypergeometric Hamiltonian of the second kind, L?(]0, oc|):

(1.11)

b 2 coshu ,Lﬁ 1 1
Koppi= =0+ Ksinhu < 4 4 ) sinh?w’

Auwn =C x {Rep > 2}, Apot = C x {Rep > —2}\ {(0,-1)}, Asa =Rx]—2,+00.
@ Springer



134 J. Derezinski et al. Vol. 94 (2026)

(c) DeSitterian hypergeometric Hamiltonian of the second kind, L?(R),

inh w w1 1
dS . g2 sin o (nt 1 7
o v Feoshw  \ 4 4) cosh®w (1.12)

Aun:-Ahol:CXC, Asa:RXR.

Gegenbauer Hamiltonians are special cases of hypergeometric Hamiltonians of
both the first and second type. In fact, we have the following coincidencies:

Ly = Ly = Ko (1.13)
Lg = Lg,a - K(})I,ZQ; (114)
L - I35, — K, (115

Let us also list the following identities that we prove:

S =K, T A0, (1.16)
Kp  =K!. Kk#0. (1.17)
These identities imply that (0, —1) are singularities of the functions (7,u) — K3 ,
and (k1) — K .
Going back to (1.13) and (1.14), note that
LY, = K§ 24 (1.18)
Ly = K§ o (1.19)

are the identities for holomorphic functions only for « # —%, because of the above
mentioned singularity. Thus the identities

LS,% = KS,—D (1.20)
L', =K§_,. (1.21)
2 K

should be used as definitions of K§ _; and K§ ;.

1.3. Transmutations of Green Functions

Green functions of distinct Hamiltonians from the above list are linked by identities,
which we find quite curious. We call them transmutation identities, since the spectral
parameter undergoes a change into a coupling constant and the other way around.
They follow from various identities satisfied by the hypergeometric function and
are similar to the transmutation identities for Hamiltonians related to the confluent
equation described in [12].

In the literature the name “transmutation” is sometimes used for identities of
the form A = VBV ™!, e.g. in [3,51]. Note that our transmutation identities are not
of this form, and in fact they seem to represent a novel contribution.

Here is the list of transmutation identities considered in our paper. In each
case, first we indicate the change of variables involved in a given transmutation.
Then we describe two versions of the identity for Green functions.

@ Springer
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Proposition 1.1. Gegenbauer spherical—Gegenbauer deSitterian:

10,7[>7r+—qeR, cotr=sinhg; (1.22)
.1 L1 1
sin2 rm (r,r")sin2 v’ = T (a.4), (1.23)
1 1 1 1
(L5 — a2) (r,r") = cosh? (]m (g,q") cosh? ¢ (1.24)
A a

Proposition 1.2. 1st kind spherical—1st kind hyperbolic:

10,7r[>r—qeRy, tang = sinh g; (1.25)
T\ "3 1 7'\ "3 1
(cos 5) Ay (r,r") (cos 5) TR (¢,4'),  (1.26)
(L“’ﬁ + T) (La,u + T)
1 —3 1 '\
(1) = (cosh g) = (¢,4) (cosh%) . (127
(LZ,B + %) (Lg,u + %)

Proposition 1.3. 2nd kind hyperbolic — 2nd kind deSitterian

Ry Sur—weR, e*=1+e?; (1.28)
1 / 1
1 - o2k () (1 —e72)7E = (w, '),
Kb 82 Kds _op?
( V*%,u+y+ 2) ( I/Jr%,ﬁ—i_y 2

(1.29)
1 ’ —2w\—1 1 / —2uw'\—2
() = (14 e~2) " (w,w') (14 ~2)~3

h B ds 2
(o d e
(1.30)
Proposition 1.4. Ist kind spherical — 2nd kind deSitterian
10,7r[>r+—u€eR, cosr=tanhu; (1.31)
1 1 1 1
sin2r ———— (r,r') sin27' = ———— (u,u'), (1.32)
(L20+%) (K35 +9)
v (r,r') = cosh? ué (u,u)cosh? o/,  (1.33)
(Lo +5) (K35 +9)
2, 32 2 _ 32
Pl (1.34)

2 2
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Proposition 1.5. 1st kind hyperbolic — 2nd kind hyperbolic

Ry >r—ueRy, coshr=cothu; (1.35)
1 1 1

sinh? r ———— (r,7') sinh?r' = ———— (u, ) (1.36)

2 ) Kh ) )

(Lgug + %) ( Ry + 5)
1 / 1 1 N oo Loy

~ (rr') =sinh? u————— (u,u’) sinh? o', (1.37)

(Lg7ﬁ + MT) (Kﬂvﬂ + 6)

012 + 52 a2 o 52

§ = 1.38
o . (1.38)

Proposition 1.6. Ist kind deSitterian — 2nd kind spherical
R>r—ue€l0,n[, sinhr= —cotu; (1.39)

1 1
cosh? r (1, 7) cosh? v/ = — (u,u'), (1.40)
<Lg% + %) (Kwt + 5)
1 / .1 1 12 .1 /

o~ (nr) =sin? ur———— (u,u') sin2 w',  (1.41)

(£ds,+ 1) (K2, +9)

2, 32 (02 32

5= #7 S 1(0‘2@. (1.42)

1.4. Geometric Applications

The main original application of hypergeometric Hamiltonians was Quantum Me-
chanics, as we describe in Sect. 1.6. However, probably the most important context
where hypergeometric Hamiltonians appear is geometry, more precisely, the theory
of symmetric spaces and Lie groups. In fact, when we separate variables for invariant
differential operators, e.g. (pseudo-)Laplacians, on symmetric (pseudo-)Riemannian
spaces we often obtain some forms of hypergeometric Hamiltonians.

This fact plays an important role in Quantum Field Theory on curved space-
times, where Green functions of the d’Alembertian on deSitter and anti-deSitter
spaces appear naturally; see e.g. [9].

This geometric interpretation is especially striking for Gegenbauer Hamilto-
nians. In the following list we show how they arise after separation of variables
of various d-dimensional (pseudo-)Laplacians and restriction to d — 1-dimensional

spherical harmonics of degree [. In all cases a = % —141:

1. A%, Laplacian on unit sphere S?, reduces to spherical Gegenbauer Hamiltonian
L3

d—2 2
(sinr)%( - Afi)(sinr)_% + (%)2 =02+ (%)

1 s
4 - A%
5 .

sin“r

(1.43)
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2. Ag, Laplacian on hyperbolic space H¢, reduces to hyperbolic Gegenbauer
Hamiltonian LB:
d—2

2 S
(sinhr)%( - Ah)(sinhr)_% - (@)2 =02+ (55— 1 -4k (1.44)
¢ 2 " sinh? 7 ' '

3. DZ}S, d’Alembertian on de Sitter space dS?, reduces to deSitterian Gegenbauer
Hamiltonian L35:

d—2\2 _ 1

e S

d—1 _d—1 2 (
coshr) = 0% (coshr)™ 7 — (1) = 92 — 22 4
( ) d ( ) ( 2 ) r COSh2 r

All three types of hypergeometric Hamiltonians of the 1st kind have natural
geometric interpretations as well. In the following list we show how they arise from
separation of variables in a (pseudo-)Laplacian on a (pseudo-)sphere in “double
spherical coordinates”. In all three examples the coordinates in the ambient pseudo-
Fuclidean space are partitioned into two groups.

In the first two cases, these groups are of dimension p and ¢, and then spherical
coordinates are considered within each group. After restriction to products of spher-
ical harmonics of degree [ and j a hypergeometric Hamiltonian arises, expressed in
the relative variable. We have a =5 —1+1, 8 =4 —1+.

The third case is somewhat different: p = ¢ is the dimension of holomorphic
and antiholomorphic (complex) spherical coordinates. The spherical harmonics are
not the usual ones: they are holomorphic and antiholomorphic harmonics on the
complex p — 1-dimensional sphere.

(1.45)

1. A}, 1, Laplacian on unit sphere SP+a=1 reduces to spherical hypergeometric
Hamiltonian of 1st kind L}, 5:

p_1 a1 _p—1 _a-1
(sin g) ’ (cos g) ’ (_A;+q71) <sin g) ’ (cos g) oy (p+;1—2)2
—2\2 1 _92y2 1
g ) mi A () i AL (1.46)
" 4sin® 2 4 cos? § ' :

2. A,_1,4, pseudo-Laplacian on the hyperboloid HP~14, reduces to hyperbolic
hypergeometric Hamiltonian of 1st kind L L

p—1 g—1

(cosh g) T (sinh g) = (—Ap_1,9) (COSh %) 7 (sinh g) T - (Wﬁ

_9\2 s _9\2 s

4 cosh? % 4 sinh? %

3. A,_1,p, pseudo-Laplacian on the hyperboloid HP~1?  reduces to deSitterian
hypergeometric Hamiltonian of 1st kind Lg%:

p—1

(coshr) 2 (Ap_1,) (coshr)_pT_1 —(p—1)?

» 1) ASC 182
—4 | -9% — <_Ap§1 + (pTl) - i) B (—Apg + (%) _ %) 1 48)
= T 2(1 +isinh7) 2(1 —isinhr) . (1.
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Unfortunately, we have not found a direct geometric interpretation of hyperge-
ometric Hamiltonians of the second kind.

Remark 1.7. We use the geometric interpretation of Gegenbauer Hamiltonians as
the main justification for our names of types: spherical, hyperbolic and deSitte-
rian. For coherence, we extend these names to hypergeometric Hamiltonians of both
kinds. The names “spherical” and “hyperbolic” seem quite non-controversial, and
are used in the literature in similar contexts. The name “deSitterian” is our inven-
tion. Its justification is somewhat weaker and based on the geometric interpretation
of the Gegenbauer Hamiltonian, see (1.45). The natural geometric interpretation of
“deSitterian hypergeometric Hamiltonians of the first kind”, which we described in
(1.48) involves the hyperboloid HP~1? which is a deSitter space only for p = 2.

1.5. Boundary Conditions

For some potentials the operator L initially defined on C2°]a,b[ possesses many
closed realizations. These realizations L, differ only by the behavior of elements of
their domain near the endpoints—in other words, they differ by boundary conditions.
The need for boundary conditions depends on the behavior of the potential V' near
these endpoints.

Let us consider e.g. the right endpoint b. There are two possibilities:

1. One does not need to impose boundary conditon at b. This will be denoted

I/b(L) = 0.

2. There is a l-parameter family of boundary conditions at b. This is denoted

I/b(L) = 2.

Analogous definitions are valid for the other endpoint a.

The 9 families considered in this paper illustrate Hamiltonians with various
kinds of behaviors of the potential near endpoints. Let us list the behaviors en-
countered among these 9 families. We restrict ourselves to the right endpoint b, an
analogous list applies to the left endpoint a. Our description is somewhat informal;
for rigorous statements we refer to [12].

1. Short range potential. b = +00 and V() is integrable near +oc or constant plus
integrable. Then (L) = 0. Moreover, eigenfunctions in D(L,) with eigenvalue

—k? 4+ V(+00), Re(k) > 0 behave as e ** with Re(k) > 0.

2. Bessel type. b is finite and
5 1 1
Vi(z) ~ (m 4) 0 (1.49)

Then v4,(L) = 2 iff |Rem| < 1, otherwise v4,(L) = 0. The behavior of elements

of D(L,) near b is |z — b|2+™ for Rem > 1, a linear combination of |z — b|2 ™

and |z —b|z2=™ for 0 < Rem < 1, m # 0, and a linear combination of |z — b|z

and |z — b|z In |z — b| for m = 0.

The families of operators considered in this paper will always have only
“homogeneous” or “basic” boundary conditions given by |z — b]%er, with
Rem > —1. Thus in particular for |Rem| < 1, m # 0, each differential expres-
sion will have two closed realizations. We will not consider mixed boundary
conditions, which are discussed e.g. in. [10,11,24].

@ Springer
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TABLE 1 Boundary behavior of the potentials

Potential Boundary type at a Boundary type at b
Spherical of first kind Bessel Bessel

Hyperbolic of first kind Bessel Short range potential
DeSitterian of first kind Short range potential Short range potential
Spherical of second type Whittaker Whittaker
Hyperbolic of second type Whittaker Short range potential

DeSitterian of second type Short range potential Short range potential

Note that |z — b[z*™ for m = L is [z — b], and for m = —1 is |z —
b|°. Therefore, m = % corresponds to the Dirichlet b.c. and m = —% to the
Neumann b.c. We discuss separately these cases in Sect. 6.

3. Whittaker type. b is finite and

o 1 LB
V(z) ~ (m 4) @02 r-0 (1.50)

The conditions are essentially the same as in the Bessel type, with one dif-
ference. For % < Rem < 1, (B,m) # (O, %) the behavior of functions in the
domain of closed realizations of L are linear combinations of |z — b|2+™ and

o — o (1 Slzgtl).

1-2m
In the families of operators considered in this paper we will only consider

“basic” boundary conditions given by |z—b|z ™ (1 - Bl‘f;fl‘ ), with Rem > —1.
See e.g. [10,12] (Table 1)

1.6. Comparison with Literature and Historic Remarks

One can roughly divide mathematical literature related to the topic of this paper
into two parts: algebraic and functional-analytic.

In algebraic papers one considers differential expressions without a Hilbert
space setting and without asking for self-adjointness or closedness. Functional ana-
lytic papers treat differential operators as unbounded operators on a certain Hilbert
space, usually self-adjoint, sometimes only closed.

Needless to say, the algebraic literature is vast. In fact, the hypergeometric
equation is one of the most classic subjects of mathematics, with history going back
about three centuries. From this category one should mention [4,13] which contain
an algebraic analysis of all 9 families of Schrodinger operators solvable in terms of
the hypergeometric function.

1-dimensional Schrédinger operators are naturally a special case of Sturm—
Liouville operators, whose history goes back to [35]. There exists large contemporary
literature about self-adjoint or closed realizations of Sturm—Liouville operators, see
e.g. [15,18,23,24]. In our paper we use mostly [11], which is summarized in Section
2 of [12].

Each Sturm—Liouville operator can appear in many equivalent forms, often with
distinct names. By a unitary transformation, called the Liouville transformation,

@ Springer



140 J. Derezinski et al. Vol. 94 (2026)

essentially each of them can be transformed into a Schrodinger operator, often called
its Liouville form [35].

For instance, in the literature one often considers the Sturm—Liouville operator
called the Jacobi operator,

—(1—2)" (1 42)7P0,(1 —2)*T 1 + z)°1o,, (1.51)

which acts on the Hilbert space L?(] — 1,1[, (1 — 2)*(1 + z)°) see e.g. [22,31]. Its

eigenfunctions are the famous Jacobi polynomials. By a simple transformation the

Jacobi operator is unitarily equivalent to the trigonometric Poschl-Teller Hamilton-

ian (which we call spherical hypergeometric Hamiltonian of the first kind).
Another common differential operator is the Legendre operator

2

«
1— a2

(142302 — 220, + pu(p+1) — (1.52)
Acting on the Hilbert space L? (] - 1L, 1[v1— x2), used in the study of spherical
harmonics. It is also equivalent to the trigonometric Poschl-Teller Hamiltonian with
a = 3. Needless to say, spherical harmonics possess a very large literature.

The trigonometric Poschl-Teller Hamiltonian itself is also often studied, see
e.g. [21].

The Scarf Hamiltonian with o = 3 (which we call the deSitterian Gegenbauer
Hamiltonian) has also a large literature because of its special properties: for certain
values of parameters it is reflectionless.

An interesting review of various exactly solvable Schrédinger operators is con-
tained in [19]. It does not, however, contain all 9 families that we consider.

To our knowledge, a complete analysis of all 9 families interpreted as closed
operators, including the formulas for the integral kernels of their resolvents and the
computation of their spectra, seems to appear for the first time in the literature.
The transmutation formulas described in our paper are probably new. They are
analogous to the transmutation formulas for Hamiltonians related to the confluent
equation [12]. Another novelty of our paper are the identities (1.16) and (1.17).
They are analogous to an identity for the Whittaker operators described in [10].

Let us briefly outline the history of these Hamiltonians in physics. In the physics
community, the study of Schrédinger operators exactly solvable in terms of hyper-
geometric functions started in the 1930s when physicists studied biatomic and poly-
atomic molecules dynamics and the exact solution to the Schrodinger equation. The
main reason these physicists considered such Hamiltonians was often due to the
limitations of the perturbation method. Therefore, various kinds of exactly solv-
able Hamiltonians were suggested which fit the experimental data. That was the
primary motivation behind the Hamiltonians proposed by Morse [38], Rosen-Morse
[40], Eckart [17], and Manning-Rosen [39].

The second motivation for this line of research seems to be the search for exact
solutions to the Schrédinger equation. In the work of Eckart [17] and Rosen—Morse
[40], it is clearly noted that these potentials are new exactly solvable potentials, al-
though their main motivation was still the study of polyatomic molecules. It seems
that for Poschl and Teller [46], the motivation leaned more towards the fact that
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their proposed potential was exactly solvable-they even referred to it as exakt inte-
grierbar (exactly integrable).

The case of the Scarf Hamiltonian (1.9) is a bit different. In the original paper,
Scarf did not consider the Hamiltonian in (4.43). We traced this naming to [4],
where authors refered to it as the hyperbolic Scarf, or Scarf II. However, the origin
of this naming is unclear to us.

The uniform study of the Schrodinger equation of hypergeometric type was
started by Bose [1] and continued by Natanzon [41], Ginocchio [25], and Milson [37].
For a more systematic study and a detailed history of the topic, we refer to [13]. In a
separate line of research, the study of these potentials appeared in the factorization
method of Infeld and Hull [27], and later in the context of supersymmetric quantum
mechanics and the so-called shape invariance [4,5].

Table 2 presents a comparison of the various names used in the literature and
our suggested terminology.

The geometric interpretation of hypergeometric Hamiltonians is closely related
to the analysis of hypergeometric equation based on Lie groups and Lie algebras,
which possess large literature [7,36,53,54]. The interpretation of the deSitterian
hypergeometric Hamiltonian of the 1st kind in terms of complex spheres in 1.48
seems to be new.

1.7. Plan of the Paper

In Sect. 2 we recall the definitions of hypergeometric and Gegenbauer function (the
latter, following the conventions of [8]), and we sketch the Liouville method that
allows us to transform a Sturm-Liouville operator into a 1-dimensional Schrédinger
operator.

The core of the paper are the Sects. 3, 4 and 5, where the 3 x 3 = 9 families
of Hamiltonians are introduced and studied. For each member of each family its
spectrum and Green functions are computed. We also prove various identities that
we already listed in the introduction, including the transmutation identities. These
results are described in 9 theorems, which have similar proofs, based mostly on the
abstract theory described in Appendix D, and more fully in [11,12]. The proof of
the first theorem, Theorem 3.1, is spelled out in more detail, the next ones are more
concise.

Section 6 is devoted to 1-dimensional Laplacians with various boundary condi-
tions. We explain why they are special cases of hypergeometric Hamiltonians.

In Sect.7 we describe how Gegenbauer Hamiltonians and hypergeometric
Hamiltonians of the first kind arise when we separate variables in (pseudo-)
Laplacians on some symmetric spaces.

In Appendix A we recall the definition of an analytic family of closed operators
following [14,30].

In Appendix B we give a concise introduction to differential equations in the
complex domain and to the Riemann equation (also called the Papperitz equation).
It is very useful to view the Gauss hypergeometric equation as a special case of the
Riemann equation. We introduce the notation for the Riemann operator, which is
directly inspired by the classic notation due to Papperitz [55].
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In Appendix C we collect identities about hypergeometric and Gegenbauer
functions that we use in our paper.

In Appendix D we give a concise account of the theory of closed realizations
of 1d Schrédinger operators. This account is incomplete and not fully rigorous—the
reader should consult Sect. 2 of [12] for a more detailed and rigorous exposition, or
[11], where a complete theory with proofs is given. Of course, the topic is classic
and contained in other texts such as [11,15,18].

In our paper we try to use notation and conventions that make our formulas,
especially for Green functions, as simple, elegant and symmetric as possible. This
often motivates us to introduce our conventions, different from the standard ones. In
particular, we do not use the standard conventions for associated Legendre functions,
which could be used for Gegenbauer Hamiltonians. For readers used to associated
Legendre functions, in Appendix E we recall their definitions and compare them
with the special functions that we use.

2. Preliminaries

2.1. Hypergeometric Equation

The hypergeometric equation is given by the hypergeometric operator
Fla,b;c;2,0,) == 2(1 — 2)0% + (¢ — (a + b+ 1)2)d, — ab, (2.1)

where a, b, ¢ are arbitrary complex parameters. One of solutions of the hyperge-
ometric equation is the famous hypergeometric function F'(a,b;c;z). It is usually
convenient to apply to F'(a, b; c; z) the so-called Olver’s normalization, which yields
the function

a b ¢ 2)
F(a,b;c;2) := ZI‘ c—i—] j' . (2.2)

Note that the symmetries of the hypergeometrlc equation are better visible if
we replace a, b, c with «, 3, i

a=c—1 f=a+b—c, p=a-—2b;
Ltatftu o ltatiou o 4 g (2.3)

a = 5

so that the hypergeometric equation has the form

. (a+ﬁ;ru+1’ atBoitl | | g az> F(z) = 0. (2.4)

To understand the properties and importance of the hypergeometric equation
it is useful to view it as a special case of the Riemann equation—the most general
equation on the Riemann sphere possessing at most 3 singular points, all of them
regular-singular. There are many books and survey articles that comprehensively
treat the Riemann and hypergeometric equations, including [29,42,44,55]. Through-
out this paper, we follow the notation established in [6,7,13]. For the convenience of
the reader in Appendix B we explain how the hypergeometric equation arises from
the Riemann equation.
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2.2. Gegenbauer Equation

The Gegenbauer equation is essentially the special case of the hypergeometric equa-
tion with the symmetry w — —w and the singular points put at —1, 1, co. It is given
by the Gegenbauer operator

Gor(w, ) = (1 — )02 — 2(1 + Q)wdyy + A2 — (a+ L)% (2.5)
Here is its relationship to the Riemann operator (defined in (B.64)):
-1 1 00
Gar(w,0,) =1 =w)P| 0 0 a+A+Liwd, |. (2.6)

—a—aa—A+1

Following [8], we introduce two special solutions of the Gegenbauer equation

1 1 1 1—w
S - F(= —da—Xa+l;— |, 2.
Alw) Ta 1) (2+a+)\ 5 T a+ 5 > (2.7)
(wt1)"z—2> /1 1 2
Zo = F= A=A+ N2A 1 —— . 2.
Aw) T(A+1) g Tt A TR (28)

2.3. Liouville Transformation
An operator of the form
-2+ V(r) (2.9)
will be called a (1-dimensional) Schrédinger operator.
Let us briefly describe how to transform a 2nd order equation

(p(z)@i +q(2)0, + r(z)) u(z)=0, (2.10)
into an eigenvalue equation of a certain Schrédinger operator. Consider the operator
p(2)02 + q(2)0: +r(2), (2.11)

that defines the Eq. (2.10). We first multiply (2.11) from the left by a function f,
from the right by a function g, obtaining

F(2)(p(2)0Z + q(2)0: +7(2))9(2)- (2.12)
We choose f, g in such a way, that (2.12) has the form

()8 — %t'(z)@z ol2), (2.13)

for some function z — t(z). Then we change the variable z into r, such that

(jif - (2.14)

— 92 +v(z(r)). (2.15)
More details can be found in [13].
Operators of the form (2.11) are often called Sturm-Liouville operators and the
transformation that leads from (2.11) to (2.15)—a Liouwville transformation.
For brevity, we will usually use the term Hamiltonian instead of (one-
dimesional) Schriodinger operator. Thus e.g. the hypergeometric operator means the

We obtain
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operator (2.1), whereas hypergeometric Hamiltonians will be various Schrédinger
operators obtained by transforming the hypergeometric equation.

3. Gegenbauer Hamiltonians
Let us transform the Gegenbauer operator (2.5) as follows:

—(1 = w?) 3G, A (w,0,) (1 — w?) "5

S

-1 1 o0
=—(1-w)P| 2+1 241 X w0,
~§+1-§+%-)
2\ 92 o 1 1 2
=—(1—-w")0, +wiy, + |« ol i (3.1)
Thus if we set
1 1
La = —(1 — wz)ai + 'Ujaw + <OZ2 — 4> 1_71,02, (32)

and G(w) solves the Gegenbauer equation, then
(Lo — X2) (1 — w?) 216G (w) = 0. (3.3)

We have interpreted the Gegenbauer equation as the eigenequation of the oper-
ator L, with the eigenvalue A\? acting on functions on the complex plane. We would
like to reinterpret it as an operator on functions of the real variable r €|a,b| for
some —00 < a < b < +00. To this end we need to insert the intervals |a, b into
the complex plane. We will consider three intervals; in each case their endpoints
are among the singular points of the Gegenbauer equation (that is, 1,—1,00). For
each of these intervals we perform the Liouville transformation, which yields a 1-
dimensional Hamiltonian on C°]a, b[. As we will see below, in each of these cases
we will obtain a natural holomorphic family of closed realizations possessing elegant
formulas for the Green functions.

Here are the three cases that we consider:

1. w €] — 1,1[. This leads to an operator on L?]0, w[, which we call the spherical
Gegenbauer Hamiltonian.

2. w €]1, 00[. This leads to an operator on L*(Ry), which we call the hyperbolic
Gegenbauer Hamiltonian.

3. w € iR. This leads to an operator on L?(R), which we call the deSitterian
Gegenbauer Hamiltonian (Fig. 1).

3.1. Spherical Case
For r €]0, x|, in (3.1) set

w = cosr, which solves w' = —(1—w?)2. (3.4)
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ico s
1
E DeSitterian

:

: Hyperbolic

-1 : 1 0

Spherical ,
1
1
—ioco!

FIGURE 1 Gegenbauer equation on the w plane. The spherical
Hamiltonian acts on the interval marked with a thick line, the
hyperbolic Hamiltonian—with a dotted line, and the deSitterian
Hamiltonian—with a dashed line.

This leads to the Schrodinger equation
(LZ — /\2) o(r) =0, (3.5)

where

L3 = —a,%+< 2—1> .12 : (3.6)
4 ) sin”r

It has the mirror symmetry r — 7 — r. It is obtained when we separate variables of

the Laplacian on the sphere in any dimensions, see e.g. Sect.7.1. Hence our name

“spherical”.

Let us define the function on |0, 7|

Ea) = (S0) 8, (cosr). (5.7)
It has the following asymptotic behaviour near 0:
0~ (5) (39)
The following four functions solve the eigenequation (3.5):
o)y PLoa(r), Poslm—r), PLy(m—r7), (3.9)
The following symmetries hold
Z,A(T) = 7)2,—,\(7’): Z,A(W —r)= PZ,—A(W —7). (3.10)

The following theorem describes the basic family of closed realizations of L3,
on L?)0, 7.

Theorem 3.1. For Rea > 1 there exists a unique closed operator L, in the sense of
L2]0, [, which on C2°|0,x[ is given by (3.6). The family o — LS, is holomorphic
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and possesses a unique holomorphic extension to Rea > —1. It has only discrete
spectrum:

augy:%ugy:{w+af :keNo+;}. (3.11)

Outside of the spectrum its resolvent is

g%_A%@wD=F<a—A+2>F<a+A+2>
" {P;)\(x)PZ,A(W —y), if 0<z<y<m

3.12
WP (r—2), if O<y<w<m (3.12)

Proof. Treating Py, \(r) and P, \(r) as a basis of solutions of (3.5), we obtain a
connection formula found using (C.22):

COS TA 0 1
> —-r)=— ° . (3.1
Paxlm=r) sin 7704730‘ A+ sinTa (2 +a+ NI(5+a— ) ~a(r) (3:13)
From
< 1 r\zIe
—a,)\(r) ~ F(l _ Od) <§> ) (314.)
and (3.8) we obtain
< < sin ro
W(P—a,)ﬂ a,)\) = T (315)
This yields the Wronskians
1
W (P, \(m—1), Py a(r)) = 3.16
s s cos(mA
W (Pha(r — ), Pon(r) = o ! (3.17)

™

Thus (3.12) is an integral kernel of the form (D.7). Let us denote it by RS (—\%;x, ).

Let us fix temporarily A\. For Rea > —1 the integral kernel RS (—M\%;x,y) is
square integrable, and hence it defines a Hilbert-Schmidt operator, which we denote
RS (—)?%). By Appendix D.2 there exists an operator LS,, which is a closed realization
of the left hand side of (3.6) such that RS (—\?) = (Lb + %)t

The Hilbert-Schmidt norm of Ri(—)\z) is uniformly bounded for « € K with
K C {Rea > —1} compact. Besides RS (=M% 2,y) for any x,y depends analytically
on «a. Hence for any f,g € C.(]0,7|)

o / T RS (—2 2, y)g(y)dady (3.18)

is analytic. Using Thm A.1 we obtain that {Rea > 0} 3 a — R5(—\?) € B(L?]
0, 7[) is an analytic family of bounded operators. Hence, by Thm A.2, {Rea > 0} >
o L, € C(L?0,[) is an analytic family of closed operators.

For Rea > 1, 72 is not L?-integrable, and only rz+e is. Hence for such
a the right hand side of (3.6) possesses a unique closed realization, which has to
coincide with the operator Lf, that we have just constructed. In particular, L? does

@ Springer



148 J. Derezinski et al. Vol. 94 (2026)

not depend on A. By the uniqueness of analytic continuation, L, does not depend
on the choice of A for all Reaw > —1.

The singularities of the Gamma function yield the discrete spectrum of L?,.
O

3.2. Hyperbolic Case
In (3.1), for r € R4 we set

w = coshr, which solves w' = (w®—1)2. (3.19)
This leads to the Schrédinger equation
(Lo + %) 6(r) =0, (3.20)
where
1 1
LY = -02 + ( 2 - > — 3.21
¢ " 4 ) sinh?r (3:21)

It is obtained when we separate variables of the Laplacian on the hyperbolic space
of any dimensions, see e.g. Sect. 7.2. Hence our name “hyperbolic”.
Let us define functions on R

inh -y o+
P27A(r) = (sz 7“) Sa.x(coshr), (3.22)
Qh \(r) = (81“27;) Zoox(coshr). (3.23)

They have the following asymptotic behavior:

1 ryzte
732)\(7“) ~ F(l—|—0¢)<2) y T~ 0, (324)
1 — AT
Qb A(r) ~ T+ N° R (3.25)
The following four functions solve the eigenequation (3.20):
Pg,)x(r)v PEa,A(r)v Ql;,/\(r)a Ql;,f)\(r)' (326)
The following symmetries are obvious:

PE,A(T) = Pg,—A(T)a QE,AO”) = QEQ,A(T)- (3.27)

The following theorem describes the basic family of closed realizations of L® on
L?[0, 00].

Theorem 3.2. For Rea > 1 there exists a unique closed operator LY in the sense of
L3(Ry), which on C(Ry) is given by (3.21). The family o — LY is holomorphic
and possesses a unique holomorphic extension to Rea > —1. Here is its discrete
spectrum and spectrum.:

oa(Lh) = { - (%+a>2}, 1 <Rea< —%; (3.28)
oa(Lh) =0, —%gRe a; (3.29)
o(L2) = [0, +-o00[Uoqg(LY). (3.30)

@ Springer



Vol. 94 (2026) Exactly Solvable Schrédinger Operators. . . 149

Outside of the spectrum, for Re A > 0, its resolvent is
1 (.9) [(3+a+))
—_—\ X = —-—_—-————
Th+x3) Y NG
" {ngA(x)QgA(y) if 0<z<y<oo;

31
Q1 \(2)PM\(y) if 0<y<az<oc. (3.31)

Proof. Consider 7327 ,(r) and PEQ, ,(7) as a basis of solutions of (3.20). The connec-
tion formula is

Vi . Vi '

h
= — P + P . (3.32
Qa’)‘(r) sinTa I’ (% —a+ )\) a’A(T) sinTa I’ (% + a—+ )\) aA(T) ( )
Similarly as in the spherical case, we obtain
WP, 5 Phs) = = (3.33)

This yields the Wronskians

&S
L(3+a+A)
For Rea > —1 and Re A > 0 the functions 7327)\(7“) resp. QgA(r), are square inte-
grable at the endpoints. Using the Schur test we check that under these conditions
the integral kernel 3.31 defines a bounded operator, depending analytically on «.
For Rea > 1, 7272 is not square integrable near 0. Therefore, for such « (3.21)
possesses a unique closed realization.
Looking for singularities of the Gamma function we find the discrete spectrum:

W (QE,A(T): 7)2,,\(7")) =

2
1 1
ad(Lg):{_ <n+2+a> n € Ny, Re(n—|—2+a><0}. (3.34)
It is easy to see that this coincides with (3.29) O
3.3. DeSitterian case
For r € R, in (3.1) we set
w = —isinhr, which solves w' = (w?—1)2. (3.35)

This leads to the Schrodinger equation

(L8> +A%) 6(r) =0, (3.36)
where
LIS .= 9% - <a2 — 1) . (3.37)
¢ " 4 ) cosh®r

It has the mirror symmetry » — —r. It is obtained when we separate variables in
the d’Alembertian on the deSitter space of any dimension, see Sect. 7.3. Hence our
name “deSitterian”.

The following theorem describes all closed realizations of LIS on L2(R).

For r > 0 we introduce the following function which solves the eigenequation

(coshr)*tz

ds —iZ(it4a+r
Qu(r) 1= e BTN =

Z, \(—isinhr). (3.38)
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We extend it to r < 0 by analytic continuation. Here is its asymptotics:

1 _
lef)\(r) ~ me /\T, r — 4o00. (339)
Thus the following functions solve the eigenequation (3.36):
O (r),  Qan(=r), Q) Qe (7). (3.40)

Let us describe closed realizations of LIS on L2(R):

Theorem 3.3. For any o € C there exists a unique closed operator L3S in the sense of
L?(R) that on C°(R) is given by (3.37). The function C 3 a +— LIS is holomorphic.
It satisfies LIS = LS., Outside of the spectrum, for Re A > 0, its resolvent is

1
@Y

PE—at+tN)l(G+at)) [ @)QB(-y)  —oco<z<y<oo;
- 2 Qg?,\(y)Qii\(—x) —0<y<T<o00.
(3.41)

To describe the discrete spectrum and spectrum of L3S, without loss of generality we
can assume that Rea > 0. Then

1
ad(LgS):{—(a—k)Z ’ keNo+§, k<Rea} (3.42)

o(LI8) = [0, co[ U aq(L95). (3.43)

Proof. We can use the proof of the Theorem 4.3. Note that
INCED 142X\
ng)\(’f’) — (2 ) QdS ( ) ( )

\/77_ a,a,2 r)= WQQ a, 2)\( ) (344)
Hence, the Wronskians are
2
ds ds _
w (Qa,)\( T)’ Qa,)\(r)) T ( +a+ )\) (7 —a+ /\) (3'45)
W QIS (~1), QI5,(r)) = 22T, (3.46)

™
Using the Schur test we check that the integral kernel (3.41) defines a bounded
operator.

The singularities of the Gamma function are at A = —% +a—nand A =

—1 —a —n, neNy. This gives the following discrete spectrum:

2
1 2 1
oq(L3S) = {— <2—|—a+n> ‘ n € Np, Re <2+a+n> <O} (3.47)

1 ? 1
U{—<2—a+n> ’ n € Ny, Re<2—a—|—n><0}. (3.48)

For Rea > 0 the right hand side of (3.47) is empty. This yields (3.42). O
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Proof of Proposition 1.1. The transformation cotr = sinh ¢ implies

cosr = tanhg, tanr = sinhg, (3.49)
dg 1
S~ _ coshg. :
dr sinr oS (3.50)

The Whipple transformation (C.25), (C.26) on the interval w €] — 1,1[ has two
versions: above this interval and below, that is

Zoa(w £ i0) = (£iV/1 — w?) 27228 a(“’). 3.51
Alw £10) = (£i w?) re \ G/ —w? (3.51)
This yields
s 2 \3
9B\(@) = (=) "Pralr), (3.52)
2 \2
ds (. — s _
Q\(=) = (=) "Phalm —). (3.53)
This yields
(sin r)%é (r,r") (sinr/)% = _r (a,4") (3.54)
(L5 —a?) ' (Las —A2) 7
which proves Proposition 1.1. O
Remark 3.4. Using (3.50), (3.52) and (3.53) we obtain
W(Qh(=a), Qar () = 2W(P5 (= 1), PR a(r), (3.55)
W(QEA(=4), Q5% _(a)) = 2W(PX o (1 — 1), P2, o (1)) (3.56)

Therefore, (3.16) and (3.17) imply (3.45) and (3.46). This can be used in an alter-
native proof of Theorem 3.3.

4. Hypergeometric Hamiltonians of the First Kind
Let us transform the hypergeometric operator as follows:

a1 B, 1 — _a_ 1 _B_1
_224—4(1_2)2—&-4‘7_—(&4—[3;#-&-17a+[32#+1;1+a;27(‘9z)z 2 4(1_2) 271

LR

Thus if we set

Loy = —2(1—2) (83 + (212 - 2(11_Z)> 8Z>+<a2 - i) 412+<52 - i) 4(11—4?)
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FIGURE 2 Hypergeometric Hamiltonians of the first kind on the z-
plane. The spherical Hamiltonian acts on the interval marked with
a thick line, the hyperbolic Hamiltonian—with a dotted line, and
deSitterian Hamiltonian—with a dashed line.

and F'(z) solves the hypergeometric Eq. (2.4), then

2
(La,ﬁ - %)z%ﬁu _2)EHIR(2) = 0. (4.3)

The hypergeometric equation has been interpreted as the eigenequation of the
operator L, g with the eigenvalue “72 acting on functions on the complex plane.
Let us reinterpret this operator as acting on functions on three intervals whose
endpoints are singularities of the hypergeometric equations. We will see again that
these choices lead to simple formulas for Green functions. In each of these cases
we perform the Liouville transformation, which yields a 1-dimensional Hamiltonian.

We will consider three cases:

1. 2z €]0,1], which leads to an operator on L?]0, [, which we call the spherical
hypergeometric Hamiltonian of the 1st kind,

2. z €]—00,0[, which leads to an operator on L?(R ), which we call the hyperbolic
hypergeometric Hamiltonian of the 1st kind,

3. z € L +iR, which leads to an operator on L?*(R), which we call the deSitterian
hypergeometric Hamiltonian of the 1st kind (Fig. 2).

It will be natural to introduce the parameters

§:= %(oﬂ + 6%), (4.4)

K= %(042 - 3%, T = %(042 — 3%) =ik. (4.5)

4.1. Spherical Case
For r €]0, x|, set in (4.2)

z=sin®~ =——""  which solves 2’ =2z7(1— 2)2. (4.6)
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This leads to the Schrédinger equation

where
1 1 1 1
s . —82 2_ = 2_ - 4.8
il Pt <a 4> 4sin® L * <ﬂ 4) 4cos? g (48)
1 1 cosT
=07+ (65—~ + K :
" < 4) sin®r sin®r

In [13] L}, 5 is called the trigonometric Péschl-Teller Hamiltonian
The case a = 3 is especially important and coincides with the spherical Gegen-
bauer Hamiltonian:
L = L3 o (4.9)
For r €]0, 7|, define the function

+1 B+3% —
;,B,M(T)::<sin£>a 2(cos£> QF(a+ﬁ+u+17a+ﬁ H+1;1+a;sin2(%>)

2 2 2 2
T\t —a-p—3 +8+p+1 a—F+p+1
:(smg) <cosg) F(a 52M 704 ﬁ2,u 1+ a; —tan® (g)) (4.10)
Note that
P§‘7ﬁ7)u'(,r) = ;7_ﬁuu'(r) = P;NB7_/’L(T). (4'11)
Asymptotically our function behaves like
1 r\ets
P ~ 7(7) . r 0. 412
a,,@,,u,(’r) F(1—|—Oé) 9 r ( )

Now the following functions solve the eigenvalue problem (4.7):

Z,ﬁ,p(T’)7 Pia,ﬂ,p(r)7 Pg,a,,u(ﬂ- - 7’), Pi,@,a“u(ﬂ- - T)‘ (413)
The following theorem describes the basic holomorphic family of closed real-
izations of L¥, 5 on L]0, 7[.

Theorem 4.1. For Rea,Re 8 > 1 there exists a unique closed operator L7, 5 in the
sense of L?]0,7[, which on C°]0,n[ is given by (4.8). The family o, 3 L, 5 is
holomorphic and possesses a unique holomorphic extension to Rea,Re > —1. It
has only discrete spectrum:

(L5, ) = 0a(LS, 5) = {(k+0‘+5)2 : keN0+;}. (4.14)

2
Outside of the spectrum its resolvent is
1 1 1 —
L N (s e
(Los— 1) 2 2
" {Pz,ﬁ,u(l“) Pg,a,u(ﬂ_y) if O<z<y<m;

P S . (4.15)
a,ﬁ,u(y) P,B,o(”u(ﬂ- - ) if O<y<azxz<m.
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Proof. Considering Py 5 ,(r), and P2, 5 (r) as a basis of solutions of (4.7), we can

rewrite the connection formula (C.9) as

7w Py 5,.(7) w P2, 5.,.(r)
() (e (o) s (gt (g (419)

Pg,a,u(ﬂ' —r)=

Using (4.12) and arguing as in the proof of (3.15), we obtain

sin o

w ( ia,ﬁ,u(r)7 Posc,ﬁ,u(r)) = . (4.17)

™

From the connection formula and (4.17) we obtain the Wronskian

1

r <1+a42rﬁ+#> r <1+0¢—|2-,3—#> ’ (4.18)

w (P,g,oz,,u(ﬂ- - 7"), P;,ﬁ,u(r)) =

The L? integrability conditions at the endpoints are Reaw > —1,Re3 > —1, for
P 5,.(r) and P§ (7 —r) respectively. With these conditions, we can write the

candidate for the resolvent (4.15). The L? norm of this integral kernel is finite. Hence
it defines a bounded (even Hilbert-Schmidt) operator. For Rea > 1,Re 3 > 1 it is
a unique candidate for the resolvent. O

4.2. Hyperbolic Case
For r € Ry, in (4.2) we set

1 —coshr

z= —sinh2£ = which solves 2/ = —(—2)2(1 — 2)=. (4.19)
This leads to the Schrédinger equation
h 1
(Laﬁ + 4> o(r) =0, (4.20)
where
1 1 1 1
Lt ::—82+<a2—>—<2—> 4.21
of " 4 ) 4sinh? z b 4 ) 4 cosh? z (4.21)
1 1 coshr
= -0+ <5 - > + K .
4 ) sinh?r sinh? r

In [13] Lgﬁ is called the hyperbolic Poschl-Teller Hamiltonian.
The case a = [ is especially important and coincides with the hyperbolic
Gegenbauer operator:

LY=L . (4.22)
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For r € Ry, let us define

h (. Tyt r\B++ a+fB+p+1 a+fB—p+1 . arT
Py ()= <s1nh§> 2(cosh§> 2F 5 , 5 ;1 + a; —sinh B

a+l ca—p—1 1 . 1
:(sinhz) 2<coshz) H 2F<Oé+ﬁ+ll+ ’a B+p+ ;1+a;tanh2£>,
2 2 2 5 2
(4.23)
—n—B—1 B+1 1 — 1
Qb 5., (1) = (sinhg) " 2<Cosh%) 2F<a+ﬂ—2ku+ 7 a+ﬁ2+u+ ;1+u;fsinh*2%)

atl —a—p—} 1 a-— 1
(sinh%) 2<coshg) : ZF(OH_B_FH_‘_ o ftpt ;1+u§cosh*2g).

2 ’ 2
(4.24)
Note that
Plsu(r)=P) 5. (r)=P2s ,.(r), (4.25)
ngﬁyﬂ(r) = Qg,—ﬁ,u(r) = Q}la,ﬂ7u(r)7 (426)
Asymptotically,
1 r\ot3
Pion®) ~Figa(s) o 0 (427
h 24 — By
a,8,u(T) ~ me 20, T 00 (4.28)

Now the following functions solve the eigenvalue problem (4.42):

Po%,ﬁ,u(r)v Plja,ﬁ,u(r)a Qg,ﬁ,p(r)a Qg,g,—u(”- (429)

The following theorem describes the basic holomorphic family of closed real-
izations of Lgﬂ on the Hilbert space L?(R, ).

Theorem 4.2. For Rea > 1 there exists a unique closed operator Lg’ﬁ i the sense
of L*(Ry), which on C(Ry) is given by (4.21). The family o, 3 — LY, 5 is holo-
morphic and possesses a unique holomorphic extension to Rea > —1. Its discrete
spectrum and spectrum are

2 1
ad(Lgﬁ)_{—(o‘JrﬁJrk) | keNo+ =, k<—Rea+ﬂ},

2 2 2
a— 3 2 1 a—0
u{—( = +k) | keNo+s, k<—Re2}, (4.30)
o (LY 5) = [0,00[Uoq (LY 4). (4.31)
Outside of the spectrum, for Re p > 0, its resolvent is
1 1 1 _
M(l';y)zr( +a+ﬁ+u>l“< ra B+“>

h h : '
" {Pa,ﬁ,u(ﬂf) Qapsuly) if 0<a<y<oo (4.32)

Ph s (y) Qb g () if 0<y<az<oo.
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Proof. Considering Pkoc,ﬁ,u(r)’ and PEO&,BM

can rewrite connection formula (C.13) as

(r) as a basis of solutions of (4.42), we

_ ™ Pokzl,ﬂ,u(r) + s Pﬁaﬁ”u(’l“)
e T (5 55 [ (T350)  Sin(qm) (M) (TS

QE,Q,H(T) = (433)

Using (4.27) and again arguing as in the proof of (3.15), we obtain we obtain

sin To
w (PEa,ﬁ,#(T)’ Pc];l,ﬁ,u(r)) = P (4'34)
This yields the Wronskian
1

W (Q4.5,u(r): Pal g (1) = (4.35)

I+a+p+ lta—B+p
(e (Feg)
The L? integrability conditions at the endpoints are Rea > —1 and Reu > 0 for
Pokjﬁy ,(r) and Qgﬁy (1), respectively. Using the Schur Test we check that integral
kernel (4.32) defines a bounded operator. We also see that for Reaw > —1,Rep > 0

it is a unique candidate for the resolvent. ]

Proof of Proposition 1.2. The transformation

tan g = sinh g (4.36)
implies
T qg dq 1 q
sin anhg, - cos cosh o; (4.37)
1
P 5,(r) = ————P% , 5(q), (4.38)
(cosh )2
1
P,g’7a,u(7r - T) = 7;@2,/4,5(‘1)' (439)
(cosh £)?
We obtain the transmutation relation
1 ’ q —% 1 , q/ _%
T (1) = <cosh 5) VTN (q,4") (cosh 5) . (4.40)
(Los+4) (Lhu+5)
O
4.3. DeSitterian Case
For r € R, in (4.2) we set
1 1 — isinh
2= > —icosh_sinh_ = ﬂ, which solves 2’ = (—z)%(l - z)%. (4.41)
2 2 2 2
This leads to the Schrodinger equation
ds e
(Laﬁ + 4> o(r) =0, (4.42)
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where
1 1 1 isinhr 1 1 1 isinhr
L, = 92— (a?— = - — (8- = — 4.43
8 CTd) e \2 7T 2 F73) oz \2 7 2 (4.43)
1 1 sinhr
=-92—(6—-= — . 4.44
( 4) coshZr | cosh®r ( )

This Hamiltonian was proposed and solved by F. Scarf [48] and in [13] it is called
the Scarf Hamiltonian.

The case a = [ is especially important and coincides with the deSitterian
Gegenbauer Hamiltonian:

L3 = L35, (4.45)
Define for » > 0

aS () = <i+sinhr>—§—5—<—1—|—smhr>§+i
7BM = 9 9

2 2
a+f+p+1l —a+pf+p+1
F i1 — 4.46
x ( 2 ! 2 L T aimhy (4.46)
B (i—l— sinhr) $+i1 (—i + sinhr) -$-5-1
B 2 2
a+0+p+l a—pF+pu+1 2
F ;1 ——— 4.4
. ( 2 ’ 2 S iy (447)
We extend r — Qa 3, “( r) to r < 0 by analyticity. It satisfies
QMe= 5"
ds
~— . 4.48
ocﬁu() F(1+M)’ r — +00 ( )
Note that
Q555 (r) = Q5°_5.(r) = QE, 5 .(r). (4.49)
Now the following functions solve the eigenvalue problem (4.42):
i:,sﬂ,,u,(r)’ ?x?ﬁ,—,u(r)’ Qﬁ e u( 7’), QB e —,u,( ) (450)

The following theorem describes all closed realizations of Lffﬁ on L3(R).

Theorem 4.3. For any a,3 € C there exists a unique closed operator LIS in the
sense of L2(R) that on C°(R) is given by (4.43). The function C > (a, 8) +— L45
1s holomorphic. We have Ldsﬁ = L‘isa 5= LdS 3

Qutside of the spectrum, for Reu > 0, its resolvent is

1-a—B+p 1+a—pB+p 1—a+B+pu 1+o+B+p
;( y) = G A G K G ) A s )
(LIS, + 40) ’ 27
% ,ﬁ, (z )Qﬁa,p( y) if —oco<z<y<oo;
Qﬁ,a p,( ) gfﬁ,u($) Zf —oco<y<xr<oo.

(4.51)
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To describe the discrete spectrum of Lds/8 assume without loss of generality that
Re(a + 3) > 0. We also assume that Re(ow — ) > 0 (the case Re(a — ) < 0 is
analogous). Then

2
+p 1 a+pf
sy J_ (¢ _ 1
O’d< aﬁ) { < 5 k) kJEN0+2, e 5 }
2

_ 1 _
(=P )| keng+t meme2=PY (4.52)

2 2 2
o (L35,) = [0, 00[Uoq(L35,). (4.53)
Proof. In the connection formula (C.15) we insert z = —1_215 and multiply it by

a1 ﬁ+l
1—is )2 4 14is\2 4 .y
<T) (T , obtaining

1+is 2 th is—1 — oz 2
()" " (=) Frupaliss)
sin(—mp)T <1+a42'ﬁ_“> T (H'O‘;ﬁ_“)

—l—a—B+p

N 241 N B4+L - 2
()7 () ) e i
) ) (4.54)

14+« + 14+a—
)F( + -5[3 I P<+ QB-H!»)

sin(mp

We transform separately (4.54) above and below the real line: obtaining resp.

B
iT(—a—L—£)(s4i _g_i_% s—i E"‘iF 9
me = 2 2 2 “ﬂa(l 15)
1

: 1+a+p—
sin(—mp)T ( 5 “) r (
=3
2

. s>0  (4.55)

I

T (o N N\ FtE
Welg(a+§+g)(fs{1> <7s,2+1) Fpa(i2)
sin(—m )T <1+0H2-/3—#> T (H—a;ﬁ—u)

+ s<0 (4.56)

- 1tatf+ 1+a—f+
sm(mL)I’( “ “)I‘( 3 “)
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Inserting s = sinh(—r) = — sinh r into (4.56), and using uniqueness of analytic
continuation we get
a1 L1
ds ) 1 —isinhr 3t 1 +isinhr 2 t3 1 —isinhr
pa;ﬁ:ﬂ(r) = f f FQMBHU' #
e 2 (a+ +3 ) Q ( )
= B0,
- Iath— 1+a—f—
sin(—mp)T < B “) r ( 3 “)
Te 2 (a_ 2 +%) ds
+ QI _.(—r). (4.57)
sin(m)T <1+0£-|2-,3+H) T <1+a ,8+u> wH
By replacing o to —a we obtain the second identity
5 () = et Q. (1)
P=a.p, B.a,
I Sln(—'ﬂ'/j/)r (1*0&‘567#) F (17@;57/1) I
We%(ia7%+%)
o 1—o+f+p 1—a—f+p Qn=n(=1): (4.58)
sin(mp)T < s ) r ( 5 >
We can rewrite them via
e2( + T2 ) e%(a_%+%)
pi?ﬁ,u<r) o T T(Eeii (e Pk T(LEetlEe )p( e PEn)
p(isa,,e,u(r) osin(rp) | JF(—ath+d) ST (—e-b+3)

T(I=eff=i)p(1=e_f=2) p(1l=effte)p(l=a_bi)
Qd,sa, (_T)
X [ ﬁi’i(_r)]. (4.59)

We evaluate

SiGias) FAC) o
det F(Haww)lﬂ&HaEB*”) F(Hagjf“)l“(ﬂufqu _ _ism(w,u) sin(ma)
ez( at+ 5+ ) 62(_a_7+2) 7_(_2
_F(l a+/3 )F(l a2ﬁ—u) 1—1(1*0142“['3“!’/")1“(17(15['%#;1.)
(4.60)
Therefore we have
JF(omb+3) JE(a-k+3)
QBO‘H( ) _ _17T F(l G+B+H)F(1 a— B+u) _F( g@ )F(1+agﬁ+”)
QBQ*M( ) Sin(ﬂ-a) el;( a+g+1) e%(o‘+§+%)
y Oy F(l a+ﬁ u) (1 azﬁ—u) _F(1+042»B—H)F(1+agg,u).

ds
x [1}5757# r) ] (4.61)
p—a,ﬂ,,u,(r)
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n (4.59), we exchange o and 3, and replace r with —r, and we obtain

JE(+5+]) EAGRERR))

2
%Cﬁ‘?a’u(_r) _ _F(1+a§B*M)F(1*a§B*M) F(1+a?2.rﬁ+u)r(lfav2%+u)
psﬁ u(=T) sin(mp) SF(-BtE+Y) ST (-8-5+3)
“ _F(1+a B )p(1lmeg k) T(Ihe fie)p(1=a,tix)
ds
y a,ﬁ,u(r)] 4.62
|:Q(oifﬁ,p,(r) ( )

Using (C.12), we know that

1

=

[%%%#(r)} _ T _F(1+0¢g5—u>11'\(1+0¢;5+u) 1—\(1+a-02-/3—u)11—\(1+a-2%5+u)
Prapulr)] sin(nf) | = e rimam) r(ma) ()

[]ffw ( ))] . (4.63)

B, p

Thus we obtained the connection formula

[ng( )]

Qﬁ,a, ( )
JF (1) JE(e-4+)
B —ir3 F(ka;ﬁﬂ)lﬂ(lwgmu) _F(1+a§§+u)F(1+a;ﬁ+u)
sin(ma) sin(73) sin(mp) F(—arb+d) _ o5 (ath+3)
1—1(170{42»,87;1.)1—1(1705,87“) F(1+0142»[37;L)1—1(1+(x;[37;1.)
(4.64)
- L ) -
y 1—\(1+a;5—u)11—\(1+a5ﬁ+u) 1-\(1+a-i2—5—u)11—\(1+a-;ﬁ+#)
_F(lfagﬁfu)r(lfagﬁﬁru) F(lfawfu)r(lfawuu)
B ST (s+5+3) ST (s-5+3) 7 -«
" p(1+a+ﬁw)F£1w+ﬁw) (e glf )Fgl CESET) das’ﬂ’“(r) . (4.65)
ST (-B+5+3) ST (--5+1) Qaﬁ—u(r)
| (e B p (e Pk (e BEe ) (e B ) | ”

The result of multiplication after simplification with the reflection formula for the
gamma, functions is

767%& cos(7ra)-‘,—eiﬂ2i cos(mf3) 27
T F( l+<z;@+u )l;r( l+u;5+u )F( :;u;@Jru )F( 17<,;g’;‘+u)
—2m e T Cos(ﬂ'ﬁ)«#eTy cos(ma)
F(1*“;’”“)1“(1*“;5*“)1“(1"“:‘”“)1“(1"“””“) T
155,00 ] =7 (-7)
x | Lo } [ G ] . 4.66
[ 48 ()] sin(r) — Q3% 1, (-1) (4.66)
Using
ds ds _ sinmp
Qs (1), Q85 ) = 2 (467
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we obtain
27
W@ (1), Q1) = e (T T (e T () (4.68)
W(QE (1), Q85 (1)) = S OSTI T e TR cosmar (4.69)
The L? integrable condition at both endpoints is Re(u) > 0 for both ngﬁ,u(r)’ and

Q%:q’m M(—r). Therefore, for Re u > 0, it is a unique candidate for the resolvent. Using
the Schur Test we see that the integral kernel (4.51) defines a bounded operator.

From the singularities of the Gamma function we obtain

2
oa(L8) = {—<n+1+0‘2+5> neNy, Re <n+1+o‘+ﬁ> <0} (4.70)

2

U{—<n+1+3_ﬁ>2 n € No, Re(n+m2_ﬁ><0} (4.71)

u{ <n+1_3+6>2 neNy, Re <n+1_0‘2+ﬁ) < 0} (4.72)

u{— n+1_3_6>2 n € No, Re(n—l—l_(;_ﬁ)<0}. (4.73)
)

If Re(a+3) > 0 and Re(aw— ) > 0, then (4.70) and (4.71) are empty and we obtain
(4.52). O

5. Hypergeometric Hamiltonians of the Second Kind

We transform the hypergeometric equation in a different way:

M

—4zl+%(1 . z)1+§]_—(a+ﬁgu+1’ a+,3;u+l; 14 a: z,@z)z_%(l — )

0 1 00
=—42(z-1)*P| ¢ & &4+l 20,

z 1—z
(5.1)
We rearrange the terms in (5.1) containing o and ( as follows:
(1 —2)+ 3% =6+ k(1 —22) (5.2)

=0+ 7i(22 — 1),
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% + ioco
Spherical
Hyperbolic
—0 0 1 00
Desitterian
% —ioco

F1GURE 3 Hypergeometric Hamiltonian of the second kind on the z-
plane. The spherical Hamiltonian acts on the interval marked with a
thick line, the hyperbolic—with a dotted line, and the DeSitterian—
with a dashed line.

where 0, k, 7 are defined in (4.5). Thus if we set

Ko, = —422(1 — 2)? <a§ + (é - 1)@) Fr(l—22) — (12— 1)2(1— 2) (5.4)

1—=z

and if F'(z) solves the hypergeometric equation (2.4), then

<K,WL + 6)2%(1 —2)

2F(2) = 0. (5.5)

We have interpreted (5.1) as the eigenequation of the operator K, ,, with eigen-
value —¢§. Again, we will reinterpret this operator as acting on functions on an in-
terval whose endpoints are singularities of the hypergeometric equations. In each of
these cases we perform the Liouville transformation, which yields a 1-dimensional
Hamiltonian. We will consider three cases:

1. z € % + iR, which leads to an operator on L2]0, 7[, which we call the spherical
hypergeometric Hamiltonian of the 2nd kind;

2. z €]—00,0[, which leads to an operator on L?]0, oo| which we call the hyperbolic
hypergeometric Hamiltonian of the 2nd kind,;

3. z €]0,1], which leads to an operator on L?*(R), which we call the deSitterian
hypergeometric Hamiltonian of the 2nd kind (Fig. 3).

5.1. Spherical Case
For u €]0, 7|, in (5.1) and (5.3) we set

z = m, which solves Z/ = 212(1 — Z). (56)
This leads to the Schrédinger equation
(K2, — 8) 6u) =0, (5.7)
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where

2
, cosu 7 1 1

K3 =02 _— s . .
() oz +Tsinu + < 1 4> i (5.8)

This Hamiltonian is known as the Rosen—Morse Hamiltonian (see [13]).
In the case 7 = 0 we have the coincidence:

L} = K8,2a' (5.9)
We define for v €]0, 7]
Qa3 (w)
—1-p8— B
i e —i ; 1 - 1 .
— 1 ' 1 ' F Oé+/8+ﬂ+ ’ 05+/6+IU/+ ;u+1;1_e21u
1 — e2iu 1 — e—2iu 2 2
i B —i S a4 B4pu+l a—B+p+l o
= - - F , ; 1;1— ) o (5.10
(1—e2‘“) (1—e*2‘“) ( 2 2 et ¢ (5.10)

For u € [, m[ it is continued analytically. It has the asymptotics

y ~ o (205, w0, 11
o6, () T+ 1)( w2tz u~0 (5.11)
Note that
Qo p.u(w) = Q% 5, () = Q4 g . (w), (5.12)
Sﬁva,u(ﬂ- - u) = Qsﬁ,fa,u(ﬂ- - u) = Qiﬁ’a#(ﬂ' - U), (513)
2 \z <
<COSh’I"> gfﬁ,}l(r) = Qa,ﬁ,u(u)7 (514)
2 \2 .
(m) Q5 (—7) = @} o u(m —u), sinhr = —cotu. (5.15)

Now the following functions solve the eigenvalue problem (5.7):

Z,ﬁ,u(u)7 QZ,B,—M(U)’ Qsﬁ,a,u(ﬂ- - U), @sﬁ,a,—u(ﬂ- - U) (516)
The following theorem describes the basic closed realization of K7 :

Theorem 5.1. For Reu > 2, 7 € C, there exists a unique closed operator K3, in
the sense of L*]0, [, which on C®|0,x[ is given by (5.8). The family 7, — K3 ,
1s holomorphic and possesses a unique holomorphic extension to Re u > —2, except
for a singularity at (1,pn) = (0,—1). It has only discrete spectrum:

7_2

a(K;M):{—WJr(Hg)Q | keN0+;}. (5.17)

Set
a:=+Vo—ir, [:=+V+Iir. (5.18)
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(It does not matter which sign of the square root is taken). Outside of the spectrum
the resolvent of K2 , is

) T (lfocgﬁw) r (1+a;[3+u) r (ka;ﬁﬂ) r <1+0H2rﬁ+ﬂ>

= (x,y) =
(i, ) Y ir
« | Q@ ay(m—y), i D<o<y<m (5.19)
Q5 W@, (r—2), if O<y<z<m
Proof. The relation sinhr = — cot u implies
2 : 2 .
—1— 2iu —1— —2iu 2
1 —isinhr © 1 +isinhr ¢ ’ (5.20)
du 1
— =sinu = . 5.21
dr i coshr ( )
Therefore, using (4.68) and (4.69), we obtain
W (@b = 10), Qo () = 2 (@ u(—1), Qs (1)
47
= T (l—agﬁ-ku) T (1+a;6‘+u) r (l—a-gﬁ-&-u) T (1+a-;l3+u) ’ (5'22)
W(Q%,a,fu(ﬂ- - u)7 Qz,ﬁ,u(u)) = 2W (Qcﬁl,sa,fu(_r)v Q?f@,u(r)>
2 (™% cos w0+ e "% cos T
= ( ) (5.23)

s

The L? integrability condition for @3, 5 ,(u) at 0 and Q3 , ,(7—u) at wis Rep > —2.
The L? norm of this kernel 5.19 is finite. For Re(u) > 2 it is a unique candidate for
the resolvent.

As a byproduct we obtain a proof of Proposition 1.4 about the transmutation
identity LIS — K.

The singularities of the Gamma functions in (5.19) are at

l+eaa+elf+p=—-2n néecNy, (5.24)
where €1, e € {1, —1}. This implies
o = (2n 41+ p)? 4+ 26620 + 1 + p) + 52 (5.25)
Hence,
€K I 1)
= — — -+ = 5.26
i gy 62(”+2+2 ’ (5-26)
€ak 7 1)
=2 242, 5.27
T Tt ity 62(”Jr2+2 (5:27)
This shows
K2 1 w2
0= ———= ( - —) . 5.28
Gnrirpz \"T3T3 (5:28)

Replacing k2 with —72 we obtain 0O (5.17).
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For u € Z we have an additional identity for the Q® function, which follows
directly from (C.17):

(a + ; H+ 1)#<a -0 ; o+ 1)H (W) = Q) (5.29)

Using this with 4 = 1 we obtain the following unexpected identity:

Theorem 5.2. For any 7 # 0, we have K7 | = K7 _;.
Proof. Setting ;=1 in (5.56) we obtain

O£2 _ ﬁ2 . .
L1 (0) = @y (), (5.30)
Setting = 1 and p = —1 in the prefactor of the right hand side of (5.19) we obtain
a+p a—74 a—p3 a+p3
r(1-232)r(1+252)r (1- 2521 (14 242) @  (531)
4 16sin 3 (a + B) sin 3 (o — B)

P(-=gf)r(=52)r(-=52)r(=5?) _ . (532)

4 (@2 — B2)sin T (a + () sin %(a—ﬁ)' ’

We thus obtain

CHN (5.33)

(K3, +90) B (K3, +0) '
O

Note that (5.19) is ill defined for (7, ) = (0,—1). Moreover, we know that
{2 < Repu} 3 pr— L% is analytic, and for u # —1.
2
We have Kg , = L. Therefore, it is natural to set
’ 2

K§_1:=1L1". (5.34)
’ 2
We know that L® , # L3 . Therefore, Thm 5.2 implies that the point (7, u) = (0, —1)
2 2
is a singularity of the function (7, ) — K3 ,. See [10], where a similar phenomenon
is described for the Whittaker operator.

5.2. Hyperbolic Case
For u € Ry, in (5.1) and (5.2) we set

z= ﬁ, which solves 2" =2z(z —1). (5.35)
This leads to the Schrodinger equation
(Kp, +6) ¢(u) =0, (5.36)
where coshu p? o1 1
Ky, = —0.+ Fe <4 - 4> I (5.37)

This Hamiltonian in [13] is called the Eckart Hamiltonian.
In the case k = 0 we have the coincidence

L = K{ g (5.38)

@ Springer



166 J. Derezinski et al. Vol. 94 (2026)

We define

h 2u —= —2uy—2 at+B+p+l a+Bf—p+1 o1

Po g = (F —1)7 (1—e >2F( i e
Loty at+B+pu+1l a—B+pu+1

a+1;e7 %),

(5.39)

:2u71*Q1772u2F
R R e

10t (1_8_2u),§F<a+ﬁ+p+1 —a—i—/@—f—,u—i—l;

, L1 —e®
2 2 ©+ e )

= (e —1)75 (1o F(a“LB;‘“Ll, a_ﬁ;“+1;u+1;1—e*2“).
(5.40)
Note that
h -
Po pu(u) ~ me y U~ F00; (5.41)
1 pl
o (1) ~ m@u) 2Tz u~0. (5.42)
We have
P gu(uw) =Po 5. (u) =P 5 _,(u), (5.43)
Qo g () = Q¢ 5 () = Q3 g, (w); (5.44)
2 \? o h
(sinhr) Paﬂv“(r) - Paﬁ,u(u% (5.45)
2 \2
<sinhr> Qg737#(7') = Qg,ﬁw(u), coshr = cothu. (5.46)

Now the following functions solve the eigenvalue problem (5.36):

Pg,,@,p(”)? ]P)lla,[g’,p,(u)v Qg,ﬁ,#(u)a @g,ﬁ,—u(u)' (547)
Let us describe the basic closed realization of K} ,oon LA(Ry).

Theorem 5.3. For k € C,Reu > 2 there exists a unique closed operator K,E,u i the
sense of L*(Ry), which on C(R,) is given by (5.37). The family k, p — K,}@l,# is
holomorphic and possesses a unique holomorphic extension to Rep > —2, (k,p) #

(0,1). Its discrete spectrum and spectrum are

h oy _ K K2 1 K K
Ud(K,w‘)—{fmf(kJr§> ' k€N0+§, Re(2k+ﬂ+k+§><0}, (5.48)
(K ) = [0, +oo[Uoa (KL ,.)- (5.49)
Set
a:=Vd+k, Rea>0 p:=vVi—=k (5.50)
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(The choice of the square root for B does not matter). Outside of its spectrum the
resolvent of K,E,” is

Itatf+ l+a—p+
L (e
— (z,y) =
(Kb, +o) Y 2
h h :
% Pg,ﬂ,u(m) Q}Q;“B”u(y) Zf 0< Yy <z < o, (551)
Pa’ﬂ’ﬂ(y) @a,ﬁ,u(x) if 0<x<y<oo.
Proof. The relation cosh r = coth u implies
2T 1 327 1 .
sinh 5 = 62“ — 1, cosh 5 = 6_2'“‘7—1’ (552)
du 1
= — sinh 5.53
dr ~ sinhr O (5:53)
Therefore,
h h _ h h
w ( aﬁ,wpa,ﬁ,u) =2W ( o, 3,1 Pa,ﬂ,u)
2
(5.54)

— T (1+a—&2-ﬂ+u> T (1+a55+u) .

The L? integrability conditions at endpoints are Rea > 0, and Rep > —2 for
]P’g g,u(r) and @g’ 5,u(r), respectively. For such parameters the integral kernel (5.51)
defines a bounded operator. For Rea > 0, and Re pt > 2, it is the unique candidate
for the resolvent.

As a byproduct we obtain a proof of Proposition 1.5 about the transmutation
identity LM — K"

The determination of the discrete spectrum follows by similar arguments as for
Theorem 5.2. O

For p € Z we have an additional identity for the Q" function, which follows
directly from (C.17):

(a + 8 ; w+ 1>M<a - ; B+ 1>M@g,ﬁ,u(“) — Qb 5, (w). (5.55)

Using this with g = 1 we obtain
Theorem 5.4. For any k # 0, we have K" | = K"

Kk, = K,—1°

Proof. Setting =1 in (5.56) we obtain

2 92
T a0 = Qs ). (5.56)

Moreover,

r<1—a;ﬁ>r<y+a;ﬁ>:@ﬁ;ﬁ%r(a;5>r<a;ﬁ>, (5.57)

We thus obtain

1 1
— . 5.58
(K']?,l +9) (KE,—l +9) (5:58)

0
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Similarly as in the spherical case, (5.51) is ill defined for (k,u) = (0,—1).
Moreover, we know that {2 < Reu} > u— L}% is analytic, and for p # —1 we have

K} = LY . Therefore, it is natural to set
’ 2
Kg_y:=1L",. (5.59)
’ 2

We know that L®, # L%. Therefore, Thm 5.4 implies that the point (x,u) =
2 2
(0,—1) is a singularity of the function (k, p) — K,{;M

5.3. DeSitterian Case
For u € R, in (5.1) and (5.2) we set

= H—leQ“’ which solves 2’ = 2z(z — 1). (5.60)
This leads to the Schrodinger equation
(K35, +6) ¢(u) =0, (5.61)
where )
e G e (5.62)

In [13] it is called the Manning-Rosen Hamiltonian.
In the case kK = 0 we have the coincidence:

L3S = K§5,. (5.63)
We define
—a w2 +B8+u+1 a+ +1
Pdsﬁu(u) (1+62u) 2(1+62) 2F<Oc 52,11 ,Ot ﬁ2ﬂ 1+ 2u)
:<1+62u)7§(1+e—2u)—LF(a+ﬁ‘2“u+1,Oé—/@‘;li-i-l at1—e >
(5.64)
We have the asymptotics
1 —Qau
Pa B7M( ) ~ me y u ~ +OO (565)
Note that
]P)gf ,u(u) = ]P)gf—ﬁ“u(u) = ]P’gf ’_#(U), (566)
2 \z
(=) Prour) =P (), cosr = tanhu, (5.67)

Now the following functions solve the eigenvalue problem (5.61):
Pa 3, “(U), Pds a,, #(u)v ]P,B a,,u( u)v ]P)(is ,a,u(_u)' (568)

We will find all closed realization of Kgi in the sense of L%(R).

@ Springer



Vol. 94 (2026) Exactly Solvable Schrédinger Operators. . . 169

Theorem 5.5. For any K, € C there exists a unique closed operator KS’SM i the
sense of L*(R) that on C2°(R) is given by (5.62). The function C? > (k, p) — KS,S#
is holomorphic. The discrete spectrum and spectrum of Kgi are

2 2 1 K I
KSy=0-_" (£ keNo+=, k<- -
oa(K,) { CTEE ( +2) €ENo+5, k< R62k+u 5
K2 2 1 K 7
Us—————|k— = keNg+ -, k< —|R =
{ w (- 3) ‘ STy e ‘ e%—u‘ 2}
(5.69)
J(K,‘isu) = [k, +oo[U[—k, +oo[U oy (KSSM) ) (5.70)
Here, for z € C we use the notation [z,4+oo[:={z+t | te€[0,+o0[}.
Set
a:=vd+kK Rea>0; [:=+vd—kr, Ref>0. (5.71)
Outside of its spectrum, the resolvent of KS’Su 18
1+o+8+ I+a+B—
(e
e (2,y) =
(K48, +9) 2
]P>dS ]pdS : _ .
% gsa ,u(x) ds,ﬁ M(y)a Zf 00 <z <Yy <00 (572)
PS5 (1Y) Pes . (2), if —oo<y<x<oo.
ds _ prds
We have K5, = K.,
Proof. The relation cosr = tanh u implies
Lo T 1 2T 1 )
sin o = T €08 5 = T (5.73)
du 1
T s cosh u. (5.74)
This yields (5.67). Using (5.74) and (5.67), and then (4.18), we obtain
W(Paﬂu< )Pﬁau< ))_2W( aﬁp( )7P§,a,p,(7r_r))
2
(5.75)

- r (1+0H2-,3+IJ«> T <1+a42-,5—#) '

The L? integrability condition at +oo of Py g, (u) is Re(a) > 0, and at —oo of
Psa,u(—u) is Re(B8) > 0. For such parameters, the integral kernel (5.72) defines a
bounded operator and is a unique candidate for the resolvent.

As a byproduct we obtain a proof of Proposition 1.4 about the transmutation
identity L® — L95.

The determination of the discrete spectrum is similar as in the hyperbolic
case. O

Proof of Proposition 1.3. The change of variables
1 +e?v = e (5.76)
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implies
1
—e?W =1 ¥, e = 1o e2“; (5.77)
d 1
ﬁ - 1 —e2u =1+ e_Qw’ (578)
Poosu(w) = (1—e™) 2 Py, 5(u), (5.79)
P, (—w) = (1—e™2) 2 QL , 5(u). (5.80)
We redefine parameters
1 1
§ = 5(042 —1?), K = 5((12 + u?). (5.81)
We obtain the transmutation identity
_1 1 _1 1
l—e ) 2 — _(uu)(l—e2v) 2 = w,w'). 5.82
(=) g 0 = e 6

6. The Laplacian on an Interval, Halfline and Line

The Laplacians on |0, [, R} and R with the Dirichlet or Neumann boundary condi-
tions at endpoints belong to the most widely used operators. Their Green functions
can be easily computed in terms of elementary functions, without using hyper-
geometric functions. In this section we will check that they are special cases of
hypergeometric Hamiltonians. We will see that this coincidence is related to various
identities for hypergeometric functions from Appendix C.6.

6.1. Laplacian on an Interval

Consider the Laplacian —d2 on the interval ]0,7[. The Dirichlet and Neumann
boundary condition will be denoted D and N resp. Putting them at both 0 and
7 leads to 4 operators on L?]0, 7r[. They are special cases of the spherical hypergeo-
metric Hamiltonian of the first kind:

Lop = I3, = Ij, (6.1)
Lyp = L2 4, (6.2)
Loy =L 4. (6.3)
Iny=L°, =L, (6.4)

Resolvents of these operators can be computed in terms of elementary functions.
Indeed, the following functions solve

(=02 + k%)p(x) =0 (6.5)
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and satisfy the Dirichlet/Neumann boundary conditions at 0, resp. at m:

Dirichlet: sinhkz, sinhk(m — z);

Neumann: coshkz, coshk(m — x).

They have the Wronskians:

W (sinh k(r — z),sinh kz) = ksinh 7k, (6.8)
W(coshk(m — z),sinh kz) = k cosh 7k, (6.9)
W(sinhk(m — z), cosh kz) = k cosh 7k, (6.10)
W ( coshk(m — z),cosh kz) = ksinh k. (6.11)

By the usual methods, we compute the spectra of operators (6.1)—(6.4), and for k?
outside of the spectra their Green functions:

o(Lpp) = {n? | n € Ny},

1 (2.y) = 1 {sinhkx sinhk(r —y), if 0<z<y<m,
Y

m ksinh 7k sinh ky sinhk(m —z), if 0<y<z<m,
(6.12)
o(Lxp) = {(n + %)2 | neNp},
1 1 coshkx sinhk(mr —y), if O<zx<y<m,
m(m,y) " kcoshrk {coshk:y sinhk(r —z), if 0<y<z<m;
(6.13)
o(Lpx) = {(n+3)* | n € No},
1 1 sinhkz coshk(r —y), if 0<z<y<m,
m(x,y) ~ kcoshrk {sinhky coshk(r —x), if O0<y<z<m;
(6.14)
o(Lyx) = {n* | n € N},
1 1 coshkz coshk(r—y), if 0<z<y<m,
m(x,y) " ksinhk {coshky coshk(m—x), if O<y<az<m.
(6.15)

Let us check that (6.12)-(6.15) agree with the more general formula (4.15)
involving the hypergeometric function and the Gamma function. We identify k& = .
By (C.31) and (C.32) we obtain

< sinh kz
1a1,(@) = N (6.16)

< cosh kz
Pf%,iévu(x) = ﬁ ’ (6'17)
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Finally, we use
km

L. 1 v
. N
DR T (k) = " (6.20)

6.2. Laplacian on the Halfline

Consider the Laplacian —9? on the half-line R, . Setting the Dirichlet and Neumann
boundary conditions at 0 we obtain 2 operators on L?(R, ), which are special cases
of the hyperbolic Gegenbauer Hamiltonian:

Lp = Lgé :Lg’_% :Lg, (6.21)
Ly = L}i%é = L}i%7_% = L}l%- (6.22)
Let us compute their resolvents. The following functions solve
(=02 + k%) p(z) =0 (6.23)
and satisfy the Dirichlet/Neumann boundary conditions at 0 and decay at +oc:
Dirichlet:  sinh kx; (6.24)
Neumann: cosh kz; (6.25)
decaying at +oo: e " Rek > 0. (6.26)
They have the Wronskians:
W(e " sinhkz) = k, (6.27)
W(e ", coshkz) = k. (6.28)
Now for Rek > 0,
e S b
R e b

To check that (6.29) and (6.30) agree with (4.32), identify £ = £. By (C.33),
(C.34) and (C.35), we have

h _ sinh kz
PLise,(®)= P (6.31)
cosh kx
22k
h _ —kx
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Finally, use

(k)T <k + ;) - 2_2Zﬁf(2k 1), (6.34)
r <k - ;) [(k+1)=2"2F/70(2k +1). (6.35)

6.3. Laplacian on the Line
Consider the Laplacian —9? on the line R, denoted L. It is a special case of the
deSitterian hypergeometric Hamiltonian of the first kind:

L= L(:jl:sé,:l:% = L(:itsé’:':% = L(:itsé (636)

It is well known how to compute its resolvent: The following functions solve

(=02 + k*)p(x) =0 (6.37)
decaying at +o0: e Re(k) > 0, (6.38)
decaying at —oo: e Re(k) > 0. (6.39)
They have the Wronskian:
W(e e M) = 2k. (6.40)

Now for Rek > 0,

- 1 |efe b, if z<y
L+  a,y) = — ’ ’ 6.41
( ) (@,y) 2k {ekye_kx, if y<ua. ( )

To see that (6.41) agrees with (4.51), we identify k = £, use

ds ds 22k —k

B = Q8 51,0 = Frpe (6.42)
which follows from (C.35), and
1\’ 9~k

(k)T <l<: + 2) I'k+1)= 2k +1)2 (6.43)

7. Geometric Applications

In this section we show major applications of hypergeometric Hamiltonians in ge-
ometry. We will obtain these Hamiltonians as the results of separation of variables
of (pseudo-)Laplacians on various (pseudo-)spheres.

Recall that every (pseudo-)Riemannian manifold is equipped with a certain nat-
ural differential operator called the (pseudo-)Laplacian. Suppose we fix coordinates

xr = x1,...,%4, the (pseudo-)metric is given by the field of symmetric invertible
matrices [g;;], so that the the “line element” is
d82: Z gwdxzdmj (71)
1<i,j<d
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Then the pseudo-Laplacian is given by

A—\/‘dli .97 \/| det g|0,;, (7.2)
where [¢"/] is the inverse of [g;;]. In the case of the Riemannian signature, A is called
the Laplacian (or the Laplace-Beltrami operator). For the Lorentzian signature the
usual name is the d’Alembertian.

(Pseudo-)spheres in a (pseudo-)Euclidean space RP*Y inherit a (pseudo-)
Riemannian structure from the ambient space. If the ambient space is Euclidean,
they are called spheres. Otherwise, they are various kinds of hyperboloids.

Below we describe a few examples of separation of variables for a (pseudo-
)Laplacian on a (pseudo-)sphere in appropriate coordinate systems. We will see
that after an appropriate gauging, subtraction of a constant and restriction to an
invariant subspace one obtains various hypergeometric Hamiltonians. These com-
putations motivate the names “spherical”, “hyperbolic” and “deSitterian” that we
use in our paper for various types of hypergeometric Hamiltonians.

The best known among these Laplacians is A, the Laplacian on the d-
dimensional sphere S?. As it is well-known, it has the spectrum

o(A3) = {~1(l+d—1) | 1 € No}. (7.3)

(This is, incidentally, a consequence of computations in Subsection 7.1 and the
properties of the spherical Gegenbauer Hamiltonian). Eigenfunctions of A with
eigenvalue —[(I +d — 1) will be called d-dimensional spherical harmonics of order [.

7.1. Sphere
The unit d-dimensional sphere is defined as

S*i={X e RM | X2+ X7+ + X3 =1} (7.4)

We will denote elements of S¥* by X and the corresponding element of length by
dX2. On S% we will use the coordinates (r, X)

Xo=cosr, X;=sinrX;, i=1,...,d X eS¥1 (7.5)

r (w, X) with cosr = w, sinr = /1 — w?: In these coordinates we first write the
line element, then the Laplacian:

ds? = dr? + sin® rd X2 (7.6)
dw? ,
= _ww2 + (1 - w?)dX? (7.7)
2 Azfl
=0, + (d—1)cotrd, + — (7.8)
sm-r
2 AS -1
= (1 —w?)d? — dwd, + ——L —" (7.9)

Finally, we perform an appropriate gauging:

d—1 d—1 2 (@)2 —1_
(sinr)T( — Afi)(sinr)_T + (@) = —(93 + 2 24

= (7.10)
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Thus the Laplacian on S¢ on (d — 1)-dimensional spherical harmonics of order
1 (7.10) reduces to the spherical Gegenbauer Hamiltonian L3, with ov = (4 — 1 +1).

7.2. Hyperbolic space

The d-dimensional hyperbolic space is defined as
HY = {X e R | - X2+ X?4+---+X2=-1, X,>0} (7.11)
On H? we will use the following cordinates: (r, X), where X € S¢1:
Xo=coshr, i=1,...,d, X,;=sinhrX;, (7.12)

or (w, X) with coshr = w, sinhr = v/w? — 1. In these coordinates we first write the
line element, then the Laplacian:

ds? = dr? 4 sinh? rd X2 (7.13)
dw? .
AS
Al =92 4 (d — 1) cothrd, + —951 (7.15)
sinh” r
A3
= (w? = 1)d% + dwd,, + w2d_11. (7.16)

Finally, we perform an appropriate gauging:

: et hY (s -4t d—1)2 2 (%)2_i_A?1—1
(sinhr) "z (— Ab)(sinhr)~ 2 — (452)" = 02 +

sinh?r

(7.17)

Thus the Laplacian on H? on d—1-dimensional spherical harmonics of order [ reduces
to the hyperbolic Gegenbauer Hamiltonian L} with o = % —1+1.

7.3. DeSitter Space
The deSitter space is defined as

s = {X e R | X2+ X7+ 4 X2=1} (7.18)
On dS? we will use the following coordinates: (t, X ), where X e si-1,
X, =sinht, X;=coshtX;,, i=1,....d, (7.19)

or (w, X) with sinh¢ = w, cosht = V14 w?. In these coordinates we first write
the line element, then the d’Alembertian:

ds? = —dt? + cosh? td X2

dw? %

=~ T+ AR (v20)

AS
045 = —92 + (d — 1) tanh td, + d_zl

cosh”t
AS

B ) ) d—1

= —(w? + )0, — dwdy, + 2
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Finally, we perform an appropriate gauging:

d—

1 1 d—2 2 _ 1 AS
(cosht)TDgs(cosht)—dT _ (%)2 _ _33 _ ( 2 ) d—1

4
cosh?t

(7.22)

Thus the d’Alembertian on dS¢ on d — 1-dimensional spherical harmonics of order
I reduces to the deSitterian Gegenbauer Hamiltonian L3S with o = £ — 1+ 1.

7.4. Sphere in Double Spherical Coordinates

Consider the unit sphere of dimension p 4+ ¢ — 1 with coordinates partitioned in two
groups:

SPHl = {(X,)Y) eRPTY | X7 4+ X2+ Y72+ + Y2 =1} (7.23)
We consider also two spheres of dimension p —1 and ¢ — 1:

Sp—lz{XGRP : X12++X5:1}7 Sq_IZ{YERq : Y12+"'+Yq2:1}

(7.24)
Spta—1 is parametrized by (T,X, }7), with 0 <7 < 7, X esr1l yeset?
X, =sintX;, i=1,...,p; Yj=costYj, i=1,...,q. (7.25)
Alternatively, one can use coordinates (w, X ) where
sin?T =w, cos’T=1—w. (7.26)
We compute the line element and the Laplacian:
dw? A -
ds® = —— + wdX? + (1 — w)dY?
s Tw(l = w) +w + (1 —w)
= dr? 4 sin? 7dX? + cos? rdY? (7.27)
AP AS
A5 =4w(l —w)d +2(p(1 — w) — qu)dy + pTl + ﬁ
AW AS
2 p—1 q—1
= —1)cotT—(g—1)t - . 2
Or ((p JeotT =(g=1) anf)(‘) * sin? 7 * cos? T (7.28)
We perform an appropriate gauging:
(sin7)" (cosT)Z (=45, 1)(sin )" (cost)” T + (LLS_Q)2
—2\2 _ 1 s —2\2 _ 1 s
e ) i a s () e AL (7.29)
4 sin’ 7 cos? T ’ )
Finally, we make a substitution 7 = 3:
L—2>2_l_AS (@)Q_l_As
7o) — o2 4 2 4 _—p 2 P 7.30

Thus on products of a spherical harmonic of order j and [ we obtain the spherical
hypergeometric Hamiltonian of the first kind L, 5 with

a:g—1+j, ﬂ:%—l—l—l. (7.31)
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7.5. Hyperboloid in Double Spherical Coordinates

Consider the hyperboloid of signature p — 1,¢ embedded in the pseudoEuclidean
space of signature (p, q):

HP M= {(X,)Y) eRPYY | — X7 — - = X2 4+ Y7+ + Y2 =-1}.  (7.32)

Let SP~! and S77! be as in (7.24). HP~9 is parametrized by (7, X,Y), with 0 <
7<o00, XS, Y esit

X;=coshtX;, i=1,...,p; Yj:sinhT}Afj, i=1,...,q. (7.33)

Alternatively, one can use coordinates (w, X, Y) where

cosh®r =w, sinh®r =w — 1. (7.34)
The line element and the pseudo-Laplacian in these coordinates:
dw? N .
ds? = ————— —wdX? —1)dy?
s = (w 1) w +(w—1)
= dr? — cosh? 7dX? + sinh® 7dY? (7.35)
AN AS
Ap 1, = dw(w — 102 +2(p(w — 1) + qu)d,, — 2= 4 —L
w w—1

=92+ ((p—1)tanh7 + (¢ — 1) coth7)9, — (7.36)

cosh®7  sinh?®7
We perform an appropriate gauging:

(COShT)pT_l(SinhT)L;l ( — Api]”q) (COShT)_pT_l(SinhT)_L;l — (;D+<2172)2

p—2\2 1 s g—2\2 1 s
, () -5 () i AL
=0 cosh? T — sinh? 7 — (7.37)
Finally, we substitute 7 = g:
p—2\2 1 AS q—2\2 1 AS
2(2)_4_ -1 (2)_4_ -1
(7.37) = 4( — 02 — PP P + PSR ! ) (7.38)
2 2

Thus on the product of a spherical harmonic of order j and [ we obtain the
hyperbolic hypergeometric Hamiltonian of the first kind Lg’ 5 with

a:%—l—l—l, ﬁ:§—1+j- (7.39)

7.6. Complex Manifolds
All the manifolds that we used so far were real. In the next subsection we will need
a complex (analytic) manifold. They have essentially the same formalism as real
manifolds. Let us briefly sketch its elements. For more details, see [34].

Suppose that a complex manifold is equipped with local complex coordinates
z=(z1,...,24) and the holomorphic line element

1<4,5<d
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where g;; is a complex symmetric invertible matrix. The corresponding complex
Laplacian is defined by essentially the same formula as in the real case:

1 y
A=——9, ¢"\/det gb... 7.41
\/m zg € g J ( )

Note that there is no absolute value, and det g is always non-zero. The definition of
A does not depend on the choice of the branch of the (double-valued) square root.

Suppose that the manifold is equipped with a conjugation, in the coordinates
given by z; — Z;. We then also have the anti-holomorphic line element

> g,dzmdz;. (7.42)
1<i,j<d

and the corresponding conjugate Laplacian

- 1 —
A = —=05,9"+/det gos.. 7.43
\/m ’Lg € g J ( )

As our first example consider the space C?*! equipped with the line element
dZ° =dZ§ +dZ; + -+ dZ2. (7.44)
The corresponding Laplacian is obviously
A=y +---+07 . (7.45)
Note that our standard identification of C%*! with R2(4+1) will be

1
Zi = —(X; +1iY)) (7.46)

V2

(and not Z; = X; +iY;. Therefore,
_ b
T
(and not, as usual, 0z, = 3 (0x, —idy,).) Clearly, with this definition (dZ;|0z,) = &;;.

Another example of a complex manifold is the unit sphere [26]

St ={ZeC"Z;+ 27+ -+ Z] =1}. (7.48)

Oz (0x, —idy,), (7.47)

Introducing the complex polar coordinanes

.7

where we arbitrarily select the branch of the square root, we have the direct analog
of the formula from the real case:

dZz? = dR* + R?dZ?, (7.50)

where dZ2 is the complex line element on S{é. The corresponding complex Laplacian
is given by the same expressions as in the real case:

ZZ,(C = Z (ZiaZj - ZjaZi)Q

0<i<j<d
= R*Agi1c — R?0% — dROR. (7.51)
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7.7. Hyperboloid H? ~1? in Complex Coordinates

Consider the hyperboloid HP~!? embedded in R??, defined as in Sect. 7.5, with the
coordinates X;,Y; € R, i = 1,...,p. We identify R?" with CP as in (7.46), so that
we obtain two representations of HP~1P, a real and a complex one:

HP P = {(X,)Y)ER? | —Y? — = Y24+ X+ + X =—1}
—{ZeC | i+ + 224D+ + 2y =1} (7.52)
The (real) line element on R? = CP can be written as
—dYy? — - —dY] +dXT 4+ dX)

—AZ2 4+ dZ2+ A2, + -+ 7,
. . _9 —=2
— dR? + R2AZ% + dR° + R'dZ (7.53)

Now on HP~1P we have R? + R = 1. Therefore R? — L;‘hr for a unique r € R.

Thus we can parametrize HP~1P with r € R, 7€ Sﬁ’éfl

Z, = /w Z, (7.54)

where we take the principal branch of square root. The (real) line element and the
pseudo-Laplacian are

1 1 +isinhr - 1 —isinhr —2
ds? — _Zdr2 n + 1;1n T 5o 1;111 r ? (7.55)

2 2 =
Ap_1,=—402 —4(p—1)tanhrd, + ———— A + — = ASC (756
p—1,p T (p ) annroy + 1 + isinhr p—1 1 —isinhr p—1 ( )

We perform an appropriate gauging:

(cosh r)pT_l (Ap_l,p) (cosh r)_pT_l —(p— 1)2

:4<—83— (=805 + () -9 (‘A;’(Cff(pgl)z—i))_ (7.57)

2(1 +isinhr) 2(1 —isinhr)

Thus on joint eigenvectors of A;’g and A;’icl of degree [, resp. j we obtain the
deSitterian hypergeometric Hamiltonian of the first kind Lg% with

a:§—1+l, ﬁzg—l—l—j. (7.58)
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A. Holomorphic Families of Operators

The concept of a holomorphic family of bounded operators is well-known. Less
known is the concept of a holomorphic family of closed operators, which we use
throughout our paper. Both are described in the monograph of Kato [30], Chap.
7, and also in [14]. For the convenience of the reader, we give a concise account of
these concepts in this appendix.

In the following, © is an open subset of C, H1, Ho are Hilbert spaces, B(H1, Ha)
denotes the space of bounded operators from H; to He and C'(Hi,Hs) the set of
closed operators from H; to Hy. D(H) will denote the domain of an operator H
and p(H) := C\o(H) its resolvent set.

There exist several equivalent definitions of a holomorphic family of bounded
operators. Here is one of them: Consider a function © > z — H(z) € B(H1, Ha) We
say that this is a holomorphic family of bounded operators if for any f € Hs, g € Hy
the function © 5 z — (f|H(z)g) € C is holomorphic.

We have the following practical criterion:

Theorem A.1. Suppose that © > z — H(z) € B(Hi,Ha) is a function uniformly
bounded on compact subsets of ©. Suppose in addition that there exist dense sub-
spaces X1 C Hy, Xo C Ha such that for any f € Xy, g € Xa, the function
© > z — (f|H(2)g) € C is holomorphic. Then © > z — H(z) is a holomorphic
family of bounded operators.

There exists also a natural concept of a holomorphic family of closed operators,
due to Kato, it is however more subtle and less known. Let us describe its definition.

Consider a function © > z — H(z) € C(Hi,H2). We say that it is a holo-
morphic family of closed operators if for each zy € © there exists a neighbor-
hood ©q of zp, a Hilbert space IC and a holomorphic family of bounded operators
Oy 2 z+— A(z) € B(K,H1) that map bijectively K onto D(H(z)) and

O > z+— H(2)A(z) € B(K, H)

is a holomorphic family of bounded operators.
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We have the following practical criterion, which works for operators having
non-empty resolvent sets:

Theorem A.2. Consider a function © > z — H(z) € C(H). Suppose in addition

that for any z € © the resolvent set of H(z) is nonempty. If for any zy € © there

exists A € C and a neighborhood ©q of zy such that A € p(H(z)) for z € Oy and

z— (H(z) — \)~! € B(H) is holomorphic on Oy, then z — H(z) is a holomorphic

family of closed operators.

Proof. We set K :=H and A(z) := (H(z) — \) 7!, so that H(2)A(z) = 1+ \A(z).
O

B. Riemann Equation

B.1. Regular-Singular Points
Consider an ordinary 2nd order differential equation with meromorphic coefficients:
(b(2)02 + ¢(2)0, + d(2)) u(z) = 0. (B.59)

If ggg or % are singular at zy € C, then we say that zy is a singular point of

(B.59). Following [55], we distinguish a special class of singular points:

Definition B.1. We say that (B.59) has a regular-singular point at zp, if % has a

pole of at most 1st order at zp, and % has a pole of at most 2nd order at zj.

We can rewrite (B.59) as
(p(2)(z = 20)°07 + q(2)(z — 20)9- + r(2)) u(z) = 0. (B.60)
If p(zp) # 0, then zq is regular-singular iff p, ¢, r are analytic at 0. Define the indicial
polynomial of zg
PZO(A) = /\()\ — 1)p(2’0) + )\q(Z()) + 7”(2:0). (Bﬁl)
The roots of P,, are called indices of the regular-singular point zy.

The importance of regular-singular points and their indices stems from the
Frobenius Method, described in the following theorem [29,55]:

Theorem B.2. Assume that p(zo) # 0 and p,q,r are holomorphic in an open con-
nected simply connected set 2 C C containing zo. Let p € C satisfy

P.(p)=0, P,lp+n)#0, n=12,.... (B.62)

Then there exists a unique function u(z) holomorphic in §, such that u(z) := (z —
20)Pu(z) solves (B.60) and u(zp) = 1.

B.2. Riemann Equation

Equation with 3 singular points on the Riemann sphere CU{oo}, all of them regular-
singular, is classified by the positions of its singularities and the values of indices.
It is called the Riemann, or sometimes the Papperitz equation, and is described in
the following well-known theorem [29,55]. For the Riemann operator we use the
notation introduced in [13], which is inspired by the notation due to Papperitz used
in [55].
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Theorem B.3. (1) Suppose that we are given a 2nd order differential equation
on the Riemann sphere having at most 8 singular points z1, z2, z3, all of them
reqular-singular, with the following indices

21t p1,p1; Z2t P22, 23t P3,P3-
Then the following condition is satisfied:
p1+p1+p2+p2+p3s+p3=1 (B.63)

Such an equation, normalized to have coefficient 1 at the 2nd derivative, is for
finite z1, z2, 23 given by the operator

21 %2 23 ~ ~ ~

-1 —1  ps+p3—1

P o1 p2 ps 2,0- ::83_<P1+P1 +P2+P2 _|_P3+P3 )82
ﬁ152ﬁ3 z—ZzZ1 z — 22 z — Z3

p1p1(z1 — 22)(z1 — 23) p2p2(z2 — 23) (22 — 21) p3p3(z3 — z1)(z3 — 22)
(z—21)2(z—22)(z —23)  (2—22)2(2—2z)(z—21) (2—23)%(z—21)(2 — 22)’

and for zs = oo by the operator

21 Z9 00 ~ 5
+p1—1 +p2—1
P p1p2p320. | = 85 - (pl f + et ) 0
i z— 21 Z— 22
P1 P2 P3
p1p1(21 — 22) pap2(z2 — 21) P3P3 (B.64)

(z—21)2(2—22) (z—2)2(z—21) (z—21)(2—22)

(2) With the help of homographies (called also Mébius transformations) we can

move around singularities. More precisely, if z — w(z) = ‘C’ZZIS, where we can
assume that ad — bc = 1, then
w(z1) w(z2) w(zs) 21 22 23
Pl pm p2 p3 w0y | =(cz+d)*P | p1p2psz0.
pr P2 p3 p1 P2 P3
(3) By gauging with powers we can shift the indices:
Z1 22 23
(2 —21) Mz —2) P | p1p2p32,0. | (2—21) Nz — 20)7 2
p1 P2 P3 (B.65)
21 z2 %3 '
=P pr—Ap2+Ap320. |,
p1— A P2+ A ps
zZ1 22 OO
(z=21)"*P | p1p2 p3 2,0; | (z—21)*
p1 P2 P3 (B.66)

21 %2 %3
=P p—Ap2ps+Az0,
p1— A p2 p3+ A
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B.3. From Riemann Equation to Hypergeometric Equation

The Riemann equation can be simplified. First, by Theorem B.3 (2), we can assume
that the points z1, 22, 23 are any triplet of distinct points on the Riemann sphere.
We choose them to be 0, 1, co. Then, by Theorem B.3 (3), we can assume that py, ps
are arbitrary numbers. We choose them to be both 0. The sum of remaining indices
must be 1. Hence we can assume that 0 has indices 0, 1 —¢; 1 has indices 0, c—a — b;
and oo has indices a, b. The hypergeometric operator is

0 1 00

Fla,b;c;2,0,) :==2(1 — 2)P 0 0 a z,0, (B.67)
l—cc—a—-0bb

= 2(1-2)0*+ (c—(a+b+1)2)9, — ab. (B.68)

The hypergeometric function F'(a, b;c; z) is the unique solution of
Fla,b;c;2,0,)F(2) =0, F(0)=1. (B.69)

Thus it is the solution of the hypergeometric equation given by the Frobenius method
(Theorem B.2) for the singularity z = 0 and index 0.

C. Identities for the Hypergeometric Function

In this section, we review identities for the hypergeometric and Gegenbauer functions
with the emphasis on the connection formulas and Kummer’s table. There are many
reviews available including [42,55]. Our presentation is close to [6,7].

C.1. Kummer’s Table

Recall that the hypergeometric equation is given by the operator F(a,b;c; z,0,)
defined in (2.1), and the hypergeometric function with Olver’s normalization F(a, b;
¢; z) is defined in (2.2). In this section, for brevity and transparency, we change the
notation following [6,7], writing

1 1 —
Fa,ﬁ,u(z)¢:F< +0H2—ﬂ+,u’ +a12tﬁ M;1+a;z>. (C.1)
It is obvious from the definition that we have the following identity
Fo5.u(2) = Fap,—u(2). (C.2)

The following 6 functions form a set of standard solutions of the hypergeometric
equation. Each of the solutions can be expressed in 4 ways (actually, 4 x 2 ways
if we include the trivial identity (C.2)). This yields 6 x 4 = 24 expressions usually
called Kummer’s table:
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—l—a—p+ z
Favﬁvﬂ('z) = (1 - Z) 2 HFa77u’7ﬁ(2 _ 1)
—l—a—B—p z
= (1) T R
= (1 - Z)_/BFav_ﬂ»_M(Z)'
«a P —lta—B—pn z
(=) P, u(2) = (=) (1= 2) TP ()
—lta—f+p Zz

(—=2)*(1—2) 2 F—a,—#,ﬂ(;)
(=2)*(1 = 2)"F 0 pu(2).

—l-a—f+p _ —l-a—B4p 1
(2) T FoparT) = (1) T HF—u,av_ﬁ(l—z)

—a —14+a—0B—
R s (

—1l1—a—B—pn

_ —1—a—f-p 1
Fupale ) = (=27 F P (1)

(C.3)

(C.4)

(9= )T R (1) (@9

1—2z

—l-a—f-u

=(=2)" =  (1-2) Foa-pul").

—l—a—Btu 1
2

Fﬂ,—,u,,—a(l - 7)

Fgau(l—2)=(-2) B
—l—a—B—p

= ()T Fp i - )
(=) Fp.a,-ull — 2).

_ —l-a—Btu 1
(1= 2)F gl = 2) = (-2) T By all — 1)

—l—a—B—pn 1

— (-2) T Fpall - )
(=) Fpanll = 2).

C.2. Connection Formulas

Here are connection formulas. For z ¢] — oo, 0] U [1, o0l

F@Oé,u(l - 2)

m Fa“B”u(Z m Zﬁa F_a>ﬁ7_)u'(z)

(C.7)
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(1=2)Fpa-pl-2)

_ 7 Fapu(z) I Tz “Foapu(z)
sin(—ma)T (H;ﬁ—#) T (1—6*;[*—#) sin(ra)T (%) T (%)
(C'10)
Fop.u(2)
_ T Fgau(l—2) T (1—2) " Fga-pnl—2)
sin(—mf)T (1Fagf=t ) 1 (Fagfhr) - sin(rp)r (Sregiie ) p (L)
(C.11)
2 “F_apu(z)
_ T Fpau(2) NI (1-2)""F_papul—2)
il l—a—f—p l—a—f+p i l—atpf—p l—a+B+pu)’
sin(—7 )" ( 3 ) r ( 5 ) sin(7 @) ( 5 ) r ( 5 )
(C.12)
For z ¢ [0, oc0:
(=2) " T Fupa (7
_ T Fapu(2) + T (=2)""F_ap.u(2) .
sin( el (1=eg e (1) inrar (gt ¢ (e )
(C.13)
- —u,B,a
_ T Fop, u(z) + 7 (—2) " Fapu(2) _
sin-mo)F (g 1 (1) - singrogr (Hegon (e )
(C.14)
Fop.u(2)
L )T Fupale) m(=2) T F pa(aT)
: I+a+p— I+a—f— e 1+a+p+ l+a—B+p )’
sin(—mp)T ( 5 “) r ( 5 “) sin(wp)T (%) r (f")
(C.15)
(=2)"“F_a,p,u(2)
—l—a—fB—pn 1 —1— a B+ 1
B m(—2) 2 Fu,ﬁ,a(z ) + m(—z) F_,5a (z71) .
sin(—mp)T (l_a;rﬁ_#> r (1_0‘55_“) sin(7p)T (%) T (%)
(C.16)
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C.3. Degenerate Case

Let p € Z. Then we have the identity

a+p—p+1 a—FB—p+1 7 a+fB8+pu+1 a—F+pu+1
2 u 2 u 2 ’ 2

:Z*uF<04+5;N+1’CM—5;M+1

;1+u;2)

i1 — Z) .
(C.17)

C.4. Gegenbauer Functions

In the remaining part of this section we review some of the relations for Gegenbauer
function, following mostly [8].

Recall that the Gegenbauer equation is defined by the operator G, i (w, dy)
defined in (2.5), and the two Gegenbauer functions that we use were defined in (3.1)
and (2.8). Let us rewrite their definitions using the notation introduced in (C.1).

The following function satisfies the Gegenbauer equation and has value 1 at 1:

1—w
Sa,i)\(w) = Foz7a,>\ <2> . (018)
It can be easily seen from (C.3) that the solution behaving as (“41)~ at 1 is
1+wy— 1—w
Scar(w) = () Foaan <2 ) (C.19)
Solution behaving as wT2TATY af 400 is
Zar(w) = (w+1)"27 AR 2 (C.20)
a,\ - 2\, 1+w .
It is useful to introduce Olver’s normalization
Sa )\(w) Za ,\(w)
S, = 2o 7, = ZeA C.21
2w =57 AW =5 (€:21)

We can read their connection formula from the connection formulas of hyper-
geometric functions (C.13) (C.9), for Im(w) < 0:

Y2t N V20T A3 (2 — 1) 7 S

ZOC = Sa C 7
A(w) sin(—ma) T (—a+ A+ 3) Aw) + = CESEey Aw)
(C.22)
COS TA 7 (1 —w?)~
Sa - - %Sa S,a )
M) sin(—ma) Alw)+ sinta T (3 +a+ AT (3+a-)) Alw)
(C.23)

Note that the first connection formula is valid when w ¢| — oo, 1], and the second
connection formula is valid when w ¢] — oo, —1] U [1, co[. Here we borrow a notation
from [8] where

(w? = 1) = (w—1)*(w + 1)°. (C.24)
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The functions (w? — 1)® and (w? — 1)¢ coincide only if Re(w) > 0. In general the
function (w? —1)¢ is holomorphic on C\] — oo, 1] while (w? —1)® is holomorphic on
C\{[-1,1] UiR}.

C.5. Whipple Transformation

Gegenbauer equation has an extra symmetry compared to hypergeoemetric symme-
try called Whipple transformation. On the level of its standard solutions it has the
following form:

_1l_a_ A w
Za /\(w) = (w2 - 1)0 v S)\ al - 1 |> (025)
| NG H
S () = (w? — 1o E w
a,)\(’lU) = (w — 1). Z)\,cx W 5 Re(w) > 0. (026)
w? — 1)}
(C.26) is obtain by inverting (C.25) and using the fact that w — — is an
(w2-1)2

involution if and only if Re(w) > 0.

C.6. Half Integer Case

Gegenbauer functions with o = :t% have simple expressions in terms of elementary
functions. To see this we change variables in Gegenbauer operators. For w €] —1, 1],
we substitute w = cos ¢:

G_1x(w,0y) = 6; + A% (C.27)
1 .
G (w,0,) = M(@; + A?) sin ¢. (C.28)
For w €]1, +o0], we substitute w = cosh 6:
G 1 (w,0,) = — 03 + X% (C.29)
_ _ 92 122 o
G (w,0,) = sinhG( 95 + A?) sinh 6. (C.30)

(C.27)—(C.30) easily imply the first column of the following identities for Gegen-
bauer functions. (The second column simply follows from the definitions of Gegen-
bauer functions).

cos ¢ = 5_1 5(cos @) = ()\ )\ = st ¢> (C.31)
sin A\ . 3. 00
)\Singzs_S%’A(COS¢)_F<1+)\71 A; 5 ;sin 2) (C.32)
1
cosh A = 5_1 y(coshf) = F()\, =\ X sinh? g), (C.33)
sinh \@ 3 . .50
Nemhd S1 x(coshd) = F(l + A1 =X §7smh 5), (C.34)

) I 1 1
e = 7, | (coshb) = (2 sinh? 5) F()\, A+ 5i1+2X —72@>, (C.35)
2

sinh

@ Springer



188 J. Derezinski et al. Vol. 94 (2026)

2/\6—)\9

=7

0\ A1 1
_ .20 b
e 1 z(coshf) = (2smh 2) ()\—i- AT 1T+ 2) — e~ 9>.

2
(C.36)
The above formulas can be found e.g. in equations (4.25)—(4.28) of [8] (in a
slightly different form). They are straightforward generalizations of well-known for-
mulas for Chebyshev polynomials. In fact, for n € Ny the usual Chebyshev polyno-
mials are special cases of Gegenbauer functions with a = :l:%:

To(w) =S5_1 n(w), Up(w)=(n+1)S51, 4 (w). (C.37)

D. Closed Realizations of 1d Schrodinger Operators

D.1. Minimal and Maximal Realization

The theory of self-adjoint realizations of 1d Schrédinger operators with real poten-
tials is well-known and discussed in various sources [23,24]. Somewhat less known is
the theory of their closed realizations, which allows for complex potentials—however
it is also a classic subject covered in various texts [11,15,18]. We will treat [11] as
the basic source for this topic. It is concisely repeated in Sect. 2 of [12].

For the convenience of the reader let us summarize some points from [11,12].

We consider an interval |a, b[ and an operator L acting on f € C¢®la,b[ given
by (1.1), that is

Lf:=(-92+V(x)f (D.1)

A closed realization of L is a closed operator L, in the sense of L?]a, b| that restricted
to C]a, b| coincides with L.

There always exists the maximal closed realization, denoted L™#* and the min-
imal closed realization, denoted L™, L™ restricted to D(L™") coincides with
me‘

In many cases D(L™®) = D(L™*), and then there exists a unique closed
realization of L.

Sometimes D(L™#) is larger than D(L™"), and then there exist also closed
realizations of L, denote them Lo, which satisfy

D(L™") € D(L,) C D(L™) (D.2)

and Lo = L™M?* .
D(Le)

2. Resolvent

Let Lo be a realization of L with separated boundary conditions. Following [11,12]
we will now sketch how to find the spectrum of L, denoted o(L,), and how to
compute the integral kernel of 7= for z € C outside of o(Ls,).

First let us recall the deﬁmtlon of the Wronskian of two complex functions
®1, P; on a,b:

W(®q, D) () := 1 (2)Ph(x) — D) (2)Pa(x). (D.3)
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It is easily checked that if both ®; and @5 are eigenfunctions of —9% + V() with
the same eigenvalue, then W(®4, ®3)(z) does not depend on z, so that we can write
W(D1, Bs).

Consider a closed realization of L, denoted Le. Let D(L,) C L?]a,b| denote
the domain of L,. Suppose z € C and let ¥,(z,-), ¥;(2,-) be functions in AC']a, b]
solving the eigenvalue equation

(=024 V(z) —2)¥u(z,2) =0, (D.4)
(= 02+ V(z)—2)¥y(z,2) =0, (D.5)
U,(z,-) is in D(L,) near a and \I!b(z, -) is in D( .) near b. Set
=W(L, (2,-)). (D.6)

Define the integral kernel

R.(Z,.%',y) =

W(z) | Vu(2,9)Vp(z,2) ifa<y<az<b (D-7)

Note that (D.7) does not depend on the choice of ¥,(z,-) and ¥y(z, ).
Suppose that (D.7) defines a bounded operator, which we denote Rq(z). Then

z ¢ o(Ls) and !

o« — 2

1 {\Ila(z,x)\lfb(z,y) ifa<xz<y<b,

= Re(2). (D.8)

Conversely, if z & o(L,), then the functions ¥,, ¥}, with the above properties
exist and the operator Re(z) is bounded.

Above we described the path from Le to Re(z). In our constructions we will use
the reverse direction, from Re(z) to Le, which is described in the following theorem.

Theorem D.1. Suppose that z € C and let W, (2,-), Uy(z,) be functions in ACa, b]
solving the eigenvalue equations (D.4), resp. (D.5), such that W,(z,-) is in L? near
a and Wy(z,-) is in L* near b. Define W(x) by (D.6) and Re(z;x,y) by (D.7).
Suppose that (D.7) defines a bounded operator on L*]a,b|, which we denote Re(2).
Then there exists a unique operator closed Lo that satisfies (D.8).

E. Associated Legendre Functions vs. Gegenbauer Functions

In the literature, many authors use a Legendre function instead of Gegenbauer func-
tions. Here, we briefly discuss the relations between these functions and Gegenbauer
functions. For Legendre function we use [43] as our reference and [6] as our reference
for Gegenbauer function.

The Legendre differential operator is

2
o
Ly =1+ 22)0? — 220, + p(p+ 1) — L (E.1)
It is equivalent to the Gegenbauer operator, in fact
(1- wz)jF%Efj(l — w2
=(1—-wh)0? —2(a+ Dwdy, + (pFa)(pta+1)= Gia sl (E.2)
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Certain distinguished funnctions annihilated by this operator are called associ-
ated Legendre functions. There various choices for these functions, which we quote
following [43]:

The associated Legendre function of the first kind is

o 24+1\2 1—-=2
P#(Z)=< > F<u+17—u;1—a; 5 )

z—1
20(
= ms_a7u+%(z) (E?))
The Ferrers function of the first kind is
z+1 2 1—=z
P(z) = (1—,2) F<u+1,—u;1—a; 5 >
= 7(1 — 22)?87%;“%(2) (E.4)
And the associated Legendre function of the second kind is
1 o3
coml(a+p+1) (22 =12 fa+tu a+p 13
a _ ima .Y .2
Q,u(z) =¢e 2M+12a+ﬂ+1 F ) + 17 9 + 2) 9 + w;z
1 o3
a2l (a+p+1)(22-1)2
=™ TS ( ) Za,u+$(z)' (E.5)

Note that Legendre functions are represented with upper and lower indices.
One should not confuse them with other, quite analogous functions defined in the
text, whose parameters are lower indices.

The Legendre functions are closely related to the functions P%, P", and Q"
that we introduced in the section on Gegenbauer Hamiltonians, which you can see
on the right of the following comparison:

o 2 \i,s
Py (cosr) = (sin'r> Pia’wr%(r), (E.6)
N 2 \2
P{(coshr) = (sinhr) PEQ,#JF%(T), (E.7)
a 1 iTa
Q”(COSh T') = me \/7?11(04 + 1% + 1)Q}ia7u+%(7"). (E8)
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