PHONON DISPERSION RELATION IN WEAKLY COUPLED
BOSE GAS BEYOND BOGOLIUBOV APPROXIMATION
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ABSTRACT. We study the quasiparticle dispersion relation for a homogeneous
Bose gas in a large cubic box with periodic boundary conditions at zero tem-
perature. Inspired by the Bogoliubov method, we rearrange the usual Bose gas
Hamiltonian in a form adapted to perturbation theory in the weak-coupling
regime, both in the canonical and grand-canonical setting. We compute the
first non-trivial corrections to the dispersion relation in both settings. We
show that for small momenta they are linear in the absolute value of the mo-
mentum. Thus in this approximation phonons have a well-defined velocity,
which we compute.
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1. INTRODUCTION

Modern developments in the theory of Bose gases largely depend on the original
argument proposed by Bogoliubov in 1947 [8]. Within his approach, the Bose gas is
approximated by a gas of non-interacting quasiparticles, whose dispersion relation
is given by the famous formula!

4

whg (k) = wrg(k,v) = | — +v—=1k|% (1.1)
Here, (k) is the Fourier transform of the interaction potential v(x) and v is the
parameter involved in the so-called “c-number substitution”. (1.1) predicts a lin-
ear dispersion relation for phonons, quasiparticles with low momentum |k|. For
larger momenta, for some shapes of v, we have a local maximum and next a local
minimum—traditionally the corresponding quasiparticles are called mazons, resp.
rotons. It is remarkable that this picture, at least qualitatively, is validated by
experiments with 4He [31, 13] and alkali gases [53]. Neutron scattering (for larger
momenta) and sound propagation (for small momenta) in *He allow us to measure
its quasiparticle dispersion relation, which turns out to be a rather well-defined
curve similar to its theoretical prediction. Experiments show that this relation is
remarkably sharp. In *He we even see maxons and rotons; in alkali gases they are
typically absent.

In the strict Bogoliubov approximation the quasiparticle dispersion relation has
a precise mathematical meaning: the Bogoliubov Hamiltonian can be understood as
a system of independent harmonic oscillators with energy described by (1.1). The
Bogoliubov Hamiltonian has a well-defined thermodynamic limit, and in this limit
k — wpg(k) describes a singular shell in the energy-momentum spectrum.

Clearly, the dispersion relation (1.1) is only an approximation to the true one.
Mathematically, this is due to two factors:

(1) To obtain the Bogoliubov Hamiltonian one needs to discard various terms
from the full Hamiltonian.

(2) Tt is not obvious how to fix the parameter v, which appears in the Bogoli-
ubov dispersion relation.

In our paper we compute leading corrections to the dispersion relation for weak
potentials. More precisely, we replace v with kv, obtaining a perturbative expansion
of the energy correction with the small parameter /. We compute the lowest order
correction, which has the order x'. We prove that for low momenta this correction
is asymptotically linear. Thus in this approximation phonons have a well defined
velocity, which we compute.

The first problem that we encounter is the definition of the dispersion relation
itself. For the full system in finite volume it is ill defined—it is expected to emerge
only in thermodynamic limit. Unfortunately, we do not know how to interpret the
full N-body Hamiltonian in thermodynamic limit if we keep the density positive. In

IWe will omit most of the time the dependence on v in wyg(k,v) and restore it when relevant to
the discussion.
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the traditional approach of theoretical physics this problem is resolved by consid-
ering the Hamiltonian in a finite box of size L with periodic boundary conditions.
Then one considers its Green functions (time-ordered correlation functions of some
observables) and takes their limit as L — co. One expects to see the quasiparticle
dispersion relation in singularities of the Green functions analytically continued in
energy-momentum. This approach was pioneered by Beliaev [1, 2], who computed
the correction to the dispersion relation in the dilute limit.

In our paper we do not introduce Green functions. Instead, we consider the
lowest order perturbation theory for one-quasiparticle states in fixed momentum
sectors in thermodynamic limit. As explained in [23], this is consistent with the
approach based on Green functions.

Already in the lowest nontrivial order of perturbation theory the shift in the
dispersion relation has a small nonzero imaginary contribution. Thus quasiparticles
are unstable, and the measured dispersion relation should have a nonzero breadth.
The imaginary shift of the dispersion relation was first computed by Beliaev in [2],
and recently confirmed by one of the authors (JD), Napiérkowski and Ben Li [21].

In this paper we are interested in the real part of the shift of dispersion relation.
We will consider it in two settings: canonical and grand-canonical. We will treat
the canonical setting as the main one of our paper, even though computations in
the grand-canonical setting seem to be cleaner. However, interestingly, the final
result is simpler in the canonical setting.

In the canonical formalism, we fix the density n and we consider a sequence of
systems with n = Lh—{%o &, where N = N(L) is the number of particles and L is
the volume of the box with periodic boundary conditions. The parameter in the
initial Bogoliubov approximation is taken to be

No(0
v=rnt(0) =k lim ﬁ

L-+oo LA (12)

In the grand canonical formalism, the number operator N is not a constant
times the identity, and the main parameter is u, the chemical potential. In the
Bogoliubov Hamiltonian the role of the parameter v is taken by uo defined as

Lo = KNo,bg0(0) = K <][\;3>b 0(0), (1.3)

where (-),g is the mean value in the Bogoliubov vacuum and Ng is the zero-mode
number operator. In order to compare the two approaches we use the identification

v = Knpgd(0) = K <Z]\§j>bg 0(0). (1.4)

The chemical potential p can be approximately computed from pg. Thus we have
three distinct parameters: v, u, po: they have the same leading value, but differ by
a term of order k.

One of the essential ingredients in Bogoliubov’s paper is the following idea. When
we decompose the total number of particles into the zero-mode and excited modes

NE = No+ N>, N> =" aap,
p#0

we expect that Ny is macroscopic, whereas N~ is of lower order. Following the pa-

per of Bogoliubov, this is usually implemented by using the c-number substitution,

where the zero-mode operators ag, agy are replaced by the operator v/Ng, which is

then taken to be approximately constant. This procedure is based on the idea that,

if the gas is in a condensate state, the zero-mode should be macroscopically occu-

pied, and commutators involving ag, ag should be negligible in the thermodynamic
3



limit N, L% — +o00. In our paper we never use a direct c-number substitution.
Instead, we treat the Bogoliubov Hamiltonian as the unperturbed part of the full
Hamiltonian. This is done in a different way in the canonical and grand-canonical
settings.

In our analysis we impose appropriate regularity hypotheses on the interaction
potential v and the parameter v, see Assumptions 2.1 and 3.1. Besides, when we
justify discarding some terms from the Hamiltonian in the canonical setting we as-
sume the positivity of the condensate density ng pg > 0, (which holds automatically
for a small coupling constant ) see Assumption 2.3.

Let us sketch our computations of the correction to the dispersion relation in
the canonical setting.

(1)

First we embed the physical space with exactly N particles in a larger
space where the zero-mode is allowed to take negative values. This trick
goes back to Arnowitt and Girardeau [29]; see also Takano [52]. By sep-
arating the zero-mode, one identifies the N-particle space with a trun-
cated Fock space of excitations. This approach was used by Dereziniski and
Napiérkowski [22], and in a closely related form by Lewin, Nam, Serfaty,
and Solovej [39]. Tt allows us to use the formalism of 2nd quantization and
Fock spaces.

We decompose the finite-volume interaction into its diagonal and off-diagonal
parts, Vaiag and Vog; see Sections 2.3 and 2.5. The diagonal part depends on
the zero mode only through Ny, whereas the off-diagonal part contains ag
and agy separately. We treat the latter using the extended-space formalism
of Section 2.4, obtaining

3
H" =H{, + ViH{ + kHy + kY Hy; + r/kHY, (1.5)
=1
+ lﬁZRil + HRQQ. (1.6)

Here k is introduced by rescaling ¢ — ko while keeping v fixed. The
operators Hlfg, HY HE and Hﬁi are independent of x; Hng retains a
further k-dependence. Apart from the remainders Ri ;» these operators act
on the excitation Fock space, made over the space of nonzero modes.

A Bogoliubov transformation diagonalizes the quadratic Bogoliubov Hamil-
tonian HbLg. Its ground state is €)y,5, and its one-quasiparticle states bj;{lpg
have excitation energy whg (k).

We use H, bLg as the unperturbed Hamiltonian in the Rayleigh—Schrédinger
perturbation theory [49, Chap. XII|. At the first nontrivial order, x, the
dispersion correction consists of two contributions: The quartic terms gives
the Hellmann-Feynman term

55" (ke 1, 0) = (b Qg | HI bibg) — (g | HY Q)
= (Qgllbw, [H1, bl | Q)- (1.7)

Subtracting the ground-state correction removes the common extensive con-
tribution. In the thermodynamic limit, we set

07" (v, 0) :=  lim 65 (k, v, ). (1.8)
4



The cubic term yields the Fermi golden rule contribution. It has a real and
imaginary part. Its imaginary part was computed in [23]; here we study

can N T : can, L ~
53 (k7 I/,’U) L 11\1‘%1}520 63 (k7 V,U,G), (19)
55 (K, v, 0, €) i= — (H3 biQg|(HE, — EL, — wng(k) — €)™ Hy b Qpg)
+ (HS Qug|(HE, — Ef, — i) Hy ), (1.10)

where E,fg is the ground-state energy of HbLg. This expression also ad-
mits a commutator representation; see [23, Sec. 2.10] and (2.99). The full
correction is the sum:

0 (k, v, 0) = 05" (k,v,0) + 652" (k, v, D). (1.11)
(4) Subsection 2.12, and Section 5, justify discarding the remaining terms. The
contributions of RY;, Hy, H{, and H{3 to the order-r excitation-energy
shift vanish in the thermodynamic limit, while m/EHgLI contributes only
at higher orders.
(5) We compute the asymptotics as % — 0 of 65*"(k, v, 9) and 65*"(k, v, D).
Adding them up we obtain the final result.
The first main result of our paper is the computation of the phonon velocity
correction in the canonical setting:

Theorem 1.1. In the canonical formalism, the dispersion relation computed up to
the order k has the following low momentum behaviour:

wig (K) + K6 (K, v, D) (1.12)
= [k|ccan (v, D) (1 +o ((|k|y—é)0>> as lkfl o0,

8(0)yv [ dp ©(p)? |p|*
16 (27)3 ©(0)2 wbg(p)i”'

The computations in the grand-canonical setting are a little different:

where

Cean(V,0) = VUV — K (1.13)

(1) We work in the 2nd quantized formalism from the beginning, without fixing
the particle number. The basic object is the grand-canonical Hamiltonian
HY — uN*_ where N* is the number operator. As already mentioned, the
basic parameter is the chemical potential p.

(2) We separate the macroscopic zero-mode occupation from its fluctuations
using the displacement operator of the zero-mode W:

* /LOLd
WiaoWa = ao — «, a:”m?(O)'

The corresponding Bogoliubov state Qg (1o) satisfies (ag — o) Qg (o) = 0,
so that its condensate density is ng g =

Ko
Kk9(0) "
(3) At fixed chemical potential p, we choose po by approximately minimizing
the expectation of HY — uNL in Qug(p0). The stationarity condition

0

m(ﬂbg(uo)KHL — uNEY Qe (110)) = 0

gives
to = p — K1 + o(K). (1.14)
The resulting term —kpu N~ is essential for the cancellation of the infrared
singularities in the perturbative correction to the dispersion relation.
5



(4) We decompose the grand-canonical Hamiltonian, obtaining a formula sim-
ilar to (1.5), where now the terms Rf_’i and H3Lw are absent. We compute
the shift—the computations are almost identical as in the canonical setting,
leading to

88 (k, p, 0) := 05" (k, p, 0) + 65" (k, p, 0). (1.15)

(5) Finally, we adjust pgo to reproduce the prescribed density. At the order

considered here, the density relation is
N = Nbg = N0,bg + N v = r0(0)n = po + K0(0)ng,.

Thus we have a relationship between v, pg and u. After expressing both
the Bogoliubov dispersion and its perturbative correction in terms of v, the
coefficient cgean agrees with ccan through order «.

The second main result of our paper yields the phonon velocity correction in the
grand-canonical setting:

Theorem 1.2. In the grand-canonical formalism, the dispersion relation computed
up to the order k has the following behaviour:

whg (K, p10) + K05 (k, p, 0) + K05 (k, 1, 0) (1.16)
|

= |k|cgean (11, 0) <1 +o <<k|ué)0)> us 5{;2 Lo,

where pg is computed from p as in (1.14) and

o B \/* dp o(p) 2 |p|4
Cgcan(%“) = Vo / (2m)3 0(0)? wpg (P, to)? (117)
k0(0) [ dp (I2F + 561 o — whg (P o)) (1.18)

T i ) @ Wog (D 10)

Let us stress that the grand-canonical and canonical pictures agree up to second
order perturbation theory in y/k for the phonon velocity:

Cean (V, D) = Cgean (i, 0)(1 + 0(K)). (1.19)

Note that dispersion relation is a much finer object than extensive quantities, for
which the usual statement of the equivalence of the two pictures is usually stated.

Let us remark that when perturbation computations are performed in a naive
way, then one obtains infrared-divergent terms of the form ﬁ in the small-momentum
limit % — 0. This was noted e.g. in [21, 23], where the imaginary part of the
shift was computed, which does not require such a careful treatment. This point
was already discussed in some of the older physics literature [1, 2, 27, 35], where it
was argued that interacting particles always exhibit a depletion of the condensate
number, so that the substitution Ny ~ 1NN is not justified and one omits many
important contributions arising from disconnected diagrams [35].

In our computations the shifts 65> and 6§**, as well as 65" and 65", are given
by relatively complicated expressions. Besides, all of them are infrared singular:
they behave like O(k~!). This infrared blowup cancels when we add them to
obtain §°*" and §8°®". Besides, the formulas miraculously simplify, especially in the
canonical approach.

In our paper we use the weak coupling approximation, because it has a rather
clean mathematical meaning. Unfortunately, the weak coupling regime is usually a
poor approximation of realistic quantum systems—e.g. their interactions typically
possess a hard core. For alkali gases it is more appropriate to use the dilute limit.
This is one of the reasons why this limit is more commonly used by both the
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theoretical and mathematical physics communities. Note, however, that the dilute
limit is not a good approximation for liquid helium. In particular, it does not lead
to maxons and rotons, which can be visible in the weak coupling approximation.

The dilute limit is controlled by the density of the gas n and the scattering length
a, where we take na® — 0. For weak coupling, a can be expanded in a perturbative
series Y < a, k"1, where e.g. ag = %. Using this we can recast the coefficient
Cean 10 a rather elegant form:

Corollary 1.3. In the limit kK — 0, v = knd(0) — 0 the following estimate holds

7
Ccan(l/7 {}) =V 47rn0,bga (1 + 6? n07bg(47ra)3) (1 + O(HO))’ as £ — 0. (1'20)

Clearly, since ccan = Cgean(l + 0(k)), an analogous corollary holds also in the
grand-canonical framework. The main term in Equation (1.20) is universal in the
potential and recovers the well known expression first computed by Beliaev [2].

There exists a large mathematical literature about the Bose gas. A rigorous
justification of Bogoliubov’s c—number substitution in the mean-field setting was
first established by Seiringer [50]; see also [39, 22, 32, 46] for related developments.
Corresponding results in the Gross—Pitaevskii regime were subsequently obtained
in [6, 11, 47], and extensions beyond this regime appear in [10]. Many of the results
concerning the bottom of the excitation spectrum beyond Bogoliubov theory have
recently been achieved in the Gross—Pitaevskii regime [16]. In the mean-field regime,
analogous analysis was carried out in [9, 44]. However, almost none of the rigorous
results concern quasiparticle dispersion relations. This is not very surprising, since
the concept of quasiparticle dispersion relation is mathematically difficult.

On the other hand, quasiparticles are physically important and visible in exper-
iments. Therefore, in the theoretical physics literature, they were considered very
early. The series of two remarkable papers by Beliaev [1, 2], who computed the
shift of the dispersion relation at zero temperature in the dilute limit, dates back to
1958. Beliaev used the Green functions approach in the canonical setting, organiz-
ing his computations with the help of diagrams (which were akin to, but different
from, Feynman diagrams). The grand-canonical approach has been introduced to
the Bose gas by Hugenholtz and Pines [35, Sec. 7]. Beliaev’s result was rederived
with similar methods in later papers [51, 43].

There exist a few papers that assume from the beginning that the interaction is
given by a hard core potential and apply a method of non-Hermitian Hamiltonians
[38, 42, 43, 54]. In this setting, Mohling and Sirlin [43] decomposed the interac-
tion into diagomnal and off-diagonal parts, separating terms involving occupation
numbers from those involving creation and annihilation operators individually.

One can try to compute the energy-momentum spectrum of Bose gas using vari-
ational methods and quasifree states. This was first done by Arnowitt-Girardeau
[29]; see also [52, 17]. Unfortunately, this method yields an (unphysical) gap in the
spectrum; in particular, in this method it is difficult to determine the velocity of
low momentum phonons.

As we mentioned above, quasiparticles are expected to be visible only in ther-
modynamic limit. Unfortunately, this limit is difficult to control rigorously. An
attempt to study the energy—momentum spectrum in simultaneous large volume
and mean field limit was made in [22]. The imaginary part of dispersion relation
in the weak coupling regime was studied in [21], rederiving essentially the result
of Beliaev. These results concerned zero temperature. Positive temperatures pose
additional conceptual difficulties. The results of [21] were extended to low posi-
tive temperatures by the authors of this manuscript in [23] with the help of the
Araki-Woods representations.



The Bose gas was also studied using methods of constructive quantum field the-
ory. In [3, 4], Benfatto combined a functional integral representation with renor-
malization group methods to study Green functions of a weakly interacting three-
dimensional Bose gas at zero temperature; see also [5]. At the level of renormalized
perturbation theory, his analysis recovered the phonon behaviour of the infrared
two-point function, with the sound velocity whose leading term agreed with the Bo-
goliubov prediction. The formulation was grand-canonical: the condensate density
was prescribed, while the chemical potential was adjusted through a renormaliza-
tion condition related to the Hugenholtz—Pines identity [35]. In our notation, the
identification p = pg = v therefore applied only at the leading order; the corrections
to these parameters must be distinguished beyond the Bogoliubov approximation.

A different strategy, based on techniques from quantum field theory, was de-
veloped by Galanda and Pinamonti in [25, 26], where equilibrium states for an
interacting Bose gas are constructed via a suitable resummation of perturbative
expansions.

C*-algebraic methods have been proposed for an interacting Bose gas by Buch-
holz and collaborators in [14, 15]. It is conceivable that the results about dispersion
relations that we present in our paper could be recast in a more elegant form using
those ideas.

We now describe the organization of the paper. Section 2 is devoted to the
derivation of the effective Hamiltonian used to compute the the shift of the disper-
sion relation in the canonical formalism. Section 3 contains the computation of this
shift, which consists of the Hellmann—Feynman and the Fermi golden rule terms.
We also compute the phonon velocity and compare it with the result of Beliaev
for the dilute limit. In this section computations are done in a formal way—their
rigorous justification is deferred to Section 6. Section 4 proposes a different deriva-
tion of the shift, based on the grand-canonical formalism. Section 5 deals with the
estimates of the unphysical "tail terms” which appear in the effective Hamiltonian
in the canonical setting. In Appendix A we recall the definition of the scattering
length.

2. IMPROVED C-NUMBER SUBSTITUTION IN CANONICAL APPROACH

In this section we will discuss how to reorganize the Bose gas Hamiltonian in
a way useful for calculations at a positive density. This derivation is based on
the canonical formalism (large but fixed number of particles). There is a second
possible derivation which uses the grand-canonical formalism (variable number of
particles and fixed chemical potential). It is contained in Section 4, and it expands
the derivation described e.g. in [21].

As a result of our derivation, the full Hamiltonian at a fixed density will be the
sum of several terms. The main term will be the Bogoliubov Hamiltonian depending
on the parameter v. This parameter is closely related to the chemical potential,
and proportional to the density of particles. The whole construction is a refined
version of what is usually called the “c-number substitution”.

We will first discuss the first-principles N-body Hamiltonian, in Subsections 2.1
and 2.2. Then we partition it in various tems in 2.3-2.12. At the end we obtain
what can be called an “improved c-number substitution Hamiltonian”.

2.1. The first-principles Hamiltonian in infinite volume. Aslong as possible,
we will keep the dimension d of our system arbitrary. However, we are mostly
interested in d = 3, which we will assume in our concrete computations.
The following are our basic hypotheses on the interaction potential v for the
preliminary analysis of the Hamiltonian. These hypotheses are sufficient to ensure
8



the possibility of introducing the usual Bogoliubov rotation and writing the first-
principle Hamiltonian as the improved c-number substitution Hamiltonian.

Assumption 2.1. (Preliminary hypotheses on the potential) Assume there
exists some vy €]0, +00[ such that the potential satisfies the following assumptions
for all the possible choices of v €]0, 1]

v e LYRY, dx), v(x) € R; (2.1a)
v € L*(RY, dk); (2.1b)
9(0) > 0, o(k) > —@(0)%; (2.1c)
v(x) = v(—x), which implies 0(k) = v(—k). (2.1d)

Remark 2.2. In the following, when assuming the validity of Assumption 2.1 for
a certain vy > 0, we will always take v €]0, 1] without any further mention of
this fact.

We would like to study NN bosons interacting with potential v. In an infinite
volume their Hamiltonian and momentum are

N
1
HN::ﬁ;Aﬁ > wlxi—x5), (2.2)

1<i<j<N
N

Py:i=—i) Vi (2.3)
=1

They act on the Hilbert space
LE(RDY) = @ L*(RY). (24)
One can also consider an arbitrary number of particles, using the formalism of

second quantization. Then the Hamiltonian, number operator and the momentum
are

H:= & Hy (2.5)
N=0

= [dx ax(_§Ax)ax +5 dxdy ajayv(x — y)ayax, (2.6)

N:i= 3 N= /dx atax, (2.7)
N=0

P:= CEB Py = —i/dx % Vxax, (2.8)
N=0

o0
acting on the Fock space I'y(L*(R%)) = @ LZ((R4)Y). (Note that we abuse the
N=0

notation using the same letter N for the number operator and its eigenvalue.)
Then, it will always be possible to recover the N-body Hamiltonian by projecting
on ®Y L2(R?%). One can rewrite these expressions in the momentum representation:

1 * 1 ~ * *
H= /dp 5|p|2apap + 3@n) /dpdqdk 0(k)ap 41 0q_1k0q0p, (2.9)
N = /dp apap,

P= /dp Papap.

Unfortunately, if we are interested in a positive density of particles, these Hamil-
tonians are not very useful.



Some quantum systems in infinite volume can be elegantly described with the
help of the C*-algebraic approach. This works well for spin systems, sometimes also
for fermionic systems: One introduces a C*-algebra describing quasilocal observ-
ables equipped with a dynamics given by a family of automorphisms. Then one tries
to consider a state on this C*-algebra which describes a positive density of particles.
Unfortunately, for interacting bosons this is problematic, because physically moti-
vated dynamics often do not preserve our C*-algebra. Maybe, this approach can
be implemented using C*-algebras introduced by Buchholz [14, 15]. Anyway, we
will proceed with the traditional method: We will approximate the infinite volume
system with a sequence of finite volume systems with periodic boundary conditions.

2.2. The first-principles Hamiltonian in finite volume. Let us consider a
family of systems of finite size L. The space R? is replaced with the the d-
dimensional cubic box of side length L, that is,
L Lqd
r=] LA
r 272
In order to preserve the translation invariance, A and V are replaced with A* and
V£ with periodic boundary conditions acting on L(Ayz).
The potential is replaced by its periodized version

VM) = 1 3 EPip),

PEEL

where Z; = Q%Zd is the momentum lattice corresponding to Az. Note that v’ is
periodic with respect to the domain Az and, for sufficiently decaying v, v¥(x) —
v(x) as L — oo.

Using AL, VX and v* we can define the finite volume analogs of H,N, P, denoted
HL NI PL acting on HL := T'y(L?(AL)), which will be the main objects of our
study.

Using the identification L?(Ar) ~ [2(ZL), we pass to the momentum representa-
tion. The Hamiltonian H*, the number operator N¥ and the momentum P are
given by

1 % 1 ~ * *
HY = Z §|P|2apap T 2Ld Z () ak—qlp+qapak; (2.10)
pPESL k,p,qe=L
NE = Z a;am (2.11)
PEEL
PL _ Z p a;ap. (212)
PEEL

n > 0 is a fixed number called the density of the gas. For L > 0 we consider a

family of systems with the total number of particles N(L) such that
N(L)
n(L) = 3 = n(1+ o(L%)), as L — +oo. (2.13)

Here N(L) is the eigenvalue of the number operator N*. Thus we assume that
NT = N(L) throughout our paper, except in the section devoted to the grand-
canonical approach.

Actually, instead of the density n(L) and n we will usually prefer to use the
parameter v(L), resp. v:

N(L)
d
whose meaning is roughly the chemical potential; see Section 4.

10

V(L) := n(L)5(0) = 5(0), v = n(0), (2.14)



In what follows, we often suppress the label L and use v, n for both the finite-
volume quantities v(L), n(L) and their thermodynamic limit v, n.

2.3. Diagonal interaction. Let us introduce the operators

. *
Np :=a

“ap. (2.15)

We begin by decomposing the interaction term into a diagonal and an off-diagonal
component:

2Ld Z K)ag 10q-k0qp = Vdiag + Vo, (2.16)

p;a,k

where the diagonal component is given by

@)

Z (Np+1). (2.17)

1 .
Vdiag = 3L E NpNg(9(0) +9(q — p))
P,q P

We proceed now to separate the condensate components, i.e. the zero momentum
mode, in the diagonal component. Introducing the momentum lattice outside of
the condensate =7 := Zp, \ {0}, we have

Vdiag :ﬁ 0(0)No(No — 1) +2No Z Np(9(0) + 9(p))
+ > NpNg(9(0) +9(p—q)) —=9(0) > Np(Np+1) |.  (218)

In the canonical formalism we can directly substitute the equality

No=N- > M (2.19)
keE7
inside this expression, obtaing
1.
Viias =574 | 00)N(N —1) = (2N = 1) 0) Y Np+(0) z;> NgNp
E_L P, Adc€=7
+2N Y Np((0) +d(p) =2 Y NgNp(9(0) +9(p))
pPEET pP,9€E7
> NpNg(8(0) + d(p — q)) — #(0) > Np(Np+1) (2.20)
P.9€E] pEE;
1 . .
= 574 | AON(N —1) +2N > Npi(p)
pPEET
N . 0(0)
> NgNp(2i(p) — o(p—q)) | - S >N (2.21)
P.9€E] pPEET

In thermodynamic limit L — +o00, we expect that the most relevant terms are the
ones containing either a product of N with a series over momenta, or the product
of two such series. Thus the last termin in line (2.21) is expected to ”vanish” in
thermodynamic limit.
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2.4. Extended space. Recall that 27 := 2, \ {0}. By the exponential property
of Fock spaces we have the identification

LW(P(Er) ~ TW(©) o Ty (7)), (2.22)

where the first factor describes the zeroth mode treated as the condensate and the
second “excitations outside of the condensate”. Let us embed the space of zero-
modes I's(C) =12({0,1,...}) in a larger space [?(Z). Thus we obtain the extended
Hilbert space

Ho = 12(Z) @ T, (12 (Ez)), (2.23)

where in the notation we suppress the dependence on L.

The physical space (2.22) is spanned by vectors of the form |Np) ® ¥~ where
|No) represents N zero-modes (Ng > 0) and ¥~ represents a vector outside the
zero-mode. The space (2.23) is also spanned by vectors of this form, where now the
relation Ng > 0 is not imposed.

On H*™* we have a self-adjoint operator N§** such that

N |Ng) @ ¥~ = Ng|No) ® ¥~ (2.24)
Its spectrum equals Z. We also define
N” = " N, (2.25)
pPEET
Nt .= N> 4+ N&*t. (2.26)

If N € Z, we will write S for the subspace of H®*' corresponding to N = N.
For ¢t € R we will use the standard notation |t|1 := max(0,t). We will write
Ny := max(0, N&*) = NS4 (2.27)
Clearly
Ng I T5(*(Er)) = Ng™ Ir.a2z0)= No,  Ts(I(EL)) = Ranljg oo (NG™).
We have also a unitary operator
U|No) ® ¥ = |No — 1) ® ¥ (2.28)
Notice that both U and UT commute with both ap and af, with p # 0. We now
define for p # 0 the following operator on H*':
ap = apU™. (2.29)
Operators ap and ag satisty the same CCR as ap and ag. However, they do not
commute with N§**:
(NG — Dap = apNG*". (2.30)
We extend ag to H®** by setting ag|No) = 0, No < 0, and consequently af|No) =
0, No < 0. Note that

U*ag = /Ny » (2.31)

UN*U = N§** —1, U*N®'U = N** 1. (2.32)

Let H®* be the operator on H®** given by the same expression as (2.10), where
now the operators ag, ag have the new meaning.
He preserves the direct sum decomposition

H = ... @ Ranl_5) (N§**) & Ranly_1) (Ng**) & Ts(1*(Ep)). (2.33)
On the last summand H®* coincides with the physical Hamiltonian H”.

It is easy to see that all terms in H®* commute with N,
12



2.5. Off-diagonal interaction. The off-diagonal part of the interaction is
1 ~ * *
Vg = 37d Z 0(k)ap 4k 0q-k0qTp- (2.34)
k,q—p—kEEZ
Using the shorthand

Ap = A_p = apa_p, (2.35)
Ap =A%y =alpap, (2.36)
the off diagonal part can be written as
Vorr = 2Ld D> 9(P)(A54p +hic) (2.37)
PEEL
1 A~
+ d Z 0(p)(apap 4 qapaq + h.c.) (2.38)
P,4,p+q€E]
1 N *
top 2 P, (2.39)
p,q,P+q€E]
1 R .
+ 2Ld Z v(k)a’erkaqfkaqap- (2.40)
p,q;k,p+q,

p+k,q—k,p+k—q€E7

Note new conditions under the sum in (2.40): p+k, g —k, p, q should be nonzero
because the zero components are included in (2.37) and (2. 38) the p+q = 0 terms
are included in (2.37) and (2.39). The conditions p,q # 0 under (2.39) exclude
terms which were in (2.37) and the Ng terms of the diagonal part.

Let us use the extended space, setting

Ap = apa_p =U"Ap, pEEL; (2.41)
and using Ny (N§ —1) = U*ad = U A,. (2.42)

In the extended space the off-diagonal interaction becomes

Vog = 2Ld Z p)\/ Nog (N —1)A, + hec. (2.43)

PEE]
1 ~
T d > op )m i, qaplq + h.c. (2.44)
P,q,P+A€E]
1 . -
top 2 - adid
P,q,PEQEE]
1 N ~ % ~ % ~ o~
+ ﬁ Z U(k)ap+kaq—kaqap~ (245)

p:q.k,p+aq,
p+k,q—k,p+k—q€E7

We rewrite the first two lines of the off-diagonal potential as

(243) =55 (\/N+ Ny —1) - \/Ngxt(Ngxt—l)) 3 (p)Ap +he  (2.46)

pEET
1 1 -
ext ext __ _ ext - ~
57 (VNSNS = 1) = Ng 5 ) D 0(p)Ap + hc, (2.47)
pPEET
1 ext 1 ~ A
+573 (NO - 5) o(p)Ap + h.c. (2.48)

13



and

1 ek~
(2.44) :F( Ng — \/N) Z 0(P)ap 4 qdplq + h.c. (2.49)
pP,q,P+q€E]
1
+ ﬁ\/ﬁ > i(p)ajqdpiq + hec. (2.50)

p,q,P+qEE]

We will see that (2.46), (2.47) are negligible in thermodynamic limit. Introducing
the parameter v (2.14) we further transform

> o(p)A; + hee. (2.51)

To1) Y 6(P)apqipiq +he

pP,q,P+a€E]

v B(p)a, iplq + h.c
(2.50) = NGO (P)a% 4 qdplq + hoc. (2.52)

pP.q,P+qEE]

From now on we will omit the tildes from the notation.

2.6. Full Hamiltonian. Let us include also a dimensionless coupling constant k.

We will rescale the potential as v — k0, with k assumed small but finite throughout

the computation. So, taking into account of this rescaling, v(L) = kn(L)?(0).
The full interacting Hamiltonian in the extended space becomes

H* =H{, + VsHY + kHY + kH{y + cH{| + kH{ 3 + kv/cHY (2.53)
+ I'iRil + /@Riz, (2.54)

14



where we have introduced the Hamiltonian operators

Ipl2 p) vi(P) / 4s
HE = Z ( 0) )Np+p;> 26(0) (45 +hee.)

L =L
1
L .__ *
Hy = ~ i p)A, +hec.
pEE7
1 v
L .
H; .7L7% Z ﬁ(O) p+qapaq+h.c.)
p,q,p+a€E;
HEY = Vv ‘ — o(p)ay,. qapaq + h.c.
3, L% @(O)H yLd Z _ ( ) p+q~pP™aq
P,q9,P+qEET
Hiyi=— QLdZN ZN o(p) + 0(q) — 9(p — q))
qe—‘L DGHL
s TN Y ety e
q€E7 PEEL
1 ~ *
+ ﬁ Z ’U(p - q)ApAq7
p,q,pEqEE]
L. 90 5
Hiy == 553 Z>Np
PEE]
1 ~ * *
H4L73 N Z 0(k)ap 4 k0q-_Kk0qp,
p.q.k,pt+aq,

p+k,q—k,p+k—q€E7
and the ”tail terms”

Riy =57 (\/N+ Ny —1) - \/J\fc,ext(z\fgxt - 1)) 3" 0(p)4p + hoc.

PEET

]‘ ex 1 N
Rig — 2Ld( Next(Next ) - Ng L 5) Z U(p)Ap +h.c.
PEE]

2.7. Bogoliubov rotation. The Hamiltonian HbLg, as well as its thermodynamic
limit Hyg, will be called the Bogoliubov Hamiltonian and they will be treated as
the main part of the full Hamiltonian. It is purely quadratic, therefore it can be
diagonalized using an appropriate Bogoliubov transformation.

In fact, consider 6 = (9k)k6557 a sequence of real numbers. Set

cx := cosh @y, sy := sinhby. (2.55)
For k € =7 we make the substitution
ai’; = Ckbii — Skb,k, ax — Ckbk - Skb*,k. (256)

We choose the Bogoliubov rotation that kills double creators and annihilators,
which amounts to choosing sy as

—1/2 1/2

2
) —1| , (257

V2

1 ﬁ(k)f;(yo)
sc = sien(00) o | (1 rg D
1k2 + o(k) 5oy
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and cx = /1+ 312{. Note that we have sy = s_x and c¢x = c_k. Another useful
relation between ¢k and sy is

okr 1
2whe (k)0(0) i

Equation (2.57) is well defined on account of Assumption (2.1c). Morever, As-
sumption (2.1a) ensures that © € Co(R?). Then, we see that

Sk = (258)

A 2

st =0 ik)” as |k| — +o0, (2.59)
k|*
1

st =0 <|k|) as |k| — 0, (2.60)

and thus, sk € 42(55) for d = 2,3. This last property continues to hold also in the
flat Fourier limit ©(k) = ©(0). Moreover, si can be also defined for k € R, and as
a consequence of its decay properties at inﬁnity we see that

LETOO Ld Z / sk < +o00. (2.61)

After the diagonalization, we obtaln

Hi, =By + ) wng(k)bibi, (2.62)
ke=7
F=) kbibk, (2.63)
keE>

where the quasiparticle excitation spectrum is defined as

i = [ 201

The ground state energy is

B, = - ;(;kg—i—uﬁ(k) —wbg(k)>. (2.65)

keEy 9(0)

In the following instead of HbLg in Equation (2.62) we will use the centered version

Hé:g — Eﬁg. With some abuse of notation, this will be again denoted by Hlfg.
It is convenient to introduce the operators

My, == b5by, (2.66)
Bp = B_p = bpb_p, (2.67)
B =B, :=b* b, (2.68)

When we express the full Hamiltonian H” in the Bogoliubov operators, the follow-
ing identities are useful:

Np = s% + cf)Mp + S%M_p — spCp(Bp + Bp), (2.69)

Ap = —spcp — spep(Mp + M_p) + i By + s, Byy; (2.70)

[Np, bi] = ¢ bk5pk t+s bké—pk spCpb—k(Opk +0-pk), (2.71)
[Ap, bi] = —spcpbidpi — 5pCpbid—pk + Clznbfk(épk +0_pk); (2.72)
[bk7 [Np7 b]*(]] = CIQ)(Spk + S?,éfplﬁ (273)

[bxc, [Ap, bi]] = —5pCp(dpk + 0—pk)- (2.74)
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The ground state of the Bogoliubov Hamiltonian kag in the extended space in
the N-particle sector is

1
ng = U9|N) ® Q> = H mefgtanhepa a*p ‘N) X Q> (275)
p

PEE]
where Q7 is the Fock vacuum of I's(I*(27)). It is important to remark that the
operators apa*, act also on |N), by lowering its value by two. In particular, the
state Qg sticks out of the physical space by its tail. We can further exploit the
symmetry under reflection to write

_ 1 —tanhfy,a*a™ >
Qi = H Cosh9 e P Ppdntp | N) @ 07 (2.76)

where we have added an additional constrain

=0 ={(p€E7|pa > 0} U{p € E7[pa = 0,p4—1 >0} U..

"U{pe:‘f|pd:"':p2:0;p1>0}‘ (277)

2.8. Weak coupling limit at fixed v. All our considerations are founded on the
expectation that various quantities related to the Bose gas simplify in thermody-
namic limit. That is, L — oo with n(L) = N(L) — n. Note that we do not have
a limiting object at L = oo: all our statements go through the limit of a sequence
of systems with finite L

On top of thermodynamic limit in this paper we consider the weak coupling
limit at fixed v. This means replacing v with kv and computing the lowest terms
in perturbation theory in terms of x, keeping v = k0(0)n fixed.

Note that when the profile of the potential v and the parameter v are kept fixed,
then whg (k) = Ilf + ”vv(ok) |k|? does not change with varying «, and has an inter-
esting shape, with phonons, and often also with maxons, rotons, etc. Therefore, in
the limit we consider it makes then sense to assume that the Bogoliubov Hamilton-
ian kag yields a good approximation of our system at low energies. In particular,
we will treat Qg as close to the ground state of our system.

It is possible to compute the mean value of the extended zero-mode number
operator on Qg (for d =2,3)

1 ex
n07bg(L) = f(ng‘NO thg) = ﬂ(L) — nig(L), (278)
npg(L) = 7d (ng\N Qbg) = Ld > s (2.79)
PEET

We will also need the following quantity
(g N Ong)

1 (— et tanh O,)" ™
= — ana J)"|IN) ® Q7 |(aja* )" IN) © @~
T1 g, 32, = (" W) 0 0 )" . 2)
peE; n,m>

1 — tanh? @
= H L;” (2.80)
1 —e?# tanh” 6,

peEy T

which is well defined only for
1

H . 2.81
= SUP, >+ | tanh 6| (2:81)
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We remark that ng (L) could be possibly vanishing or negative. Indeed, the
operator N§*' is not the physical zero-mode number operator, and in particular its
spectrum is Z. We can compute its thermodynamic limit

no,bg i= Ll_i}r_irrloo n0,bg(L) =1 —ni,, (2.82)
dp
ng, = / (Qﬂ-)dsp' (2.83)

We will refer interchangeably to ng hg(L) and ng ng as the extended Bogoliubov con-
densate density, omitting the qualifier “finite-volume” when referring to ng pg(L).

We now state another important assumption for the subsequent computation.
We shall refer to it as the condensate assumption, since, as will become clear be-
low, it implies that the tail of the extended Bogoliubov state (), is exponentially
suppressed in L1, equivalently in the number of particles.

Assumption 2.3. (Condensate assumption) Define ng g as above. We assume
that

10,bg > 0.

We have ng s = #(0) — nig, where nk?g depends only on v and v. Therefore,

Assumption 2.3 essentially says that  is sufficiently small.

2.9. Limit v — 0. Note that keeping v fixed and x — 0 means that the density
n — 400. So this limit involves the high density regime. One can also consider the
limit kK — 0 at the constant density n. This implies v — 0. It is then natural to
rescale the momenta, obtaining a universal dispersion relation, which unfortunately
does not have maxons or rotons any more:

1
im ! —/Zlpl4 2
lim v Whe (VP V) = 4|p| + |p|?, (2.84)

. o\ —1/2
lim s oo =— | (1= (~—n —1] 2.85
N ( (o) ) (259

o) [l
>/dp2+h P+ [pl?

(2.86)

li _d
myv 2n =
v—0 bg

Thus, also in this limit nlfg converges to zero, so that the condensate assumption
holds. For d = 2,3, (2.86) remains finite and can be computed explicitly. For d = 3
it equals #

The regime of small v is closely related to the dilute limit, which will be discussed

in Subsection 2.10.

2.10. Dilute limit. The material of this subsection will not be used in this paper,
except for Subsect. 3.5.

As we mentioned above, the limit considered in this paper involves the high
density regime. It is also interesting, and often physically more relevant, to consider
dilute Bose gas. One can introduce the dilute limit as follows: we keep the potential
v fixed (thus k = 1), we take thermodynamic limit, and then we consider n — 0.
It is expected that in this limit in dimension d = 3 the natural parameter is not
v = 9(0)n, it is p = ndma, where a is the scattering length of the potential v.
Moreover, in the Bogoliubov approximation one should replace the formulas for the
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dispersion relation and related quantities by

1
whg(P, 1) =1/ i\pl“ + plpl?, (2.87)

1/2

) o\ —1/2

I
sp=—c | [1-(+——o -1 2.88
Y ( <§|pl2+u)> (2.88)

2
>_/ dp B +n— Bt g (2.80)
= 3 = 92" :
Gr® oyl 2y o

Note that these formulas have essentially the same form as in the limit v — 0
described in (2.84)—(2.86).

The two approaches (the weak coupling limit with v fixed and the dilute limit)
are consistent with one another. Indeed, in the first order of the Born approximation
the scattering length satisfies 4ma = £9(0) + O(x2) Thus pu = v(1 + O(x)). Note

also that
1 3 1
Mobg =N = g5 (% =n (1 — ?m?\/n(élﬂ'a)?’) , (2.90)

so that the condition ng e > 0 corresponds to

Vnad < %. (2.91)

Thus for sufficiently small scattering length a the condensate assumption is satisfied.

In the literature on dimension 3, often, instead of the dilute limit, a seemingly
different limit is considered, which is usually called the Gross-Pitaevskii limit. The
size of the box L is kept fixed, the number of particles N goes to infinity, and
the potential is rescaled as vy (r) := N2?v(Nz). Note that the scattering length
depends on N as a™) := - Thus p = %47ra(N) does not change.

The Gross—Pitaevskii limit has also been referred to as the ultra-dilute limit
[6]. Indeed, following the discussion after Theorem 1.1 in [6], one may rescale the
side length of the box by a factor of N, namely L — NL. The system is then
equivalent to an N-particle problem with a fixed interaction potential v(x) in a
box of volume O(N?). Under this scaling, the vanishing-density limit n — 0 is
taken simultaneously with the infinite-volume and large-particle-number limits. In
particular,

n:O(N_Q) as N — +oo.

This differs from both our approach and the dilute limit: in both approaches the
limits v — 0, resp. n — 0 are taken only after the thermodynamic limit at fixed
density; see 2.13. The two procedures need not to be equivalent. Indeed, the
excitation spectrum obtained in [6] retains a discrete structure, with a fixed step,
whereas the perturbative expansion developed in the present paper suggests that
the spectrum becomes purely continuous in the thermodynamic limit. Similarly, the
ground-state energy obtained in the Gross—Pitaevskii regime in [6, Equation 1.10]
differs from the prediction of the Lee-Huang—Yang formula [6, Equation 1.15].

2.11. Shift of dispersion relation. Let us now describe the main quantity com-
puted in our paper. We will choose a sequence kj, € 27 converging to k € R4\ {0}
and consider the perturbation theory around the sequence of vectors by (,g. With
a slight abuse of notation, we will drop L from ky,.

The difference between the physical and Bogoliubov Hamiltonians, that is HZ —
kag is quite complicated and consists of several terms with different roles and
different orders in x, see (2.54).
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Let us first consider the operators Ry ; and R4z, which will be called the tail
terms. They depend on the condensate degree of freedom in complicated way. In
particular, they cannot be represented as good second quantized operators of the
out-of-condensate degrees of freedom. In Theorem 2.4 we will show that these terms
are irrelevant in thermodynamic limit for all low-lying eigenstates.

All the remaining terms in (2.54) Htj):ga HY HI H4L,17 H4L,27 H£37 HSLJ do not
depend on the condensate degrees of freedom. With respect to the factorization
(2.23), they can be written as

1o Hf (2.92)

where H JL is the corresponding “reduced” operator, acting on the modes in =7.
In what follows, we will drop these tildes, and we will denote the reduced and
unreduced operators the same way. We will treat I'y <l2 (Ef)) as our basic Hilbert
space.

All of these operators but H?,LI do not depend on . The leading behavior of
Hfm in terms of k is of order 0, as we show later on. In a perturbative setting it
can be expanded in a power series in x. Thus we expect that to study Bose gas in
the weak coupling limit at fixed ¥ we can use the perturbation theory for

HE 4+ kHy +VeHS + kH{ + kHyy + KH{'3 + kVEHS (2.93)

acting on the space I'y <12 (Ef))
The term r\/kHj, yields contributions of a higher order in  than the order

considered here, therefore we will ignore it as well.
Thus we can use perturbation theory for

HE + VeHY + sHY. (2.94)

where
Hy:=Hy+H{ + Hy,+ Hfs. (2.95)
The shift of the dispersion relation at order x!' will be computed from the formula
5(k) := li{% Jim_ { (b Qg | Hi b Qg (2.96)

* 1 *
- (Hg%bkszbg|(H§g — wpg(k) — i€) HSLkabg) (2.97)
— (g [Hi Qg) + (Hy Qg |(Hiy — i) Hy Q) } (2.98)
Note that it is the difference of the shift of the energy level of biQye (2.96)+(2.97)

and the shift for the ground state energy (2.98).
The formula for d(k) can be transformed as follows:

5(k) = 64(k) + 65(k), (2.99)
54(1) 1= i (gl b, [HE, b)) (2.100)

5201 = i iy { = (g, EELCE, — 10 = 16) 2, 010

(gl B HEN(E, + g () — i) [HE bi)20)
 (Qug HE(HE, — 10 b [HE 5] 0)
(gl [ b ) (HE, — 10 HE ) }
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To obtain this we used

[bic, bie) = 1, (2.101)
by (Hi, + whg(k) — i)' = (H{, —ie) b, (2.102)
bi(HYy, — wog(k) —ie) ™" = (H, —ie) by (2.103)

We will argue that the Hellmann-Feynman terms involving kHY | kH. 4L’1, kH 4%3
vanish in thermodynamic limit. So eventually, we will use

Hly == Hl, + VkHy + kH{ ;. (2.104)
on the space I's (12 (Ez)) as an effective Hamiltonian up to the order x!.

2.12. Irrelevant terms for thermodynamic limit. In this subsection we discuss
various terms which vanish in thermodynamic limit, and hence do not contribute
to the shift of the dispersion relation.

The tail terms R4 1, R4 2 formally do not depend on s and are multiplied by .
So, formally, they should contribute to the Hellmann-Feynman correction. However,
they vanish very fast in thermodynamic limit. This is described in the theorem
below, which will be shown in Sect. 5, where we will describe the mechanism which
causes unphysical degrees of freedom to be invisible for large volumes.

Theorem 2.4. Fiz d = 2,3 and assume the validity of Assumptions 2.1 and 2.3.
Consider the normalized k—quasiparticle vector

Uk = Nb, b, Qugr N = |[b, - b, Qe | (2.105)

with momenta ki,... kK, € E7 satisfying iminf;_, 4 |k;| > 0. The Hellmann-

Feynman corrections at order k' arising from the remainder terms Ril ng are
zero in the thermodynamic limit. That is

Jm ((Vr|RE190%) — (Qog| RE 1 Qg)) = 0, (2.106)
Jm ((Vr| R 29k) — (Qng| RE2hg)) = 0. (2.107)

The following three lemmas show that the Hellmann-Feynman contribution aris-
ing from HY and H ﬁ ; and H 4%3 are vanishing in the thermodynamic limit. We will
always assume the potential to satisfy Assumption 2.1 and d > 2.

Recall that

1 “ *
HE = 7 > é(p)A; +he. (2.108)
pPEET
Lemma 2.5. We have
(02 HE 0 0) — (g HE Q) = O(L ). (2.109)

Proof. We rewrite the left hand side in the commutator form and use (2.74):

(k)

* v _
(g b, [H3', b ]| g) = —m48k0k =O(L™%). (2.110)
O
Recall that
0(0)
Hf) =— T > N (2.111)
pEET

Lemma 2.6. We have

(D05 | H 1 D) — (g | H 1 g) = O(L™). (2.112)
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Proof. We proceed similarly as in the proof of the previous lemma, using (2.71)
and (2.73):

(el [HE 1, Bl 5) = S0 (€0, [N+ N2y, 6] 2) = O(L).

(2.113)
O
Recall that
1 ~ * *
H4€3 =57 Z O(r)ap g rlqlp, (2.114)
p.q,r,ptq,
p+r,q—r,p+r—qeE;
Lemma 2.7. We have
(bl*(ng|H4L73bthbg) - (ng|H4L,39bg) =0. (2-115)
Proof. We can again rewrite the lhs in the commutator form:
(Dwgl (b, [HL 3, biel]ng)- (2.116)
Using by, = ckay, + ska—_x we obtain
« 2Ck ~ * *
[H4L,3»bk] ~57d Z o(r)ag Gy ap (2.117)
p.r,ptk,
p+r,k—r,p+r—keEz
25K R «
~574 Z o(r)apap1ra_x—r- (2.118)
p.r,p—k,
p+rk+tr,p+r+kesy
Now the commutator of this with by = cxax + sxa*, is zero. O

Remark 2.8. (Naive thermodynamic limit) Let us try to describe the ther-

modynamic limit naively. Remember that we consider . — oo and we keep v and

k — 9(k) fixed. Formally, 7 converges to R%. ﬁ >~ should be replaced with

ke=7

d
ﬁ J dk. The operators ak, aj. for discrete k should be replaced by (22%0,1{,
2

(2”)2 ay, for continuous k. Thus H formally converges to
L2
Hyg = /d — + ﬁv apap + /d apa_p+h c) (2.119)

Similarly, in thermodynamic limit H¥ and Hf 13 formally converge to

Vvi(k)
dkd
(27r)§/ P \/(0)

1 ~ * *
Hys:= 3@n)i /dpdkdq 0(k)ap 4k 0q-Kk0qTp-

H3 =

(a;rkakap +h. c.), (2.120)

However, as we have just noted, H 4L73 is of little relevance for our analysis. Formally,
in thermodynamic limit H, 4&2 and H 4L,1 converge to zero. However, H 4LQ plays an
important role in calculations of the quasiparticle spectrum.

This illustrates the fact that thermodynamic limit in our problem is quite subtle.

Finally, let us now consider H 3Lx This Hamiltonian contains a factor

=

PEET n
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As we will now show, the matrix elements of this operator in low energy states
contribute at least as an order '

Lemma 2.9. Suppose that the condensate assumption 2.3 is satisfied. Take mo-
menta qi, ...dm; K1, ...k, € E7. Then, we have

* * N>
‘(bql .. .qung‘ (‘1 - W

Proof. We have the operator inequality

1
2

- 1) by, ...biinngN = O(k). (2.121)

+

1
N>§
1_|1_

TARE NW> _ 20 SN (2.122)

+

If we restrict the analysis to states with a finite number of Bogoliubov excitations,
the excited number operator EpeEf p is bounded on the corresponding finite-
particle subspace and thus the matrix elements are well defined and of order O(k)
as Kk — 0. (]

3. COMPUTING PERTURBATIVE CORRECTIONS

In this section we compute perturbative corrections of order ' to the dispersion
relation. They consist of two terms: the Hellmann-Feynman correction and the real
part of the Fermi golden rule correction. We also extract the leading behavior of
these corrections in the low momentum limit, which yield the phonon velocity. In
this section we content ourselves with formal calculations—rigorous estimates are
deferred to Section 6.

In addition to Assumptions 2.1 and 2.3 , we impose the following regularity
conditions, which are needed for the detailed computation of the real energy shift.

Assumption 3.1. Suppose there exists a vy €]0,+oo[ such that the potential
satisfies the following assumptions for all the possible choices of v €]0, ]

v is rotationally invariant; (3.1a)
¥ is C® in a neighborhood of k = 0. (3.1b)
¥ is C? and 0,0;0 is bounded for every i,j € {1,2,...,d}; (3.1c)
9;0 and 0;0;0 € L*(R?), for every i,j € {1,2,...,d}. (3.1d)
v d%0 1
— > ——. 3.1
a0 a3 (3:1¢)
We remark that under these hypotheses
o(k) — 9(0) = O(|k|?), as k — 0. (3.2)

Since the functions considered below are rotationally invariant, we sometimes
identify a function f(p) with the corresponding radial function f(p), where p = |p|;
for example, we write wig(P) = wig(p) and v(p) = v(p). When no confusion can
arise, primes denote derivatives with respect to the scalar argument:

d /
—f@) = f'(a). (3.3)
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3.1. Hellmann-Feynman correction. This section is devoted to the Hellmann-
Feynman term 52" (k, v, v) defined in (2.100). As we argued, in this term we can
replace H} with H. 4L72. Thus we need to compute

057 (k,v,0) 1= T ( (bicSug| HE bilbg) = (Rog| HEy Q) ) (34)

= fim (g [bx, [H {2, b)) Qng) - (3.5)
Recall that
Hiy:=Hyn+Hja+ Hj,, (3.6)
1 . . N
Hiy=—574 2. Na D No(0(p) +0(a) —o(p — a)),
q€ET PEE]

1 ~ *
H]I\J/A = ﬁ Z Nq Z U(p)Ap+h.C.,
q€E7 PEE]
1 ~ *
Hf{A ::ﬁ Z 'U(p — q)ApAq

p,q,pEqEE]
To evaluate the NN term in H, f’Q we compute

[bk’ [NQNIH bl*c]] = Nq[bk7 [Np’ bl*(]] + [bka [qu blt]]Np (37)
+ [bx, Nl [Np, bi] + [by, Nq|[Np, bic].

The terms in (3.8) contribute O(L~%), so that it will be dropped. Thus we obtain

(ng| [bk, [HﬁN, b;;] } ng)

== % > spc(d(p) +0(k) — 0(p — k)
- % > spsi (8(p) + (k) — 0(p + k) + O(L ™). (3.9)

PEE]
Similarly, the N A term gives

(ng| [bk7 [HI%/A7 bltHng)

1 R 1 ) B
Il 2 2specsicd(k) + 7 > (G + si)epspd(p) + O(L™Y). (3.10)

pEET pPEET

Finally, the AA term gives

(ng| [bk7 [Hf{Av bl*c]]ng)
1
=1d Z cxskCpsp(9(p + k) + 9(p — k) + O(L™%) (3.11)
p,ptke=7
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Combining these contributions and using sy = s_x, cx = c_x, we obtain
L *
(ng| [bkv [H4,27 kang) =

=(ex + sk)2$ Z: cpSp0(P) (3.12)
+ (ci+si)$ Z; s2 (—@(p) + ﬁ(p+k);ﬁ(p_k)) (3.13)
+ QCkskﬁ ;ke:> CpSp (—@(p) + op 1 k) —; o - k)> (3.14)
(o — sk)Qﬁ(k)% 3 240, (3.15)

These expressions have a thermodynamic limit:

55 (k,v,0) = lim (| [bi, [Hi5, b]1Q) (3.16)
L—+oc0 ’
1 A
:(Ck + Sk)2W /depSpU(p) (317)
1 R o(p+k)+i(p —k)
2 2 2
D) gy [ vt (otm)+ ! (3.18)
1 A o(p+k)+9(p—k)
+ QCkSkW/dpcpsp (—U(p) + 5 (3.19)
1
24 2
— (Ck — Sk) ’U(k)w / dpsp (320)
We can then express cy, Sk in simpler quantities using
o(k)v 2 k? o _ 2wpg(k)
— , _ = , = ;o (3.21
Sk = SRk kT T oy (et ) K2 (3.21)
k2 | (k) k2 o),
62 + 82 frd M 82 — 2 + 6(0) v (.()bg(k) (3.22)
Tk whg(k) K 2whg (k)

From this point onward, we fix the spatial dimension d = 3. The above computa-
tions lead to the following infrared asymptotics of the Hellman—Feynman correction,
which we will prove rigorously in Section 6.

Proposition 3.2. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then

can ~ ~ ~ k
35 (k, v, 0) =i (k, v, 0) + kea (v,0) + 0 (ﬁ) , (3.23)

as % — 0, where the terms ¢, and c4 are equal to

R wrg(k) [T dp , o(p)?v
ok v, ) = 20 / oy (3.24)
0

;2 272 P 5(0)ang ()’
p> | 20(pv
) = 57 /OO (5 + 5 —wml0) ,

= 2 .2

ca(10) = 753 0 dp 2wng (p) (P%0"(p) + 2p(p)) - (3:29)
2 o(p)

) /oo 0 (% + @(g)y—wbg(m) »° (3.26)

Ar2\ /v J, 2wng(p) ' '

Note that the term c;, behaves as O(k~!). It will be cancelled by an identical
term coming from the Fermi golden rule.
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3.2. Fermi golden rule correction. In this section we will analyze the real part

of the Fermi golden rule correction to the dispersion relation (we take 65*" = Red$*"

):

55 (k,v,0) =lim lim _Re [—(b;ng|H§(H,§g — wpg (k) — i) HEBL QL) (3.27)

+ (g HE (HE, = €)™ Hf Qug)| (3.28)

In particular, we will estimate its behavior for small % — 0. The integral
representation for §5*" is derived in [23]:

can(c  §) — — “Re [ P j(k;p,p — k)
(53 (k, Vﬂ)) = 2R / (277')3 wbg(p) n ng(p — k) — ng(k) ~ 50 (3.29)
— } dp :‘i(k,p,p— k>2
2 ] o o ) o (3:30)

—

The function j(k;p,q) contained in (3.29) is defined as

(0)

+ 9(p)(cp — sp)(cqck + Sqsk) + 0(d)(cq — Sq)(cpk + Spsk)). (3.31)

j(k;p,q) = (—0(k)(cx — sk)(cpSq + Spcq)

>

j is symmetric under interchange of its last two arguments, ie. j(k;p,q) =
j(k;q,p). The second function, k(k,p,q), which appears inside the second in-
tegral in Equation (3.30), is

(0
— (P)(cp — Sp)(cqsk + 5qck) — D(q)(cq — 8q)(Spck + cpsk)). (3.32)

H(k7 P, q) = ~ (_ﬁ(k)(ck - Sk)(Cqu + Spcq)

<

~—

k is symmetric under permutations of its three arguments; x(k, p,q) = k(k,q,p) =
(q, k,p).

A rigorous analysis of the integrals (3.29) and (3.30) requires lengthy estimates of
the relevant contributions and their remainders. We therefore begin with a formal
derivation of their asymptotic structure as % — 0. In particular, in the following
formal derivation we forget about the principal value in §§*", assuming that it does
not cause any issue. This is justified in Proposition 6.16.

We use the notation
k:=1kl, p=Ipl, q=[p—K (3.33)
The triangle inequality gives
—k<p-—q<k, (3.34)

which motivates the following change of variables.

Definition 3.3. (t—s coordinates) We define

p+q pP—q
t="—2 == .
5 S TR (3.35)
or, equivalently,
p=t+ks, q=1t—ks, (3.36)
with
k 11
te {§,+oo{, se {—5,5] (3.37)
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Under this change of variables, the symmetry p <> ¢ becomes s <+ —s, while the
measure transforms as

dp = % dpdqdy = 2pgdedt ds. (3.38)
Consequently,
+oo . 2
—y Am? wng(p + wbg(‘]) — whg(k)
oo 3 2
/ / d d23 k(k, p,4)°pg . (3.40)
1 4m? wpg(p) + whg(q) + whg (k)
The two interaction kernels can be decomposed as
. v .
3k:p.0) = 5[5 [(en + 50 + (en = )i (k. p )] (3.41)
(k.p.a) = 7= [ (ex + 1) .0) + (e~ s)i-(khpg)]. (3.42)
KRR, P, q) = 2 ’lA](O) Ck Sk)J+\P> 4 Ck Sk D, q)|, .
where
J+(p @) = (cpeq — spsq) (0(p) +9(q))
+ (cpsq — Spcq)(ﬁ(p) - @(Q))v (3.43)
j_(/{:,p, Q) = (Cpcq + Spsq)(@(p) + {)(Q))
— (20(k) 4+ 9(p) + 9(q)) (cpsq + Spcq). (3.44)

Using (cx + sk)(ck — sx) = 1, we can therefore combine the two Fermi golden
rule channels as

540 (K. . D v [ %d d
3 ( ’V’U)167T21Aj(0)[2c /é t s pq

2(ng(p) + ng(Q))
whg (P) + whg(q))? — whg(k)?

(Ck + Sk)2j+(p7 q)Q(

. . 2wpg (k)
+ 2.7+(p’ Q)]*(k;p, Q) (wbg(p) ¥ wbg(Q))2 _ wbg(k)g
2. 2 2(wpg(p) +wbg ()
+ (e — sx)°j-(k,p, q) ona(?) + g (@) — ng(k‘)zl . (3.45)
We have
@+ =22 r0 (L), (3.46)
(k) = Y7k + O (’“) 7 (3.47)
a2 ko (E
(e =9 = 5= +o(22). (3.48)

The dominant contributions to the integrals in §5§*" will come from the diagonal
p=q=t. For j_ it will suffice to use

j_(k,p, Q) :j—(ovtat) +0 (\2) >
o(t) (t* — 2u).

whg(t)
27
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For j;, because of the more singular prefactor (3.46), we will need a more precise
asymptotics around the diagonal:

252 9 2
i) =0+ 55 @ -0 | o). e

et (3.52)
(0, —0)’jewa)| __ =20"(1) =85 (1) (2%;((?) B 1)
+80(t) <;:::g(2) - 1) ' .

The identity (3.53) in Lemma in Subsection 3.4 below.
The remaining factors are symmetric under p <+ q. Hence, in the ¢—s coordinates,
their formal expansions contain only even powers of k:

pg =t — k5%, (3.54)
Whg (D) + wbg(q) =2whg(t) + k2s2wl’)'g(t) + o(k?), (3.55)
2(whg(p) + wig(q)) L,
(wog(P) +wig(@)” — wog(k)?  wo(t)  dwrg(t)?
kQSngg(t) k2
- W +o <V> , (3.56)
1 1 k2
= o(—|. 3.57
(whg(p) + wbg(q))2 — wig (k)2 4w (t)? + ( v ) (3.57)

Keeping the terms of the order k=% and k in (3.45), we expect the following
asymptotics for small k:

" . k
05 (k, v, 0) = — i (kyv,v) + kes(v,0) + o (ﬁ) , (3.58)
where
+oo ; 2
AN v 2 2]+(t7t)
cir(k,v,0) = 16720(0) (cr + sk) /0 dtt "o (l) (3.59)
_ vwpg(k) /+°° t29(t)?
= 2m2000) Jo Ve ® (3.60)

is the term of order O(k~1), the same as in (3.24), except that it has the opposite
sign as in the Hellman—Feynman correction, and

v v +oo
sl 0) =200 ¥ o /0 at (3.61)

, 5 1 vt? twp, (t)

2Vris(t:) (‘mbg(t) " T 07 24wfg<t>2> (3.62)
.

eV @,-0)% )| (363)
Jrt,)i—(0,t, )2 1 j5_(0,t,t)%t>

VT O TV 2ung®) ] (361

is the Fermi golden rule contribution to the phonon velocity correction. In the

1
above, we used [, s?ds = 5. The first term on the right of (3.61) (without
2
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integration) comes from the integral of the infrared term (3.60) in the region [0, g] :

vwpg (k) v9(0) k
dt =k — . 3.65
22120 / wbg t 62\ (3.65)
Next we observe that
V32125, (t, 1) st i (6, 1)7-(0,t,1) | t?5-(0,8,1)

PEWOR SEGE 21/ wi(t)
o t%(t)?
e 00
Using (3.66), inserting (3.53) we obtain
. vo(0 v oo
c3(v,0) = 16;2) ~ 1672000 /0 dt (3.67)
VPO wi (t)  2ymEo(t) [, o “he(t) 1
l_ Tt e (0~ 05— 7))
(3.68)
2/wd(t)? of Whe(t)  1\2 155(t)2
* o (—1 +4t (2:bg(t) --) ) + 2yéwbg(t)3]' (3.69)

The integral in the preceding expression is absolutely convergent. The second
term in (3.69) (which comes from (3.66)) is regular at origin.
Let us look at the first term of (3.69). By the regularity and radial symmetry of

the potential,
,&// (0)

o(t) = 6(0) + 5 2+ 0(th), (3.70)
while
whg(t) = Vrit + (8\15 + \/Z@U(O()(D) 3+ O(t%). (3.71)
It follows that
;;:g(g) - % = _E +O0(t),  wp(t)=0(t), (3.72)
and therefore,
—1+ 4t2(2wbg(2) - %)2 =O0(t%). (3.73)

Thus the integrand in (3.69) is O(t) at origin.
We next consider the behavior at infinity ¢ — +o00. In this regime,

whg(t) = O(?),  wiy(t) = O(1). (3.74)
Moreover, direct differentiation of the Bogoliubov dispersion relation gives
whe() 1 w(td'(t) — 20(t))

Aong() 1 t(0(0)2 + dwi(D))” (3.75)
Consequently,
2ong(t) t‘ = C( 2 T ) : (3.76)

Since © and 9’ are bounded under our assumptions, the explicit formula for the

derivative of ji yields
2. v |0 ’(t)\ [0(t)]
‘(3p—3q) j+ (P, )| <O [p"()]+ ) (3.77)

p:q:t
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It follows that integral (3.45) is absolutely integrable at infinity.
In Section 6 we justify these expansions proving the following proposition:

Proposition 3.4. Under Assumptions 2.1 and 3.1, we have

can ol A ~ k
057 (k,v,0) = — ¢ip (b, v, 0) + kes(v,0) + 0 <ﬁ) , (3.78)

where ¢y is given in (3.60) and c3 in (3.67)-(3.69).
3.3. Real energy shift. In this subsection we present the general second-order
expression for the real energy shift. This is obtained by summing the contributions

052" and 5™ from Propositions 3.4 and 3.2.
After summing the two contributions, the infrared-divergent terms c;, (k, v, 0) and

~ . . . . . . k
—cir(k, v, D) cancel, leaving a correction whose leading term is linear in k as I—\ﬁ‘ — 0.

To simplify the derivation, throughout this subsection we will fix v = ¢(0) = 1.
The dependence on these parameters will be restored at the end.
Writing
2
2 5+ 0(p) —wne(p)

_ , 3.79
P wag(p) ( )

we can rewrite the Hellmann-Feynman correction (3.25)-(3.26) as

- 1 T oad o 3
(18 = [ AL ) - ) (350)
Foo o) A

+ d —(p°v . 3.81
i /0 P ) (»*?'(p)) (3.81)

According to (3.67)—(3.69) the Fermi Golden Rule contribution to the phonon
velocity is

. 1 0 54 (p)? 1
e3(1,0) = 3%2/ dp Zbggg 5o (3.82)
ng(p) 2172@(17) N
167r2 [ 3wbg * 3ong @) (U ()
p)

o (589) 20 (10 (2 ) om

While the above formula might look extremely overwhelming, there are some
hidden simplifications that will render it considerably simpler. The integrand in
the last two lines can be rewritten as

A
B w%ioibg g))j a w{)agib)g((>l sfifff(; (3.85)
e i Eorn
24c5bg) * 12£Jb)g(( )) (3.87)
24wbg)(p ( )+ 4p0'(p) Ziig [P’ (p) +4@(p)p]> (3.88)

- 24CL}bg()p)(p@”(p) +20'(p)). (3.89)
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Let us analyze separately the expressions in the four lines (3.86)—(3.89):

P (P)P(p)* d PP, (p)0(p)?

(3.86) + — o D ~dp B0 (3.90)
pwie(P)0(p)*  d pi(p)?
(3.87) — 2eong(p)? —@24ng(p). (3.91)
Next, using
ng(0)? = 30+ PP00), gt (o) = 580+ p0(0) + 5PV B), (392)
we compute
_ % _ 2(n A1 / 2 A1 ~
(3.88) = 5 4wbg(p)3< dwng(p)”(0(p) + p'(p)) + wog(P)whg (p) (P°0'(p) +4pv(p)))
P sy oy PE) (@ (p)p — 26(p))
=35 ('(P) = p) Tong ()
2
=5 0'(0) —p)dips;ﬁ (3.93)
Finally,
_ op) d 5,
(3.89) = —m@p o' (p). (3.94)
Thus
) 1> pSop)? 1
ea(1,) = —3%2/0 dp Zbggg fs (3.95)
tom [ W00 ) (3.96)
- ﬁ /O h dpwig)) C%}(292@’(23)) (3.97)
1> d PPw(P)o(p)? | d pi(p)?
+ﬁ/0 dp(dip 48w (p)? dp 24wbg(p))' (3.98)

Adding (3.80)-(3.81) and (3.95)—(3.98), and performing the integration of the deriva-
tives we obtain

A A Lo p%p)? 1
e3(1,0) + ca(1,9) = ~ 35,3 /0 dp ora(D)? + 162 (3.99)

+oo

P*o(p)*wi, (D) pi(p)? ) (3.100)

6w (p)? 3wig(p)

1 2 2.2 ~/
+@<§p Sp(P_ o'(p)) +

At the origin

s, =0(yp 1), 0(p) =14+0(p), ¥'(p) =O0®), wg(p) =0(), whe(p)=1+0(p).

Therefore, we have

p*0(p)?wi, (p) pf}(p)z}_ 1
bwig (p)? Swpg(p)d 1672’

172 R
Zl)li% 52 [§p25,2; (p - v’(p)) + (3.101)

which cancels with the positive ﬁ contribution in ¢z 4+ ¢4. At infinity instead, by
2
sp = O0(p™?), wrg(p) = & + O(p) and wy,,(p) = O(p) we find

im _ L [g ’s2(p— ' (p)) — PPO(p) wig () _ pi(p)?
prtoo 872 3P %P 6wpg ()2 3w (D
31
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We conclude that

) . 1o phi(p)?
1 1,0) = — d .
ca(1,0) + ca(l, ) 3272 /o P whg (p)?
Finally, rescaling momenta by /v and replacing the normalized potential by
a(@\g).) gives
. . . v(\/V - O(\/V -
c3(v,0) + c4(v,0) = vi(0) [03 (1, (ﬁ\((.) )> + ¢y (1, (f)\(f()) ))}
00 67 2
— _ﬁ/ ap 20w (3.103)
327%0(0) Jo  wog(p)?

Restoring the perturbative factor x and using wpg(k) = vk + O(k®) for fixed
v > 0, we have obtained:

Theorem 3.5. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
for fized v €]0,1p], the Bogoliubov dispersion relation, including the second-order
perturbative correction, satisfies

wig (k) + K (05" (K, v, D) + 652" (K, 1,8)) = kcean (1, 0) + 0 (\2) ,

k

where the coefficient ccan s given by
+oo dp U p6

Ccan(”v ’O) V - HU \f/ 3972 & ng (p)3
3.4. Proof of identity (3.53). Recall that we are ﬁxing v=1and 9(0) =1

(3.105)

Lemma 3.6. The identity (3.53) holds.
Proof. We first compute
2. N . .
(O =0 (0,00 =207(0) + 80 (0)(chse — shen) = 8((e2) — (5)2)0(0)
(3.106)

This can be expressed explicitly in terms of 9(t), 9'(t) and whg(t), wy,(t). We write
first (c})? — (s})%. We have

;a4 t 1 e(®)
Q%_“<2%wﬂ_@ (5 2m) (3.107)

/ A
Cy — 5t

(ct — St)w

and
c,+ 8, =— (3.108)

which imply
(ch)? = (s1)? =(ct — sp)(c; + 1)
T AN AR MORN (3.109)
N c—s) t o 2wne(t)) '

In the last equality above we used Equation (3.107). To derive a useful expression
for ¢jsy — sic; we write

d o

&(ct — 82) = 2c4¢) — 2845, = 0, (3.110)
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which gives us

/ /
ct+ S¢ ¢ — Sy

CySt — Sycr = €Sy — Sy¢ + choy — Sysp = PP (3.111)
t St Ct— St
Using again Equation (3.107) we arrive at
1 wi(t)
/ ! g

— =|-- . 3.112
s (t 2bg (t) (3.112)
Thus, we finally arrive at the expression (3.53). O

3.5. Comparison of weak coupling and dilute limits. Equation (3.105) pro-
vides the first-order correction in x to the Bogoliubov dispersion relation. We
emphasize that this formula is derived within perturbation theory, in the weak-
coupling regime v — k0. Our aim is to relate this result, at least at a formal level,
to the better known corrections obtained by Beliaev in the dilute regime. In that
setting, the relevant parameters are the gas density n and the scattering length a,
with the product na® assumed to be small. It is well known that, under suitable
assumptions, the scattering length can be expanded as a series in the interaction
potential, see [6, 30] and Appendix A:

4mra = k0(0)
n io(_l)kﬁk—rl / dp: ... dpy 9(P1)3(P1 — P2) - - - 0(Pr—1 — Pr)0(Pk)
= ((2m)3)* p1f* ... [px[? ’
=4r Yy kM, (3.113)
k=0

which is convergent for sufficiently regular and small potentials.
The first two terms of this series are

i(0) 1 [ dp 9(p)? :_/+°° dp
0

T A CTSERE (2m)3

o(p)?. (3.114)

All terms in the Born series beyond ag diverge in the formal flat-Fourier limit
(k) = v(0).

Recall that v = k0(0)n, wpe(p) = % + ZES; vp?. The second term in cea, can

be written as

it [~ @;(fgg? waj;p)g (3.115)
= zzg Om f%ﬁ(p)? (3.116)
_ m}(O),,/O“” 3§Z2 - iﬁ)? _ 8) (3.117)
- m}(())u/ooo 3§i2 (W - 1) ((‘fii?)ﬁ - 8) (3.118)

—m?(o)u/ooo P ﬁ(ﬁp)2< v ) (3.119)



Now ccan consists of the following terms:
Vv = ViATkagn, (3.120)
Varnk2a,

(3.116) = BN (3.121)
(3.117) = mig(;)l/ _ \/47m/£u0\7r/2n(47ma0)3 (3.122)

_ \/47ma7r2n(47ra)3 +O(m%), (3.123)
(3.118) = O(k3), (3.124)
(3.119) = O(x?). (3.125)

Now the first two terms of c.., give

V7 + (3.116) = Vamn Viag + 2’5%) (3.126)

= Vdmny/kag + k2a; + O(Iig) = Vimna + O(H%). (3.127)

Adding the contribution from (3.117), we obtain
1 :
Cean (¥, D) =V4mna <1 + = n(47m)3> + O(K3). (3.128)

Next we express the gas density in terms of the density of the condensate:

y% no.b (477/-@110)3
n=nobg + 35 = No,bg (1 + 3#) (3.129)
4 3
=N0,bg (1 + 7710’;’;(2 ma) ) +0(r3), (3.130)

672

4ma)3
Vi = /iohe <1+"0’bg(ﬂ)> +O(k3). (3.131)
Thus we can recast the correction as

7 .
Cean(V, 0) = /47N bgtt (1 + 6nZ no’bg(47m)d> + O(n%), (3.132)

which is consistent with Beliaev’s original result [2]. This essentially proves Corol-
lary 1.3

4. GRAND-CANONICAL DERIVATION

Let us describe an alternative approach to the Bose gas based on the grand-
canonical formalism. We will see that it yields equivalent description of the shift
of the quasiparticle spectrum as the canonical approach, which we applied so far in
our paper.

Let H® be the “first-principles Hamiltonian” (2.10), where we make the coupling
constant x explicit. It acts on the full Fock space I's(1?(Z1)), which includes the
zero-mode. Introduce the grand-canonical Hamiltonian

HY:=H"—N*, (4.1)

where p is the grand canonical chemical potential. We expect that at zero temper-
ature the physical system is described by the ground state of H ﬁ and its low-lying
states.
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Again, we will view H l’f as a perturbation of an appropriate quadratic Hamil-
tonian, whose choice we are now going to describe. First for a > 0 we introduce
the Weyl operator of the mode k = 0

W, = exp(—aaj, + @ayp). (4.2)

We set Q, = W) Instead of a in the sequel we will often prefer the parameter
o € Ry so that

pro L4

We compute
Id
(Qalaofa) = (Qulaga) = Y, (4.4)
k0(0)
* % * NJOLd
(Qalaoaoa) = (QalaiasQe) = (Qalagaole) = #(0)" (4.5)
L L _ o KO(0) 4
(Qa‘(H _/J’N )Qa) = _M|Oé| + 274 ‘Ck|
L T
= - Ko 4.
=5 ( ppo + 1 ) (46)

By (4.5), po is responsible for the density of the condensate.
One possibility, see e.g. [21], consists in choosing the quadratic Hamiltonian

determined by o = %7 so that , minimizes (4.6). This would mean p = .
However, we prefer to make a better choice of 1o, which will be different from pu.
For a while, we keep p as an additional free parameter, which will be fixed soon.

It is convenient to introduce new annihilation operators
W;akWa = ak — O{(Sk,o =: dk. (4.7)

They kill the new vacuum €2,. Omitting the tildes, we obtain the Hamiltonian
translated by the transformation (4.7):

HY — uN* =Hg, + Hyy + Hyg + Hyy + By + Hyy o + ViHg,, + KHE

— (1= po)N~, (4.8)
Ld N2
EL 70 _
0 lﬁZ’LA}(O) ( ) MOM) )
2 . .
L . p pod(P)\ . pod(P) [/ 4
Hbg7u0 = _ (2 + 5(0) )apap + _ 20(0) (apa_p —|-apa_p),
pPE=g PEET
1 o(p)yVHo | . .
H3L;m g Z NGO (ap+qtpaq + apagap+q) ,
pP,q9,P+qEE]
1
L ~ * *
Hy . =57d Z 0(k)ap 1 0q_kAqap-

p,a,p+k,q—keE]

The operators HOLJ, HOL72, HOL73, and HOLA (which we do not write explicitly) contain
respectively products of two, three and four annihilation and creation operators,
always including at least one normally ordered ag or ag.

Following the intuition in [35], we will start from ¢ minimizing approximately
the ground state energy of H lf More precisely, we will tune g so as to minimize the
expectation value of H f in Qpg(110), the ground state of the Bogoliubov Hamiltonian
associated with the parameter pg. Differently from the canonical approach, the
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state ng(,uo) depends now on g, whereas the canonical state was constructed
starting from v. This state can be written in terms of the shifted vacuum €, as

1 1 .
Q — 7§tanh0papa_pQ ) 4.9
)= T1 oy . (4.9
PEEL p

Now,

d
() ) = i (8 — i) + (g i, i) (410

— (1t = 10) (g (1) IN” g (o)) + K(Qog (10) | H 1y Pog (o). (4.11)

Indeed, the expectation values of the terms containing zero-mode operators and of
the cubic term vanish in Qpg(po).
Recall from (2.65) that

(g (10) | Hig 1 g (110)) = B (120) (4.12)
B e N I O
= 2; 5 <2p ey ng(f’»ﬂO)) L (413
PEET
Therefore,
d H(P) (B — wig (P, 10))
—(Q HE O = 2 & 4.14
aMO( bg(lu‘o)| bg, 1o bg(lu’o)) pEZE> @(O Qng(EMO) ( )
0
= @Eg; (512) — CpSp) - (4.15)
pez=g
Moreover,
(Qug(10)|N” g(p0)) = Y sp- (4.16)
pG:f
Thus
0
0 :%(ng(#o)\Hﬁﬂbg(uo)) (4.17)
L op)) o 9(p)
_KZ’LA}(O) (MO - ,U,) + ;> |:( ,[}(0)> Sp - mcpsp} (418)
pES
+ (ko — Z sp + Ko ng(uo)\H4 0 S20g (10))- (4.19)
pe_
Multiplying the stationarity equation by mz(do )7 we obtain
- k0(0) )\ o 9(p)
po — = 7d Z:> [(1 + 30) 55 6(0)01,3;, (4.20)

PEET

0 — f<;2130 0
- = )(L/fi0 8#0 Z % e Lo (ng(ﬂo)lHﬁiqubg(No))-

e‘—‘L

(4.21)

The term involving Hf carries an additional factor of x2. Therefore, we will drop
it. The first term in the line (4.21) carries k and p — pg, which we know to be of
the order k. Therefore, we will drop it as well.
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This justifies setting

Mo = K — KH1,
pa = % > [(60) + 0(p) 52— 6(D)cpsp). (4.22)

where sp, cp are evaluated for p19. (Actually, since o — p = O(k), cp and sp in the
definition of y1 can be evaluated at u up to errors O(k?)).

4.1. Grand-canonical energy shift. We can now compute the dispersion-relation
shift in the grand-canonical formalism. To this end, in the formula derived for the
canonical shift, we replace the canonical Hamiltonian by the corresponding grand-
canonical Hamiltonian, with py chosen as above.

88 (k, p, 0) = 05" (k, p, 0) + 857" (k, p, 0), (4.23)

with
5k, 0, 8) 1= i (g (10) [ [HE i, — i N7 Bl 0)), (4.24)

and

05" (k, 1, 0)

= lim lim_ { — (w110 i HE o | (HE o — g (6, p10) =€) [HE,, 0, il Qug (10)

— (g (p0) b H g ] (g iy + g (K, p10) — €)1 [H 0] Qg (410))
— (g (10) | HS. 1 (Hing 1y — 1€) ™ [brc, [H 1 bl (120))

() [ [EEE ) — €)™ HE o Qg (10) } (4.25)

The Fermi golden rule contribution is exactly the same in the two formalisms
after setting po = p = v (which is true after discarding terms of order x).
Let us compute the Hellman—-Feynman correction. An easy computation gives

(g (410) | [bxc, [HE 1, 0icl] g (120)) (4.26)
=(cg + si)% > s <ﬁ(0) + op — k) ;r o + k))
+ 20@}% Z CpSp (f)(p —k) ;rf)(p i k)) +O(L™). (4.27)

Even after including the contribution of the Fermi Golden Rule, this expression
remains infrared divergent (in the thermodynamic limit) as k — 0. However, we
still have to add the counterterm involving

= % Z ((6(0) +9(p)) 3?) - f)(p)cpsp) ) (4.28)
(g 110) s [N, Bl g (110) = (. + 5. (129)
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The full expression for the grand-canonical Hellmann-Feynman correction is

G5 (e 11, 0) = (g (p0) (b, [Hi g — it N7 b 0g (10)) Tio=s (4.30)

:(Ck + Sk)Qé Z cpspﬁ(p) (431)
+ (g + si)% z:; 52 (—ﬁ(p) etk ; o - k)> (4.32)
+ QCkSk% Z CpSp (—@(p) + dp 1 k) _g op - k)) +0(L™%).  (4.33)

pEET

4.2. Comparison of the grand-canonical and canonical approaches. Let us
compare (4.30) with the canonical expression for the Hellmann-Feynman term

55 (1, ,0) = (g ()] (s [HE 5. bl | Qg () =

=(cx + sk)Q% Z cpSpl(P) (4.34)
+ (e + Si)% > s (—@(p) + o(p + k) _g op — k)) (4.35)
+ 2cksk% ﬂ§€~> CpSp (—ﬁ(p) + o+ k) —; op - k)> (4.36)
(o — sk)%(k)% S 824+ 0(LY, (4.37)

PEET

where the above quantities depend on the parameter v. If we naively set v = py,
we see that the two expressions differ by the last line in Equation (4.37), which is
of the order O(k). Their difference is

6231’1711(1(7 v, @) - (L%CMLL(k, Hy ’[)) (438)
1
= — (k) (cx — sk)Qﬁ > s+ 0L +O(r). (4.39)
PEET

Let us explain this discrepancy. As we saw, the chemical potential p and the
parameter of the corresponding Bogoliubov Hamiltonian p differ by a term of order
k. They both differ by a quantity of order x from the canonical parameter v. To
determine the relationship between the grand-canonical and canonical parameters,
let us use the grand-canonical Bogoliubov ground state Qg (10):

v = (0) 10 =T (2 10) N0 10)) + (o ) N Uig(0)))  (4.40)
B0 5 aan

pPEET
(Here Np is the unshifted number operator). Equivalently,
1 N .
p=v+r 3 [v(p)sf‘, - v(p>cpsp] (4.42)
PEE]

Therefore the unperturbed dispersion relation in the canonical formalism differs
from the relation in the grand-canonical formalism by a term of order O(k): both
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are given by the same functional form as in wyg(k, 1to), but the former involves v
and the latter depends on pg. Expanding in the Taylor series we have

0
gl ) = gl o) + (o = V) oo o) [y +O(RE). (443
Now
Kk0(0
o — VvV =— L(d) Z 512), (4.44)
PEEL
_ o(k)[k[?
) wbg(kv N’O) ruo:y*Qﬁ(O)wbg(k)
k|
Ck — Sk =————. (4.45)
2wbg(k)
Hence,
(o — 1) =g (&, 10) o= — () (ck — 312y 3 2 (4.46)
0 8,“/0 bg &5 L0) po=vr k k Id ~ p° .
pc=7

We see that the correction in Equation (4.46) exactly coincides with the difference
between the Hellmann-Feynman corrections computed in the canonical and grand-
canonical formalisms (4.39). Thus, one has

an ~ 8 n “
K,(Sica‘ (k7 //[/; U) + (/’LO - V)Wng(k, MO) F},Lo:l/: Ii(sza (k? V7 U) + O(’%2> (447)
0
Since the Fermi golden rule corrections already essentially coincide, we conclude
that

KO (k, pw, 0) 4 (1o — l/)aiuowbg(k, 1o) Tpo=v= k0" (k,v,0) + O(Kk%)  (4.48)
which shows the consistency of the grand-canonical and canonical approaches.

If we compare with the canonical approach, the present derivation is, in a sense,
cleaner because we do not have to deal with dirty “tail terms”. However, the pa-
rameter p is perhaps sometimes less transparent. Indeed, one needs to renormalize
the ”effective chemical potential” p at every step of the perturbative expansion.

5. TAIL ESTIMATES

5.1. Localization of the Bogoliubov vacuum. The terms R4 ; and R4 > arise
when passing from the physical Hilbert space to the extended Hilbert space. We
call them tail terms and show that their contributions vanish in the thermody-
namic limit. The main ingredient is the exponential concentration of N§** around
nobe(L)L? in the Bogoliubov ground state.

This section contains the technical estimates needed to prove Theorem 2.4. Read-
ers primarily interested in the perturbative computation may take that theorem for
granted and skip this section.

We begin with an estimate on the fourth powers of sp.

Lemma 5.1. Fiz d = 2,3 and assume Assumption 2.1. Then

L%logL), d=2
S osh= o LB bod=2 e (5.1)
= O(L?), d=3,
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Proof. Under Assumption 2.1, the small-momentum asymptotics, continuity, strict
stability and large-momentum behaviour imply

C
sé§| E for 0 < |p| < 2m,
p
g 2
p < Csp for |p| > 2m,

with C >0 independent of L. Therefore,
[L]

Yosp<C Y S24C Y 5 <CLWmg(L)+C'L*Y ' (52)

peE; ™" PEE] pEET n=1
|p|>27 o< |p|<2m

where C’ > 0 is also independent of L. The remaining sum is O(log L) for d = 2
and O(L) for d = 3, proving (5.1). O

Next, we derive an exponential Markov bound.

Lemma 5.2. Let A be a self-adjoint operator and 0 a vector of norm 1 such that
the quadratic-form expectations

= (Qe? ), (5.3)
2= (Qle™ Q) (5.4)
are finite. If I :=[a — \,a + )], with a € R and X\ > 0, then
(g1, (A)Q) < e7A7ater e Faben, (5.5)
Proof. Integrate the pointwise inequality
Igyg, (z) <e (" 0+ e~ (@=a) ) (5.6)
against the spectral measure of A in . O

We apply this bound to N~.
Lemma 5.3. Fiz d = 2,3 and assume Assumption 2.1. Let m > 0 and
Im = [ngy (L)LY —mL* g, (L)LY + mL%]. (5.7)
For every fixed § €]0,1[ and all sufficiently large L,

m(l+d)m 4,
(g, (V)02 < exp { -T2 g1} 6.9
Proof. Fix §' €]6,1[. We apply Lemma 5.2 with A = uN~, where p > 0 is chosen
so that )
1+
e —1= + sup sf, . (5.9)
2 pEET
The uniform small-momentum expansion
g= g olpl )P0, (5.10)

together with boundedness of sp outside any fixed neighbourhood of the origin,
gives

sup sp, = ﬁL +o(L), (5.11)
pEE> 4n
L
Consequently,
1+¢ 1+¢
_rd+d) +o(L7Y), 0L |(eFH-1)s3| < LIS (5.12)

N
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For the negative sign, we also used 1 — e™2# < 2 —1.
By (2.80),

log (ng’ oEH(NT —ni (L)L) )

=— Z log (1 — (e —1)s3) F uni, (L)L
>t
PEEL’

For |z| < HT(S/’ we have

2

0< —log(l —z) 2 / LR
—log(l—2z)—xz==x v .

- & o l—wvz  — 1-¢

Applying this inequality term by term in (5.13), and using 2> pez>t 5p

yields

AT,

2 bg

( iZ#_

log (Qng| eFHINT —ng (DL g ) < 1—o

pg(L) + ——5—

Lemma 5.1 gives

o(L), d=3,

logL), d=2
log (] c=H 7 E (DI @y {0( ogL), C (L4,

(5.13)

2 = Ldnig(L)7

Z s

pe=Eyt

(5.14)

In (5.5), take A = uN~, a = unig(L)Ld and A = umL?. The preceding estimate

gives ¢; —a = o(L? ') and ¢ +a = o(L*!). Hence

m(1+6)Ym _,_ _
(ng|]1R\Im(N>)ng) < 2exp {—()Ld 1 —|—0(Ld 1)}

NG

for all sufficiently large L. After replacing §’ with 6 €]0,1[, ' > § we can absorb

both the o(L?~!) remainder and the factor 2.

O

The identity N§X* = N — N~ yields the corresponding estimates for the zero-

mode.

Corollary 5.4. Fiz d = 2,3 and assume Assumption 2.1.
a) Suppose that Assumption 2.8 holds. Let mg > 0 and
I = [n0bg (L)LY — mo L%, ng pe (L)LY + mo L.
For every fized § €]0,1[ and all sufficiently large L,

ex (1 +6 m _
(ng|]lR\Imo (NO t)ng) < exp {_()OLd 1} )

N
b) If nopg <0, then

ext
LEIJIrloo(ngUl —00,0 (NO )ng) =1

Proof. a) Since ng pg(L)L? = N — nl?g(L)Ld, functional calculus gives
(g TRy 1, (NG™)bg) = (gl gy 1z, (V7))

where
I, = [np (L)LY = mo L% ng (L)LY + moLY).
Lemma 5.3 therefore gives the claimed bound.
b) By the Cauchy—Schwarz inequality,

10,6g (L) 2 =L~ Qg |- oo 0f(NG™) NG [Qg)

(5.15)

(5.16)

(5.17)

> (1o 01 (V) ) L (g (V)2 ).

41



The pair distribution of the Bogoliubov ground state gives
L7 (g | (NG mg) = nowe (L) +2L7°0 D7 21+ 53

pe=;
O(L2logL), d=2,
= nors(L)+ {0(L3) =3

Here we used Lemma 5.1 and ) => s3 = Ldn]fg(L) = O(L%). Thus

pPE=]

L (g (N§)2g) — [0 1.
Since ngbg(L) — nobe < 0, we have ngpg(L) < 0 for all sufficiently large L.
Rearranging the Cauchy—Schwarz bound yields
—no,bg (L)
(g 1) —oo,0[ (NG ) =
\/ L=/ (Qug [(N§)2 Q)
As the left-hand side is at most 1, this proves b). O

Part a) shows that, for every fixed mg > 0, the Bogoliubov ground state is
concentrated in the spectral subspace

ﬂfmo (NSXt)HeXt.
This justifies interpreting ng e as the condensate density: when ngps > 0, the
zero-mode occupation is concentrated at macroscopically large values. Choosing

0 < mg < ng,bg ensures that I,,,, CJ0, +oo for all sufficiently large L. Consequently,
the unphysical tail 1j_ o[(N§*")pg is exponentially suppressed in L1

Remark 5.5. It is clear from the proof of Lemma 5.3 and Corollary 5.4 that one
gets similar exponential decay even for vanishing condensate densities

li 1
Lo mbgo(L) (5.18)

and for spectral intervals of the form
Img.c = [n0pg(L)LY — moLY™ ¢ ng e (L)LY + moL?71 ], e>0.  (5.19)

A complementary lower bound shows that, for d = 2,3, the power L' in the
exponential cannot be improved.

Proposition 5.6. Fizd > 1 and assume Assumption 2.1. Assume that the Bogoli-
ubov vacuum g is well defined. Then, for every A > 1 and all sufficiently large
N,

ex 21 —
(ng|]1]foo,0[(N0 t)ng) Z eXp {—)\n\/DLd 1} .
Proof. Let (ki); = 2% 70;,1. The marginal distribtution of Ny, is geometric. Thus

x ¥+

(Vg o001 (V™)) = (Vv Ty 1 ey (Vi) ) = (sanh? ) F/1

As L — +00, ki — 0. Therefore, we can expand
47

/oL

tanh? 6y, =1 — (L7h.

Consequently,
2
—\/i;nLd—lu +o(1))
For each fixed A > 1, the claimed lower bound follows for all sufficiently large

N. ]
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For d = 1, this proves

__27mn

. . ext > N .
l}\I’ILlélof(ngUl]—oo,O[(No ) g) > € >0

Thus the unphysical tail does not tend to zero in dimension one.

The estimate in Corollary 5.4 remains valid after applying a fixed number of cre-
ation and annihilation operators and inserting a polynomial weight in the extended
zero-mode occupation number.

Proposition 5.7. Fix d = 2,3 and suppose that Assumptions 2.1 and 2.3 hold.
Let mg > 0 and o > 0 be fized, let mg > 0 be a fixed integer, and set

I = [n0pg L — moL? no pg L + mo LY. (5.20)
Then, for all § €]0,1[ and, for all sufficiently large L,

(e, i, Dog [ ING™ B, (NG, -+ ax,, W)

m

< exp {—W(lj/g)m%dl} . (5.21)

The estimate is uniform in kq,... .k, € Ez, including repeated momenta, and in
the choices af, € {ax,a}}.

Proof. Let s be the number of creation operators minus the number of annihilation
operators, so that |s| < m. Since N§&¥* = N — N~ spectral calculus gives

|N0eXt|a]1R\Im0 (NSXt)al?(l .. a’]?(m = a,?kl LR al?(m |]\/v§xt - Slaﬂ(R\1m0)+s(N8Xt).

Successively applying the usual creation and annihilation bounds on each eigenspace
of N~ yields

0< (ai’(m)* _ (al?(l)*aiil ~--a?km <(N” +m+1)™

This product commutes with N~ and N§**.
We first bound the polynomial moments needed below. Equation (2.80) implies,
for sufficiently large L,

N> 1 2 —
log(Qpglet? Qpg) = ~3 Z log(1— (ez? —1)s3) < CL d Z s3 < C.
PEET pPEET

Since N = O(L%) and for any r > 0

N>\’ >
<Ld) < De'rt (5.22)

For some positive constant D,. > 0 independent from L, we obtain
(Qg|(N + N~ +m+1)" Q) < C. LY, 7>0,

where C,. > 0 is again independent from the volume. In particular, using the
preceding operator bound and then Cauchy—Schwarz, the matrix element in the
statement is at most

[ING = 5] (ay,, )" - (ag, ) ag, - ag, Dng]| HH(R\IMO)+3(N3Xt)ngH
< (Qug|(N+ N~ +m + 1)2(m+a)ﬂbg)§ H]I(R\Imo)—&-s(NSXt)ngH

< OLd(era)

‘H(R\Imo)-&-S(NSXt)ngH :

The polynomial factor in L can be absorbed into the stated exponential rates by
applying Corollary 5.4 with a smaller 6 € (0,1). This proves the claim. O
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5.2. Estimates for the tail remainders. Throughout this subsection, the exter-
nal momenta are bounded away from zero, and limits are taken along admissible
lattice momenta. In addition to the preceding assumptions, we assume the uniform
summability bound

. 1 N
llinsupﬁ Z |U(P)|(|Cp5p| + Si) < oo.
— 00

pEET

It holds for d = 2,3 under the additional Assumption 3.1 by standard Sobolev
inequalities.

The following lemma shows that the Hellmann-Feynman contribution of Ri2
vanishes in the thermodynamic limit. We retain the operator ordering in its defi-
nition in Section 2.6.

Lemma 5.8. Fiz d = 2,3 and assume Assumptions 2.1 and 2.3, together with the
uniform summability bound stated above. Let

1 1
L —_ X X X -~ *
Ry =574 < NSNSt — 1) — N§* + 2) E_> o(p)Ap + hec.
PEET
Then
lim | (50| RE 265 20s) — (Do RE20) | = 0.
L—oo

Proof. Let
f@) = Vp@ = 1) -z + %

As x — 400, this function satisfiesf(x) = O(:z:_l), fla+1)—f(z) = O(x_g), fla+
1) —2f(x) + f(x — 1) = O(x™3). Since [N§**, Ap] = 2A,, we have A, f(NG) =
F(N§*t — 2)Ap. Consequently, the double-commutator identity gives

* * K ~ ex *
(BicS0g | RE2bicQ0g) — (Ug| Ri2ug) = 75 Re > 2(P)(Quglbic, [F (NG — 2) Ap, b ng).
PEET
We expand the commutators as follows:
e, [F(NE = 2) Ap, bl = FINS™ = 2)[bics [Ap, il] + [bics NG = 2)][Ap, b
+ [f(NSXt - 2)7 bl*c][bb AP] + [bk7 [f(NSXt - 2)7 bl*c]]Ap‘

Using the expansion of A, in M, and Bp, together with (2.72) and (2.74), we
obtain the four identities

(g |F (NG = 2)[bic, [Ap, bic]1ng)

= — 5kCk(0pk + 0—p 1) (g FING — 2)Qg), (5.23)
(gl [brc, FING = 2)][Ap, b))
= Skck(ép’k + 57p>k)(ng|[bk7 f(NSXt - 2)]b1*<9bg)7 (5.24)

(gl [f (NG = 2), bi][brc, Ap]Qg)
:Si(ap,k + ‘prk)(ﬂbgﬁ[f(NSxt -2), blt]bikag)»

(g [bxc; [F(NG™ — 2), bic]] Ap ) (5.25)
=55 (Dngllbic, [F (NG — 2), bi]] By Qbg) — spcp Qg b, [F (NG — 2), bic]|Dbg)-
(5.26)

Now, we estimate the scalar product in Equation 5.23. Choose 0 < mgy < ng g and
set
I, = [no,bng — moL?, no,bng + moLd].
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Using Proposition 5.7, the first expectation in (5.23) satisfies

|(Qug | F(NG™ = 2)Qg)| < |(QmgLs,,,, (NG)F(NG™ — 2)Qg)|

+ (gl T 1, (NS FING = 2)g)| = O(L™ ) + O(eL). (5.27)
Thus
L > D) (Ol FNG — 2)lbw, [Ap, bil]2g) = O(L2).
PEE]

Similarly, it follows that
(g [bic, [F(NG™* = 2), b1 g)| = O(L™2%),
(g |[f (NG = 2), bi]b*  Qg)| = O(L 2%,
(g [brc, F(NG = 2)]bi g )| = O(L2).

The remaining sum over momenta is controlled by the Kronecker deltas for the
first three terms, and by the uniform summability assumption for the fourth one.
Consequently,

1 . « N _

o D () (gl b, [FNG = 2)Ap, i) = O(L ™),
pEET

which proves the lemma. O
An analogous proof shows

Lemma 5.9. Under the assumptions of Lemma 5.8, let

Riy =572 <\/N+ Nog —1) - \/Ngxt(Ngxt - 1)) > d(p)A; +hee.

pPEET

Then
i | (5l BE 1i20) — (Ul B 1 200) | = 0

The same arguments apply to normalized states N bi, by, Qbg with a fixed
number of quasiparticles and momenta bounded away from zero. Commuting the
finitely many creation and annihilation operators introduces only finitely many
integer shifts and finitely excited vectors, to which the same tail estimates apply.
Thus the conclusions of Lemmas 5.8 and 5.9, as well as those of Lemmas 2.5, 2.6
and 2.7, extend to these states. In particular, neither Ri , nor Rf, 5 contributes to
the Hellmann—Feynman correction in the thermodynamic limit.

6. ESTIMATES ON PERTURBATIVE CORRECTIONS

In this section we give rigorous proofs of the main results of our paper presented
in Section 3. First we analyze rigorously the Hellmann—Feynman contribution to
the energy shift for low momenta. In the following subsections we will make rigorous
the arguments leading to Proposition 3.4 about the Fermi golden rule correction,
and thus, to Theorem 3.5 about the dispersion relation shift in the canonical setting.
Several auxiliary functions are introduced in Subsections 6.2 and 6.3. In Subsection
6.4 we partition the integration domain into three regions adapted to the singular-
ity structure of the integrals. The corresponding contributions are estimated in
Subsection 6.5.
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6.1. Estimates for the Hellmann-Feynman term.

Remark 6.1. (v—dependence) We study the small-momentum asymptotics of
552" (k, v, 0) and 05*"(k, v, 0) in the regime P}l — 0. Since we will eventually con-
sider the dilute scaling v +— kv and the limit kv — 0, see Sec. 3.5, we must keep
track of the dependence on v.

After the rescaling p — /v p, the Bogoliubov dispersion relation becomes

sV =y [T + e (6.1
Thus, apart from explicit powers of v, the remaining dependence on v enters through
9(y/v ). Notice also that each derivative of the potential with respect to the rescaled
variable produces an additional factor of 1/v.

Accordingly, we shall perform the computation with 9(0) = 1 and v = 1. The
correct dependence is restored by multiplying by the global factor #(0)r3/? and
making the replacements

>

kn—>\%
e (/)
() 50

Before the proof of Proposition 3.2, we need the following simple lemma:

Lemma 6.2. Let d =3 and f be a radial function in L?(R?). Then

(2% [avso (f»<p> ) (6:2)
S 2/ dpf () (0" (0)p? + 20/ (D)) + o(K?). (6.3)

Proof.

w\»—*

1
2

3 1 ) A
Z / L= 1) G / dp/(p)(9;0:0)(p + vk)
Z_

/ dp (p)(0;0:9)(p) + o(k?). (6.4)

Equation (6.4) can be justified by an L?-translation continuity argument. We esti-
mate

] [pse@00m) - [awrm) [ 11 Qu(1 — [o])(D;059)(p + vk)

<[ fll2re) sup [10:0;50(- + vk) — 9;9;0| L2 (ms) (6.5)
v|<1
Now, for every g € L?(R?) and ¢ € C2°(R3),
sup, lg(- +a) —gllze <2llg —¢llzz +FIVel L2 (6.6)
ql<

By density, the left-hand side therefore vanishes as & — 0. Since |vk| < |k|, the
right-hand side of (6.5) is o(1), which yields the o(k?) remainder in (6.4).
Then,

3 A~
Z 9;0(p) = 1" (p) cos® 0 + U](?p)(l — cos? 6), (6.7)
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where 6 is the angle between p and k. Thus the main term of (6.4) is

_ 2(];;/0wdpf(p)p2 /_11d(cos9)/02ﬂd<p( (p) cos? 0 + ](3 )(1 _00829))
— (6.3). (6.8)

d

Proof of Proposition 3.2. Let us fix without loss of generality ©(0) = 1. On ac-
count of Remark 6.1 we will also take v = 1. We rewrite the Hellmann-Feynman
contribution (3.15) in the thermodynamic limit as in Equation (3.16)

L1—1>r—{-1 (ng| [bk7 [Héf2vbl*c]]9bg) =

=(ck + s1)* /dpcpspv (6.9)
o(p+k)+o(p—k
+ (ck+sk)7(27r) /dps ( o(p) + ( ) 5 ( )) (6.10)
1 N (p+k)+i(p—k
+ 2k Sk = ) /dpcpsp( o(p) + (p+k) 5 (P )> (6.11)
24 1 2
— (e — sk)0(k) @) dpsy,. (6.12)
Note that the convergence of the Riemann sums is implied by
o(p) € C* R} NLA(R?), 9;0(p) € L*(R?) (6.13)
and
5 SN2
lepsp| = O (|1|)I()I|)2)|) 7 s5=0 <U|(II))|1 ) , as |p| = +oo. (6.14)

The first line (6.9) is the infrared divergent term. The second and third lines, (6.10)
and (6.11), can be treated as in Lemma 6.2. They give

k2
(6:10) (¢t +52) g5 [ dpsie" ) + 20 ) 4 olk), (619)
(6.11) :ckska% / dpc,s, (0" (p)p* + 2p? (p)) + o(k). (6.16)

To conclude the proof we just have to re-organize the coefficients cy sk, (ck & sk)
and ¢ + si to recover the expression for ¢; and for the infrared term. Using
Equation (3.22) we have

Ck Sk :g(l + O(k?)) (6.17)
k
—sk)?=—~(1 k? 1
C N (1+0(k)) (6.18)
2
(cx + 51)% = “k]’;(k) (6.19)
After restoring the correct powers of v and 9(0), we conclude the proof. O

6.2. Bogoliubov coefficients in momentum coordinates. In this subsection,
we describe several useful properties and expansions of the Bogoliubov coefficients
Ck, Sk, and related functions. The proofs of the results in this subsection are simple
but tedious, therfore we will omit them.
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Regularized Bogoliubov coefficients. In view of Remark 6.1, we express all
momenta in units of /. Accordingly, throughout this section we carry out the
computation under the normalization v = 1 and ©(0) = 1. Equivalently, we perform

the replacements o(p) = ﬁ%‘(’;f% whg(p) = M7 Sp = Swp and cp = ¢ sp-

The coefficients ¢, and s, diverge as \/ﬁ as p — 0. Thus, it will be more

convenient to work with regularized versions of the latter coefficients in the following

c(p) =1/ 2wig(p)cp = \/\/wbg(p)Q +0(p)? + whg(p)

:\/]92 + 0(p) + wog(p), (6.21)

s(p) =1/ 2wbg(P)sp = Sign(@(p))\/\/wbg(p)2 +0(p)? — wig(p)

2

= sign@(p))\/ o+ 0(p) — wrs(p). (6.22)

Unlike ¢, and s, the regularized coefficients ¢(p) and s(p) extend to C® functions
in a neighborhood of the origin. In particular, ¢(0) = s(0) = 1. We collect their
main properties in the following lemma.

Lemma 6.3. Suppose that the potential satisfies Assumptions 2.1 and 3.1.

a) The regularized Bogoliubov coefficients satisfy the following relations for all

p € [0, 400]
c(p)® — 5(p)? = 2wig(p) (6.23)
c(p)® + s(p)* = p* + 20(p) (6.24)
c(p)s(p) = o(p) (6.25)
c(p) —s(p) =p (6.26)
c(p) + s(p) = 2%;(1) ) (6.27)

b(p)=1+r(p), ) ecOo(’) (6.28)

c(p) =1+ wbgz(p) + wbgép)Z + %p) + Re(p), (6.29)
L weg(P) | wee(p)® | T(p)

s(p) =1 — " 4 EE 4 2 4 Ra(p), (6.30)

as p — 0, where R, and R, are C? and of order O (p3) in neighborhood of
0.

We next record the large-momentum behavior of ¢(p), s(p), and their derivatives.
Lemma 6.4. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,

we have the following
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a) The rescaled Bogoliubov energy and its first and second derivatives satisfy

the following
whg (p) = Z§<1+I?<;>>, (6.31)
w@@)=p(l+0(;>), (6.32)
whe(p) = O(1) (6.33)
as p — +00.

b) The reqularized coefficients s(p), c¢(p) and their derivatives are continuous
functions satisfying

oerfiro(d) (o)

<

ﬂm=1+0(;>, smn=0<wg”+ig”) (6.35)
c=0(L). vy o (ERE IO gy,
as p — +00.

The symmetric combination of two translated Bogoliubov energies admits the
following Taylor expansion with an exact remainder:

Whg (P + €) + Whg(p — €) = 2wipg(p) + € Ru(p, €), (6.37)
Ry (p,€) = /_1 dv(1 — |[v])wpg (p + ve), (6.38)

for p > €. Clearly, R, (p,0) = wy,(p), for p > 0.
Lemma 6.4 immediately yields the following Corollary

Corollary 6.5. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then
|Ro(p,€)| < C, (6.39)
for p > € >0 and for some sufficiently large constant C' > 0.

Regularized Fermi golden rule integrands. We proceed to define regularized
versions of j(k;p,q) and k(k,p,q) in terms of the regularized coefficients ¢(p) and

s(p)-

) = \/Swng(p)ng(@)wns (k)i (k: p, ) (6.40)
<<k> s()(e(p)s(g) + c()s(p))
(1) (c(p) — s(p))(c(a)e(k) + s()s(k))
(0)(c(@) — 5(@)(cp)e(h) + 5(p)s(k))

3?‘
=
)

and

kE)x(k,p,q) (6.41)

From now on we will employ the (¢, s) coordinates 3.3.
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Expansions for J and K. Since J and K are even functions of s, and since the
potential is twice differentiable (3.1c), we obtain

J(kjt + sk,t — sk) = J(k;t,t) + k?s%S;(k,t, sk), (6.42)
K(k,t + sk,t — sk) = K(k,t,t) + k*s*Sg (k, t, sk), (6.43)
where the remainders S/ are defined as

1

Sy(k,t, sk) = %/_1dv(1 - |v|)[J(k:,t+ ot -)}" " (6.44)
Sic (ki t, k) = ;/_11 av(1 — o) [K (ke 40 -] (6.45)
If we were to set k = 0, we would obtain
(000 s (L0200 | S0alt)_ 050
+ 20" (t)wig (t) + 20(t)wig (t) — 4wy, (£)0'(t) (6.46)
Sk (0,4,0) = — S,(0;1,0). (6.47)

‘We now derive estimates for these remainders

Lemma 6.6. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Let us
introduce the function

() == |0(t)] + t|0' (t)] + 20" ()] (6.48)

Then, we can bound the remainders Sy and Sk as
1
|S(k,t,sk)| + |Sk(k,t,sk)| < C/ dv(1 — |v])®(t + vsk) (6.49)
-1
for k in a sufficiently small neighborhood of 0. In particular,
1Sy (k,t, sk)| + |Sk (k,t,sk)| < C(1+1?) (6.50)
for some sufficiently large C > 0.

We next examine the diagonal expressions J(k;t,t) and K (k,t,t). The former
can be written as

. —95 —w wog(k) t*
J(k;t, t) =20(t) [(wag(t) be (k) (1 + 4 wbg(t)> + RJ(k,t):| (6.51)
where
Rj(k,t) Zngik) wbtg(t) + 2wpg (1) (ngék) + T(:))
+ t(c(t)Re(k) + s(t)Rs(k)) + (Rs(k) — Re(k)) — r(k)k. (6.52)

Similarly, we have for K(k,t,t)

w 2
where
Pt t) <8 s ) (25 4 101

+He(t)Ra(k) + s()Ru(R)) — (Ro(K) — Ro(k) +r(B)k.  (6.54)
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The sum and difference of the remainders R; and Ry are given by

o+ R =2 0 (255 200
+ 2whg (8) (Re(k) + Rs(K)), (6.55)
Rj;— Rk = (t* — 2) (Re(k) — Ry(k)) — 2r(k)k. (6.56)

Using Equation (6.37) we can also write J(k;t,¢) and K(k,t,t) in a more useful
form:

w 2
20(0) (om0 -+ 54) -+ wng(t = k) — ang(0) (1+ 25 o)
whg(k) B .
— $°k* Ry, (t, sk) <1 + 4wbg(t)) + Ry(k,t)] = J(k;t,t), (6.57)
and
w 2
_ 2ﬁ(t) {(ng(t + Sk‘) —+ wbg(t — Sk) + wbg(k)) (1 . bi(k) Wbl;(t))
whg(k) t° B

_ s2k2Rw(t,Sk) <1 - 1 wbg(t)> +RK(/€,t)] = K(k,t,t), (658)

where in both equations we have added and subtracted a term s2k?R,, (¢, sk).
Ry and Ry satisfy the following upper bound:

Lemma 6.7. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
we have

max{| Ry (k, 6)], Ry (k, )]} < CKA(1 + 12), (6.59)
for some sufficiently large C > 0, as k — 0.
Density function h. We further define

h(t) == @ (6.60)

This function appears naturally as the density factor in the Fermi golden rule
integrals after the change of variables in Definition 3.3. We collect its relevant
properties below

Lemma 6.8. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then
h(t), W' (t) and W' (t) are continuous and bounded functions. Moreover, the satisfy

h(t) = 0 (1) . H(®=0 (;) ,

n"(t) =0 <1) as t — +oc. (6.61)

3
It will be useful to have the following expansion at hand

h(t + sk)h(t — sk) =h(t)* + s*k* Ry (t, sk), (6.62)
1 1
Ry(t, sk) =3 / do(1 — |[v])(h'(t — vsk)h(t + vsk) + h" (t + vsk)h(t — vsk)
-1
— 21 (t — vsk)h' (t + vsk)). (6.63)
As a corollary to Lemma 6.8 we get

Corollary 6.9. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then
|Rp,(t,sk)| < Cmin{1,t™*} (6.64)

for some sufficiently large constant C >0, t € [g, +ool.
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Setting k£ = 0 in (6.63) we get

W ()% — Wiy, (H)wng (8)1% — wig (t)?

Ratt,0) = whg(t)*

(6.65)

6.3. Expansions in the energy coordinates. Equations(2.1c), (3.1b) and (3.1a)
imply that p — whpg(p) is invertible in a sufficiently small neighborhood U of the
origin. We denote its inverse by w — p(w) (or w — ¢q(w) ). As p,q,k — 0, we can
therefore express j(k;p,q) and x(k,p, q) in terms of the corresponding Bogoliubov
energies. We introduce the following change of variables

Definition 6.10. = — y coordinates:

Whg\P) — Whglq
= wig(p) + wog(q), y = M’
r + yk x —yk

wog(p) = =55 wegla) = —5— (6.66)

With a slight abuse of notation, we use the same symbols J and K for the
corresponding functions of the energy variables. Thus, we write

J(k;p(x—;yk),q(x;ky>> — J(ksx + gk, @ — yk). (6.67)

We then obtain the following expansions, whose proof is essentially contained in
[23, Sec.3.2].

Lemma 6.11. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
the following expansions hold

J(k;x +yk,x — yk) = 2(x — whg (k) + R(k; 2 + yk,x — yk),

as x,k — 0, (6.68)
K(k,x + yk,x — yk) = —2(x + wpg(k)) + S(k, z + yk, z — yk),
as ,k — 0, (6.69)

where R and S are at least C? in a neighborhood of (z,k) = (0,0) and are of order
O (@2 + ).

We shall also introduce the following

_dp()?) _ (@(p(w)) 1 1

—1
- — — (n(w w)?2 . .
a2 50 2 (”mmp(w) (p( ”) pl )> (6.70)

As a consequence of Assumptions (2.1c), (3.1a) and (3.1b), f is bounded in a
neighborhood of the origin and it satisfies

flw)=(1+0w?) (6.71)

flw):

as w — 0.

6.4. Integration domain. In this subsection, we partition R? as the disjoint union
of three domains (I ;)3_,. These will depend on the momentum vector k. However,
for sufficiently small k& = |k|, their qualitative properties remain unchanged. We
also describe their representations in the energy coordinates (x,y) introduced in
(6.66) and in the momentum coordinates (¢, s) introduced in (3.35).
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We take

Lep = {p c R3|2wbg(g) < Wog(p) + wig(q) < 2wpg(k) — 2wbg(§)} . (6.72)

k
fca = {p € BO[20s(8) 2005 (5) < nelp) 4 nal). pHa <tk (07

Les:={p € R}4k < p+q < +o0}. (6.74)

Note that in Iy 1, the range of whg(p) +whg(g) is symmetric with respect to whg (k).
It is clear from their definitions that these sets are pairwise disjoint.

Remark 6.12. As will become clear from the estimate of the Fermi golden rule
contribution, the decomposition into the domains Iy 1, Ix 2 and Ix 3 is tailored to
the coordinate system best suited to each region:

Ix,1: The symmetric region around the pole of the Fermi golden rule integral.
Energy coordinates are convenient here because they resolve the behavior
near the pole.

Iy 2: The transition region between the near-pole domain, whose boundary is at
distance O(k?®) from the pole, and the large-momentum region, which is
at distance O(k) from the pole. This region is still best treated in energy
coordinates.

Iy 3: The large-momentum region. In this case the boundary of the integration
domain is simpler in momentum variables.

The following lemma describes the minimum of wyg(p) + whe(g) and its distance
from wpg (k).

Lemma 6.13. Fiz ©9(0) = 1 and v = 1. Suppose that the potential satisfies As-
sumptions 2.1 and 3.1. Then, we have

J,E}R% (whg (P) + whg(P — k) = 2whg <12(> < whg (k). (6.75)

Moreover there exist sufficiently large positive constants D > C > 0, such that for
all sufficiently small k > 0 one has

Ck? < wig(k) — 2wig (5) < Dk? (6.76)

Proof. Equation (6.75) was proved in [21] using the strict convexity of p — whg(p)
for sufficiently small p. Under our assumptions, strict convexity follows from Equa-
tion (3.1le). Expanding whe (k) at the origin gives

k 3 1\ ..
Whg (k) = 2wpg | = | = — (0"(0) + = | k* + O(k®) (6.77)
2 16 2
O
Lemma 6.13 immediately implies that the three domains cover the full integration
region
Corollary 6.14. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then, for all sufficiently small k,
Le1 UlLeo Uz =R (6.78)
Proof. Ix. Let us parametrize the domain Iy ; in terms of the variables (z,y) in
(6.66). The constraint in (6.72) bounds z as

0 < 2whg (g) < 2 < 2wpg (k) — 2wpg (;) . (6.79)
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Using the small-momentum expansion of the dispersion relation, we find

ky = wig(p) — wig(a) = (0 —q) + O (p° +¢%) , as p,g =0, (6.80)
and taking into account the symmetry y <+ —y, we have

—ne(z) <y <me(@), [-me(@)mw(@)] € [-1 - O(k*), 1+ O(k*)]  (6.81)
for some continuous function 7, uniformly for € [2whe (%), 2whg (k) — 2whg (£)].
Moreover, the endpoints satisfy

» <x+’“”k(ff)) +p (x_’”’k(f”)) — K, zwbg@) <z <wg(k),  (6.82)

2 2
p (W) P (xk;k(x)) =k, wpg(k) <z, (6.83)

and
mene(i) = 228 (2 (5)) =0, (6.549)

As p — whg(p) is strictly increasing and convex in a neighborhood of 0, w — p(w)
is strictly increasing and concave. Then, we have for y > 0 that

a, (p <xgky) +p(z2ky)> <0, (6.85)
a, (p (wj;;) —p(“;ky» >0, (6.86)

in 2wpg(4) < 2 < whe(k) and wpg(k) < z respectively. Thus, by the implicit
function theorem x — 7y (z) is C® in these intervals. At z = wpg(k), nx(x) is
continuous but it has different left and right derivatives, namely

o (g (R)) = mewg(R) = ) o g () +2/(0)

= 6.87
&t e K0 - sy O
and L " . . L
i De(8) ) g (B) _ PO P lensh) o
=0 € k(p'(0) + p' (wog (k)))
I 2. The constraint in Iy » puts an upper bound on z
k
ue() = 20ns () <0< s (nglp) enala) . (659)
pt+q<4k
by expanding the dispersion relation as
whg(p) + wig(g) = (P +q) (L+0 (> +¢%))
=whg(p+9) (1+0 (P +¢°)) asp,g—0 (6.90)
one gets
sup  (whg(p) + whg()) = whg(4k) (1+0 (k7)) . (6.91)
p+q<4k
Therefore, the y integration region is of the form
—1-0(k* <y <1+ 0(k?) (6.92)
for all

k
T € |2wpg(k) *wag(g), fuik(wbg(prbg(q)) ,
pTq

where the remainder term O(k?) in the integration region possibly depends on .
Iy 3. Finally, we observe that in terms of the variables (¢, s, ¢), the domain Iy 3

simply becomes

11
Ik,3 - [2]{/’7 “FOO[X |:_§7 5

54

} % [0, 27 (6.93)



O

We conclude this subsection by locating the pole of the first Fermi golden rule
integral (3.29) and (3.30)

Proposition 6.15. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then, for all sufficiently small k, the equation

T — ng(k) = ng(p) + ng(‘]) - wbg(k) =0, (694)
does not have any solutions if p > k.

Proof. By our Assumptions on the potential (2.1c) and (3.1b), we know that there
exists a neighborhood of p = 0, say U = [0, ¢ for some ¢ > 0, such that p — wpg(p)
is strictly increasing. Moreover, by (2.1¢) we also know that

Ii)r;f;wbg(p) > 0. (6.95)
We can take k < ¢ sufficiently small so that
(k) < inf wig(p). (6.96)
Therefore, if p > k, we have
e(p) + (@) > wog(p) > min{, inf_wig(p), il wig(p)} = wnelk).  (6.97)
O

6.5. Estimates for the energy integrals. We take k sufficiently small that
Corollary 6.14 applies. We write

1 dp j(k;p,p — k)?
0(Ix;) = — =R / -
i) = =38 |, oy [wbguo) T (P — ) — g1 — 10
r(k,p,p — k)?

+ wbg(k) + wbg(p) + ng(p 7 k)‘| . (698)

In the energy coordinates of Definition 6.10,

x? — k2y? T+ k Tz —k
dp = —— yf( 2y>f< 2y>dxdyd<p. (6.99)

Estimate of d(Ix ).

Proposition 6.16. Under Assumptions 2.1 and 3.1,
k3 k
— % 3/2 A Ik
(Ix,1) = 0(0)v°0 (V3/2) ) 7 — 0.
Proof. We first set v = 0(0) = 1, as in Remark 6.1. After the angular integration,
the contribution containing J is
1 /Zwbg(k)2wbg(k/2) Fk (x)
2

. Re 1SN 6.100
12872whg (k) wig (k/2) & — wpg(k) —i0 ( )

where, using the same endpoint function 7y,

Gl o= 1 (52 ) £ (5L Slhia o+ by = b

N ()
Fr(x) ::/ ( )G(k‘,w,y) dy. (6.101)
—Nk(T
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On Iy, Lemmas 6.13 and 6.11, and local regularity, give

ck?® < wpg (k) — 2wpg(k/2) < Ck3, 0 < me(z) <C,
|J(k; x + ky, x — ky)| < Ck>, |0 (k; x + ky,x — ky)| < C,
‘G(kax»y” < Ckﬁv |8$G(k,x7y)| < Ck?)a |Fk(x)| < CK®.

Here the derivative bound follows from the smooth expression for J; also f and f’

are bounded near zero.
We only need to differentiate Fj near the pole. For

wbg(k’) + 2wbg(k/2)
2

<z < wpg(k),

the endpoint relation p + g = k, Taylor’s formula and wgg (p) = O(p) imply
ck® <@ — 2ong(k/2) < Ck(p — )* < CKmi(2)?, () > e

The inverse dispersion satisfies
3
p(w) =1+ 0w?), p’(w) = —2 (1420"(0))w + O(w?),

P (x — k;k(x)> —p (x + k277k(x)> > cakng(z) > ck?

Implicit differentiation of the endpoint relation therefore gives

p/ z+kni (x) +p/ z—kny ()
p/<(x+lj;m(ar))) p/((xigk(ﬁf)))‘ S

For & > wpg(k) in Iy 1 the endpoint relation is p — ¢ = k, and instead

/ V (%ﬂk(ﬂc)) — (%k(x))
()| = il (2=km@ s [ z+knk(z) = Ok
[p (f) Tp ( 2 ﬂ

Consequently,

Nk ()
F(x)] < / 190Gk, 2, 9)| dy + 2fy(@)| sup |Gk, 5)| < CK,
—nk(x) ly|<ni(z)
wbg(k) — 2wbg(k/2)

0 < |z — whg(k)] < 3 .

Since F}, is continuous at the pole, symmetrization gives

2whg (k) —2whg (k/2)
Re / _ B
2

wig (k/2) T — wpg(k) —ie
_ /wbg(k)—zwbgw/z) T [Fi(whg (k) + 1) — Fi(whg (k) — )] dr (6.102)
0 r2 4 €2 ' '

The right-hand side is bounded, uniformly for ¢ > 0, by

whg (k) —2whg (k/2) dr
dr+0k6/ — < CKS.
(wig (k) —2wig(k/2)) /2 T

o (whg (k) —2wng(k/2))/2
?)

0

This also supplies an integrable majorant for the limit € | 0. Thus (6.100) is O(k®).
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For the second channel, K (k;x + ky,z — ky) = O(k) and & + whg(k) > ck on

Iy1. Hence
1 2wpg (k) —2wpg (k/2) Mk ()
/ dz / dy
2

1287T2ng(k) Whe(k/2) —np ()
« x+ky f r—ky\ K(k;z + ky,z — ky)?
2 2 z + whg (k)
C k> .
< —k— =Ck. 6.103
<z k2 (6.103)
Restoring the factor #(0)%/2 and replacing k by % proves the claim. (]

Estimate of §(Ix 2).

Proposition 6.17. Under Assumption 2.1 and 3.1,

5(lhez) = Wk(HO(lf))’ LI

1672 v N{Z
Proof. Again we take v = 9(0) = 1. On Ik o,
T — whg (k) > wig(k) — 2wig(k/2) > ck?, (6.104)
T + wpg(k) > ck. (6.105)

In particular, there is no pole. Lemma 6.11 gives R, S = O(k?®) and the exact square
expansion
J(kix +ky,x —ky)?  K(k;z +ky,x — ky)?
x — wpg(k) z + wpg(k)
=8z + 4(R(k;x + ky,x — ky) — S(k;x + ky, z — ky))
R(k;x + ky,x — ky)?  S(k;x + ky,x — ky)?
x — whg (k) x + whg (k)

=8z + O(k%). (6.106)

We integrate this expression in the momentum coordinates (t,s). Uniformly for
k/2 <t <2k and |s|§%
T = wWhg(t + ks) + wpg(t — ks) = 2t + O(k?),
h(t + ks)h(t — ks) = 1+ O(k?), dp = 2(t* — k*s?) dp dt ds.
Thus the momentum integrand on Iy > satisfies
h(t + ks)h(t — ks)[8z + O(k®)] = 16t + O(k®).

Since the lower energy cutoff is k + O(k?), the actual domain satisfies, after the
angular integration,
11 11

1 k/2,2k[x]|—=, =].
23] € D C [k/2,2kx[ 1. ]
The omitted strip has area O(k?). Its leading integrand is O(k), while the integrated
remainder is O(k3)O(k) = O(k‘4). Therefore

dt : ds 16t k*
0(Jk,2) = TR AT gk /k /—5 s16t + O(k")

[k/2 + CK3, 2k[x[—

 30K% + O(k4 15 3
= =— k4 O(k°).
3212w (k) 1672 + O
The rescaling of Remark 6.1 gives the stated result. ]
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It remains to estimate d(Ix3). For this purpose it is convenient to use the
momentum coordinates introduced in Definition (3.35). With this coordinates, the
relevant integral (v = ©(0) = 1)becomes

11 e rE 12 — k252
0(Ixs) = ——~— dt d
( k73) wbg(k) 3272 /2k ~1 wag (t + Sk) Whg (t - Sk)
J (k;t + sk, t — sk)? K (k,t + sk,t — sk)?
Whg (t + k) + whg(t — sk) — whg(k)  wpg(t + sk) + whg(t — sk) + whg (k)

(6.107)

To determine the small k-behavior of this integral, we expand the last line of
Equation (6.107) using (6.57) and (6.58). As a preliminary step, we write it as

J(k;t,t)? N K(k,t,t)? (6.108)
Whg (t + sk) + whg(t — sk) —whg(k)  whg(t + sk) + whg(t — sk) + wpg(k)
+ Senite (K, t, sk) + Rs(k, t, sk), (6.109)
where we have defined the shift term
Senite (k. t, sk) == 4k>s*6(t) (S (k. t, sk) — Sk (k,t, sk)). (6.110)

Expanding the squares in (6.42) and (6.43), and then using (6.57) and (6.58), gives
the exact remainder

O (t)whg (k)12
Ry(k,t, sk) = Wk‘zs? (Sy(k,t, sk) + Si(k, t, sk))
g
n 49(t)k?s%S ;1 (k, t, sk)
Whg (t + sk) 4+ whg(t — sk) — wg(k)

X [Ry(k,t) = K2R, ) (1 * Wﬂ

k*stSy(k,t, sk)?

6.111
+ wWhg (t + k) 4+ wpg (t — sk) — whg (k) ( )
n 49(t)k?s2 Sk (k, t, sk)
wbg(t + Sk) + Whg (t — Sk) + wbg(k)
212 _ whg (k)t? _
X [s K2R, (t, sk) (1 1oy )~ Rl t)}
k*s*Sk (k,t, sk)? (6.112)

+ .

Whg (t + sk) 4+ whg(t — sk) + wig (k)

To extract the same infrared term as in the Hellmann—Feynman contribution, we
first use c(k) + s(k) = 2“bg7(k) in (6.55). This gives the exact identity

Rj(k,t)+ Rk (k,t) = o');iik)(j)tg + Awpg (t) (wbi(k) _ 1) )

Together with

Jons(R) e (g N’
k k2 k ’
this allows us to absorb t2he entire sum R ;+ Rg into the main term and a remainder
containing (“""T(k) - 1) . The diagonal contribution (6.108) is then decomposed
exactly as
(6.108) = Smain(k, t) (6.113)
— 80(t)%s?k? Ry, (t, sk) + S3(k, t, sk), (6.114)
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where
whg(k)? | (1) wug(k)*t!

main\v, =169 2 A1
Shmain (k, t) 60(t)“whg(t) 12 ongll) (6.115)
and

20(t)*t?

Sg(k,t,sk) = U( ) wbg(k) (RJ(k,t) — RK(k,t))
whg(t)
()24
_ o(t)"t Rw(tvSk)szwbg(k)zkz
2wpg (t)?
2
— 166(t)2wpg (1) (“bi(k) - 1) (6.116)
2 2
Rty = 2R sy (14 588
+ 40(t (6.117)
Whg (t + 5k) + whg(t — sk) — wpg(k)
2y 72
[Ric (k) = 522 Rt k) (1= 52000 )]
+ 40(t)? = (6.118)
Whg (t + k) 4+ whg (t — sk) + whg (k)

Estimate of §(Ix3). We work in the normalization ¥ = ©#(0) = 1 and retain

Assumptions 2.1 and 3.1.
The boundedness and continuity of v, its behavior at the origin, and stability
imply
CT'H(1+1t) Swhe(t) < CHL+1t),  t>0.
Throughout the estimates, 0 < k < kg < is sufficiently small, ¢ > 2k, and |s| < %

Constants may depend on the fixed potential but are independent of k. ¢, s.
We shall use

Whg(t + sk) + whg(t — sk) £ wpg(k) > C7H(1 + 1), (6.119)
c
— <
Wt + sk)h(t = sk) < T
t2
——— < Cmin{t, 1}.
whg(t) ~ 1)

For small ¢, the first inequality follows from wpg(t) =t + O(t?) and 2k < t. Away
from the origin, the explicit expression of wyg give the same bound.
We also recall the exact Taylor formula for the density factor:

h(t + sk)h(t — sk) = h(t)? + sk* Ry, (t, sk), (6.120)
where
1 1
Ry (t, sk) =5 / dv (1 — |v]) {h”(t + vsk)h(t — vsk)
—1
+ h(t +vsk)h" (t — vsk) — 2R/ (t + vsk)h' (t — vsk)]|. (6.121)
By Lemma 6.8 and Corollaries 6.5 and 6.9
|Rp(t,sk)| < Cmin{1,¢t"*}, |R.(t,sk)| < C. (6.122)

The following four lemmas estimate the main term, S3, the shift term Sgp;, and
R3, respectively.
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Lemma 6.18. Under Assumptions 2.1 and 3.1 wuth v = 9(0) =1,

L / dt 2dsh(t+sk)h(t—sk)[smam(k,t)
2

3212w (k) Joi 1
— 80(t)2s2k2R,, (¢, skz)} (6.123)
= —cip(k, 1,0) + kcmain(0) + o(k), k—0. (6.124)
Here
o wpg(k) /°° o(t)%t?
. 1 = 12
cir(k,1,0) ok | dt WOk (6.125)

as in (3.24), and

2 24w

00 ~ 246 o] ~ 242
7/ dt  o(t)?t +/ dt o(t)?t Ru(t.0).
0 0

3272 wpg(t)3 4872 wpg(t)?

Cmain (0) = . /Ooo dt2 @(t)gwbg(t)Rh(t,O)

Proof. The first term in Sy, gives the exact decomposition

wbg ~ 2
el /Qk dt/édsh (£ + sk)h(E — sk)3(t) wng(t)

:wbg(k) 2k t%(t)2

dt 6.126
2m2k2 be (t) ( )
3
“bg / dt / ds s2 Ry (t, sk)i () 2wpg (t) (6.127)
2k 1
- cir(k, 1,0). (6.128)
Since i:gi(z)z =t + O(t3) at the origin,

(6.126) = — + O(K?).

w2
Moreover,

| Ry (t, sk)i(t)2wpg(t)| < CO(t)* min{1, 2}
This is an integrable upper bound independent of k,s. Thus dominated conver-

gence, together with wpe(k) =k + O(k?), yields

(6.127) =

- 24];2 /OOO dt 9(t)wg (t) Ra(t, 0) + o(k).

For the second term in Sp.in, use the exact identity

wog (k)20 (t)?h(t + sk)h(t — sk) o)
2 2 2 t4
= wig(k)?0(t)*h(t) O (6.129)
+ whg (k)2 s2k20(t)? Ry (t, sk)wbt4(t). (6.130)

The absolute value of (6.130) is bounded by Ck*%(¢)? min{1,¢=2}. Its contribution

after integration and multiplication by wpg (k) ™! is therefore O(k®). The integrand

in (6.129) is O(t3) at the origin and O(9(¢)?) at infinity. Extending its integral from
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[2k, 0o[ to [0, oo[ therefore changes the energy contribution by O(k®). Replacing the
remaining factor wye(k) by k introduces an O(k?) error. Consequently,

_ wog(k / dt/ dso(t)2h(t + sk)h(t — sk) a
sr2 o )y D)

_ o(t)*t° 3
S /0 @t g + O,

The explicitly retained R, term is handled by dominated convergence, using
h(t + sk)h(t — sk)| Ry (t, sk)| < C(1 +t2)~1

2 o 13 )
4W%bg(k)/% dt _%dss O(8)2h(t + sk)h(t — sk) Ru(t, sk)

_ 48];2 /Oo dt m}zw(w) +o(k).

Combining these three contributions proves the stated formula for cpain. O

Lemma 6.19. Under Assumptions 2.1 and 3.1 wuth v = 0(0) =1,
/ dt/ ds h(t + sk)h(t — sk)|S3(k,t, sk)| < Ck*(1 + |logk|) = o(k).
whg (k) Jok 1

Proof. We first estimate the three terms in Equation (6.116). By (6.56), |R;(k,t)—
Ry (k,t)| < Ck3(1 + t?). By corollary 6.5 we have

0(t) 2R, (t, sk) 2

21.2
Znglty? R

< Ck*o(t)?.

Moreover, %ET(IC) —1=0(k?), so that

160 () 2wpg (1) (“’bjg(k) - 1>2 < k()% (1 + 12).

Thus the absolute value of the three terms in (6.116) is at most Ck*5(t)2(1 + t2).
Multiplying by the h(t + sk)h(t — sk) and integrating gives an O(k?) contribution,
because © € L?(0, 0).

For the two square terms (6.117), (6.118), Lemma 6.7 and the bounds above give

whg (k )tQ)

< CEY (1 +t%)?,
4wbg(t) ( )

‘RJ(k,t) — s’k%R,,(t, sk) <1

‘RK(k,t) — $2K2R,(t, sk) ( wog (k >t2> < CKY(1+t2)2.

4wbg(t)
It follows from the lower bound in (6.119) that

IR
dt ds h(t + sk)h(t — sk)|S3(k,t, sk
o) S VS ( )h( )195( )l
1+ ¢

§0k3/wﬁt2dt+0k3/mdtﬁt2
0 ®) 2% ®) t(1+41)
<COk? (1+|logk+/ f;(t)th>.

1

This proves the assertion. O
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Lemma 6.20. Under Assumptions 2.1 and 3.1 wuth v = 9(0) =1,

1 o 3
3212w (k) /2 dt [ dsh(t + sk)h(t — sk)Senie (k. L, sk) = kcsnie (0) + o(k),

k -3
where
00 b 2
Cshi&(f)):—4817TQ/0 dt&SJ(O;t,O)

1 18I (¥ (Hwig(t) | d(Bwig(t)  wig(DE(E)

__487r2/ d [wbg(t)Z( t e T gt )
20(0)t% 1, o L
oo (7 Oelt) + D00 — 2t (00 <t>)] .

Proof. We use the function ®(t) = |8(t)| + t|o'(¢)| + 2|0 (¢)|. By Lemma 6.6,
h(t + sk)h(t — sk)s*|0(t)S s/ k (k. t, sk)|

<Clo(t)| min{1,¢~2} /11 dv (1 — |v])®(t + vsk). (6.131)

On any interval [z, 00[, z > 1, Cauchy—Schwarz bounds, bound the integral of the
right-hand side by

c(/jf’(;fdt)j(/m ?j[/ dv (1 — [v])® (t+vsk)r)é |
_c (/‘” @(;)2 dt) ’ (/:Ok 0 _d;k? /1 dv (1 — [v])®(¢ + vsk)z) ’
o [T8Ea) ([T ) < 6132

where we first used Jensen inequality and then we changed variable t + vsk — ¢ in
the third one. The first factor in (6.132) goes to zero as © — +00, and both factors
are uniformily bounded in s, k.

For each fixed ¢ > 0, continuity of S,k gives

SJ(k,t,Sk) —)S](O;t,O), SK(k,t,Sk) —>SK(O,t,O).
On every bounded interval, (6.131) is uniformly bounded, including near the ori-

gin. Dominated convergence there, together with uniform smallness of the tails in
Equation (6.132), proves

lim [ dt [ dsh(t+ sk)h(t — sk)s*6(t)S,, x (k. t, sk)
k—0 2k 7%
1 o0

Using Sk (0,¢,0) = 7SJ(O't 0) we consequently obtain

/ dt/ ds h(t 4 sk)h(t — sk)Ssnitt (K, t, sk)
2k 5

2k?
== dth(t)%(t)SJ(o;t,O)+o(k2).
0
Multiplication by —m proves the assertion. The explicit formula for cgpist
follows from (6.46). O
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Lemma 6.21. Under Assumptions 2.1 and 3.1 wuth v = 9(0) =1,
1
whg (k)

Proof. The exact formula (6.111)— (6.112), the estimates on Ry, Rk and R, and
(6.119) imply

oo 1
/ dt/2 dsh(t + sk)h(t — sk)|Rs(k, . sk)| < CK2.
2k -1

2
whg(t)
Ck*

METET)) [\@(t)l(l +12) (18 (k. t, k)| + | Sk (k, t, 5k)|)

1S (k,t, sk)|2 + |SK(k,t,sk)|2]. (6.133)

|Rs(k,t,sk)| <Ck3|o(t)| (1S (k, t,sk)| +|Sk (k,t, sk)|)

For 2k <t <1, the potential and Sy, Sk are uniformly bounded. Hence

Ck*
|Rs(k,t,sk)| < Ck3t + — (6.134)

whose integral, divided by wyg(k), is bounded by Ck? + Ck3|log k.
For ¢t > 1, Lemma 6.6 and (6.132) give, uniformly in &, s,

/ %(ISJ(kmsk)\ + ISk (k,t, sk)|)* < C. (6.135)
1

Moreover, Cauchy—Schwarz yields

[ atlo01(185G6 500 + [Siclh 1. 58))

2

< (/100 26(1)? dt)é (/100 Y 155k, t, sk)| + |5K(1~c,t,sk)|)2)é <C (6.136)

Since ﬁz(t) and (1 +#2)(¢(1 +t))~! are bounded on this interval, its contribution
g

; C(k>+k*) 2 : : ;
is at most TR < Ck*. Moreover, The density factor is uniformly bounded.

Combining the two intervals proves the assertion. O

Combining the four lemmas with (6.107), we obtain, in normalized units,

6(Le,3) = —cir(k, 1,0) + k(Cmain (9) + coniee () + o(k).

Since the contributions from Iy ; and Iy o are, respectively, o(k) and — 11657:“2 + o(k),
this convention gives

15
1672
which can be seen to coincide with the coefficient in (3.67)-(3.69) after restoring v
and 9(0) as in Remark 6.1.

63(17 ﬁ) = Cmain(’{}) + Cshift(ﬁ) -

APPENDIX A. SCATTERING LENGTH

In this appedix we define the scattering length and derive the Born series, which
allows to compute it, essentially following [30], with our notation and conventions.
Note that our definition differs from the corresponding one in [30] by a factor of 2
in front of the potential.

We start from a Schrédinger operator —A + kv (x) on L?(R?) with v sufficiently
fast decaying and spherically symmetric. First we look for a zero-energy generalized
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eigenfunction of this operator. We make an ansatz saying that this eigenfunction
has the form 1 — w(x), where w is of the order k, and has the asymptotic form

a
w(x) ~ Tl |z| = oo, (A.1)

where a is called the scattering length. Now the eigenvalue equation

(—A+rv(x)(1—w(x)) =0 (A.2)
can be rewritten as
kv = (1+kv(—A)"")(—Aw). (A.3)
Hence o
—Aw =Y (=1)"s" T (v(=A)"H) . (A.4)
n=0
In the momentum representation this can be rewritten as
— Aw(p) = ri(p) (A.5)
“+oo ~ ~ ~ ~
dpi .. dpy 9(p — P1)i(P1 — P2) - - - D(Pr—1 — Pr)0(P)
+ -1 kh_/k"i‘l/ s
2. (PR PRRAE
Now
—Aw(0) = — / Aw(x)dx = — lim Aw(x)dx (A.6)
R—+o0 |x|<R
= lim Vu(x) d0z = lim 2 dQp = 4ma, (A7)

R—4o0 |x|=R R—4o0 |x|=R R2

where Qg is the usual measure on the sphere of radius R and Q r is the same
measure multiplied by the outward normal vector. Setting p = 0 we obtain

4dra =k0(0)

+o00 ) A X )
)k gkt dpy...dpg 2(p1)0(P1 — P2) - - - 0(Pr—1 — Pr)0(Pk)
+ ;( 1) / (2n)3)F FERPE 7
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