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Abstract. We study the quasiparticle dispersion relation for a homogeneous
Bose gas in a large cubic box with periodic boundary conditions at zero tem-

perature. Inspired by the Bogoliubov method, we rearrange the usual Bose gas

Hamiltonian in a form adapted to perturbation theory in the weak-coupling
regime, both in the canonical and grand-canonical setting. We compute the

first non-trivial corrections to the dispersion relation in both settings. We

show that for small momenta they are linear in the absolute value of the mo-
mentum. Thus in this approximation phonons have a well-defined velocity,

which we compute.
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1. Introduction

Modern developments in the theory of Bose gases largely depend on the original
argument proposed by Bogoliubov in 1947 [8]. Within his approach, the Bose gas is
approximated by a gas of non-interacting quasiparticles, whose dispersion relation
is given by the famous formula1

ωbg(k) ≡ ωbg(k, ν) :=

√
|k|4
4

+ ν
v̂(k)

v̂(0)
|k|2. (1.1)

Here, v̂(k) is the Fourier transform of the interaction potential v(x) and ν is the
parameter involved in the so-called “c-number substitution”. (1.1) predicts a lin-
ear dispersion relation for phonons, quasiparticles with low momentum |k|. For
larger momenta, for some shapes of v̂, we have a local maximum and next a local
minimum—traditionally the corresponding quasiparticles are called maxons, resp.
rotons. It is remarkable that this picture, at least qualitatively, is validated by
experiments with 4He [31, 13] and alkali gases [53]. Neutron scattering (for larger
momenta) and sound propagation (for small momenta) in 4He allow us to measure
its quasiparticle dispersion relation, which turns out to be a rather well-defined
curve similar to its theoretical prediction. Experiments show that this relation is
remarkably sharp. In 4He we even see maxons and rotons; in alkali gases they are
typically absent.

In the strict Bogoliubov approximation the quasiparticle dispersion relation has
a precise mathematical meaning: the Bogoliubov Hamiltonian can be understood as
a system of independent harmonic oscillators with energy described by (1.1). The
Bogoliubov Hamiltonian has a well-defined thermodynamic limit, and in this limit
k 7→ ωbg(k) describes a singular shell in the energy-momentum spectrum.

Clearly, the dispersion relation (1.1) is only an approximation to the true one.
Mathematically, this is due to two factors:

(1) To obtain the Bogoliubov Hamiltonian one needs to discard various terms
from the full Hamiltonian.

(2) It is not obvious how to fix the parameter ν, which appears in the Bogoli-
ubov dispersion relation.

In our paper we compute leading corrections to the dispersion relation for weak
potentials. More precisely, we replace v with κv, obtaining a perturbative expansion
of the energy correction with the small parameter

√
κ. We compute the lowest order

correction, which has the order κ1. We prove that for low momenta this correction
is asymptotically linear. Thus in this approximation phonons have a well defined
velocity, which we compute.

The first problem that we encounter is the definition of the dispersion relation
itself. For the full system in finite volume it is ill defined—it is expected to emerge
only in thermodynamic limit. Unfortunately, we do not know how to interpret the
full N -body Hamiltonian in thermodynamic limit if we keep the density positive. In

1We will omit most of the time the dependence on ν in ωbg(k, ν) and restore it when relevant to
the discussion.
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the traditional approach of theoretical physics this problem is resolved by consid-
ering the Hamiltonian in a finite box of size L with periodic boundary conditions.
Then one considers its Green functions (time-ordered correlation functions of some
observables) and takes their limit as L → ∞. One expects to see the quasiparticle
dispersion relation in singularities of the Green functions analytically continued in
energy-momentum. This approach was pioneered by Beliaev [1, 2], who computed
the correction to the dispersion relation in the dilute limit.

In our paper we do not introduce Green functions. Instead, we consider the
lowest order perturbation theory for one-quasiparticle states in fixed momentum
sectors in thermodynamic limit. As explained in [23], this is consistent with the
approach based on Green functions.

Already in the lowest nontrivial order of perturbation theory the shift in the
dispersion relation has a small nonzero imaginary contribution. Thus quasiparticles
are unstable, and the measured dispersion relation should have a nonzero breadth.
The imaginary shift of the dispersion relation was first computed by Beliaev in [2],
and recently confirmed by one of the authors (JD), Napiórkowski and Ben Li [21].

In this paper we are interested in the real part of the shift of dispersion relation.
We will consider it in two settings: canonical and grand-canonical. We will treat
the canonical setting as the main one of our paper, even though computations in
the grand-canonical setting seem to be cleaner. However, interestingly, the final
result is simpler in the canonical setting.

In the canonical formalism, we fix the density n and we consider a sequence of
systems with n = lim

L→∞
N
Ld , where N = N(L) is the number of particles and Ld is

the volume of the box with periodic boundary conditions. The parameter in the
initial Bogoliubov approximation is taken to be

ν = κnv̂(0) = κ lim
L→+∞

Nv̂(0)

Ld
. (1.2)

In the grand canonical formalism, the number operator NL is not a constant
times the identity, and the main parameter is µ, the chemical potential. In the
Bogoliubov Hamiltonian the role of the parameter ν is taken by µ0 defined as

µ0 = κn0,bgv̂(0) = κ

〈
N0

Ld

〉
bg

v̂(0), (1.3)

where ⟨·⟩bg is the mean value in the Bogoliubov vacuum and N0 is the zero-mode
number operator. In order to compare the two approaches we use the identification

ν = κnbgv̂(0) = κ

〈
NL

Ld

〉
bg

v̂(0). (1.4)

The chemical potential µ can be approximately computed from µ0. Thus we have
three distinct parameters: ν, µ, µ0: they have the same leading value, but differ by
a term of order κ.

One of the essential ingredients in Bogoliubov’s paper is the following idea. When
we decompose the total number of particles into the zero-mode and excited modes

NL = N0 +N>, N> =
∑
p̸=0

a∗pap,

we expect that N0 is macroscopic, whereas N> is of lower order. Following the pa-
per of Bogoliubov, this is usually implemented by using the c-number substitution,
where the zero-mode operators a0, a

∗
0 are replaced by the operator

√
N0, which is

then taken to be approximately constant. This procedure is based on the idea that,
if the gas is in a condensate state, the zero-mode should be macroscopically occu-
pied, and commutators involving a0, a

∗
0 should be negligible in the thermodynamic
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limit N,Ld → +∞. In our paper we never use a direct c-number substitution.
Instead, we treat the Bogoliubov Hamiltonian as the unperturbed part of the full
Hamiltonian. This is done in a different way in the canonical and grand-canonical
settings.

In our analysis we impose appropriate regularity hypotheses on the interaction
potential v and the parameter ν, see Assumptions 2.1 and 3.1. Besides, when we
justify discarding some terms from the Hamiltonian in the canonical setting we as-
sume the positivity of the condensate density n0,bg > 0, (which holds automatically
for a small coupling constant κ) see Assumption 2.3.

Let us sketch our computations of the correction to the dispersion relation in
the canonical setting.

(1) First we embed the physical space with exactly N particles in a larger
space where the zero-mode is allowed to take negative values. This trick
goes back to Arnowitt and Girardeau [29]; see also Takano [52]. By sep-
arating the zero-mode, one identifies the N -particle space with a trun-
cated Fock space of excitations. This approach was used by Dereziński and
Napiórkowski [22], and in a closely related form by Lewin, Nam, Serfaty,
and Solovej [39]. It allows us to use the formalism of 2nd quantization and
Fock spaces.

(2) We decompose the finite-volume interaction into its diagonal and off-diagonal
parts, Vdiag and Voff; see Sections 2.3 and 2.5. The diagonal part depends on
the zero mode only through N0, whereas the off-diagonal part contains a0
and a∗0 separately. We treat the latter using the extended-space formalism
of Section 2.4, obtaining

HL =HL
bg +

√
κHL

3 + κHL
2 + κ

3∑
i=1

HL
4,i + κ

√
κHL

3,x (1.5)

+ κRL
4,1 + κRL

4,2. (1.6)

Here κ is introduced by rescaling v̂ → κv̂ while keeping ν fixed. The
operators HL

bg, H
L
2 , H

L
3 , and HL

4,i are independent of κ; HL
3,x retains a

further κ-dependence. Apart from the remainders RL
4,i, these operators act

on the excitation Fock space, made over the space of nonzero modes.
(3) A Bogoliubov transformation diagonalizes the quadratic Bogoliubov Hamil-

tonian HL
bg. Its ground state is Ωbg, and its one-quasiparticle states b∗kΩbg

have excitation energy ωbg(k).
We useHL

bg as the unperturbed Hamiltonian in the Rayleigh–Schrödinger

perturbation theory [49, Chap. XII]. At the first nontrivial order, κ, the
dispersion correction consists of two contributions: The quartic terms gives
the Hellmann-Feynman term

δcan,L4 (k, ν, v̂) := (b∗kΩbg|HL
4 b

∗
kΩbg)− (Ωbg|HL

4 Ωbg)

= (Ωbg|[bk, [HL
4 , b

∗
k]]Ωbg). (1.7)

Subtracting the ground-state correction removes the common extensive con-
tribution. In the thermodynamic limit, we set

δcan4 (k, ν, v̂) := lim
L→+∞

δcan,L4 (k, ν, v̂). (1.8)
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The cubic term yields the Fermi golden rule contribution. It has a real and
imaginary part. Its imaginary part was computed in [23]; here we study

δcan3 (k, ν, v̂) := lim
ϵ↘0

lim
L→∞

δcan,L3 (k, ν, v̂, ϵ), (1.9)

δcan,L3 (k, ν, v̂, ϵ) := −
(
HL

3 b
∗
kΩbg

∣∣(HL
bg − EL

bg − ωbg(k)− iϵ)−1HL
3 b

∗
kΩbg

)
+
(
HL

3 Ωbg

∣∣(HL
bg − EL

bg − iϵ)−1HL
3 Ωbg

)
, (1.10)

where EL
bg is the ground-state energy of HL

bg. This expression also ad-

mits a commutator representation; see [23, Sec. 2.10] and (2.99). The full
correction is the sum:

δcan(k, ν, v̂) := δcan4 (k, ν, v̂) + δcan3 (k, ν, v̂). (1.11)

(4) Subsection 2.12, and Section 5, justify discarding the remaining terms. The
contributions of RL

4,i, H
L
2 , H

L
4,1, and H

L
4,3 to the order-κ excitation-energy

shift vanish in the thermodynamic limit, while κ
√
κHL

3,x contributes only
at higher orders.

(5) We compute the asymptotics as |k|√
ν
→ 0 of δcan4 (k, ν, v̂) and δcan3 (k, ν, v̂).

Adding them up we obtain the final result.

The first main result of our paper is the computation of the phonon velocity
correction in the canonical setting:

Theorem 1.1. In the canonical formalism, the dispersion relation computed up to
the order κ has the following low momentum behaviour:

ωbg(k) + κδcan(k, ν, v̂) (1.12)

= |k|ccan(ν, v̂)
(
1 + o

((
|k|ν− 1

2

)0))
as

|k|√
ν
→ 0,

where

ccan(ν, v̂) =
√
ν − κ

v̂(0)
√
ν

16

∫
dp

(2π)3
v̂(p)2

v̂(0)2
|p|4

ωbg(p)3
. (1.13)

The computations in the grand-canonical setting are a little different:

(1) We work in the 2nd quantized formalism from the beginning, without fixing
the particle number. The basic object is the grand-canonical Hamiltonian
HL − µNL, where NL is the number operator. As already mentioned, the
basic parameter is the chemical potential µ.

(2) We separate the macroscopic zero-mode occupation from its fluctuations
using the displacement operator of the zero-mode Wα:

W ∗
αa0Wα = a0 − α, α =

√
µ0Ld

κv̂(0)
.

The corresponding Bogoliubov state Ωbg(µ0) satisfies (a0−α)Ωbg(µ0) = 0,
so that its condensate density is n0,bg = µ0

κv̂(0) .

(3) At fixed chemical potential µ, we choose µ0 by approximately minimizing
the expectation of HL − µNL in Ωbg(µ0). The stationarity condition

∂

∂µ0

(
Ωbg(µ0)

∣∣(HL − µNL)Ωbg(µ0)
)
= 0

gives

µ0 = µ− κµ1 + o(κ). (1.14)

The resulting term −κµ1N
> is essential for the cancellation of the infrared

singularities in the perturbative correction to the dispersion relation.
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(4) We decompose the grand-canonical Hamiltonian, obtaining a formula sim-
ilar to (1.5), where now the terms RL

4,i and H
L
3,x are absent. We compute

the shift—the computations are almost identical as in the canonical setting,
leading to

δgcan(k, µ, v̂) := δgcan4 (k, µ, v̂) + δgcan3 (k, µ, v̂). (1.15)

(5) Finally, we adjust µ0 to reproduce the prescribed density. At the order
considered here, the density relation is

n = nbg = n0,bg + n>bg, ν = κv̂(0)n = µ0 + κv̂(0)n>bg.

Thus we have a relationship between ν, µ0 and µ. After expressing both
the Bogoliubov dispersion and its perturbative correction in terms of ν, the
coefficient cgcan agrees with ccan through order κ.

The second main result of our paper yields the phonon velocity correction in the
grand-canonical setting:

Theorem 1.2. In the grand-canonical formalism, the dispersion relation computed
up to the order κ has the following behaviour:

ωbg(k, µ0) + κδgcan4 (k, µ, v̂) + κδgcan3 (k, µ, v̂) (1.16)

= |k|cgcan(µ, v̂)
(
1 + o

((
|k|µ− 1

2

)0))
as

|k|
√
µ

→ 0,

where µ0 is computed from µ as in (1.14) and

cgcan(µ, v̂) =
√
µ0 −

κv̂(0)
√
µ0

16

∫
dp

(2π)3
v̂(p)2

v̂(0)2
|p|4

ωbg(p, µ0)3
(1.17)

+
κv̂(0)

4
√
µ0

∫
dp

(2π)3

( |p|2
2 + v̂(p)

v̂(0)µ0 − ωbg(p, µ0)
)

ωbg(p, µ0)
. (1.18)

Let us stress that the grand-canonical and canonical pictures agree up to second
order perturbation theory in

√
κ for the phonon velocity:

ccan(ν, v̂) = cgcan(µ, v̂)(1 + o(κ)). (1.19)

Note that dispersion relation is a much finer object than extensive quantities, for
which the usual statement of the equivalence of the two pictures is usually stated.

Let us remark that when perturbation computations are performed in a naive
way, then one obtains infrared-divergent terms of the form 1

|k| in the small-momentum

limit |k|√
ν
→ 0. This was noted e.g. in [21, 23], where the imaginary part of the

shift was computed, which does not require such a careful treatment. This point
was already discussed in some of the older physics literature [1, 2, 27, 35], where it
was argued that interacting particles always exhibit a depletion of the condensate
number, so that the substitution N0 ≃ 1lN is not justified and one omits many
important contributions arising from disconnected diagrams [35].

In our computations the shifts δcan3 and δcan4 , as well as δgcan3 and δgcan4 , are given
by relatively complicated expressions. Besides, all of them are infrared singular:
they behave like O(k−1). This infrared blowup cancels when we add them to
obtain δcan and δgcan. Besides, the formulas miraculously simplify, especially in the
canonical approach.

In our paper we use the weak coupling approximation, because it has a rather
clean mathematical meaning. Unfortunately, the weak coupling regime is usually a
poor approximation of realistic quantum systems—e.g. their interactions typically
possess a hard core. For alkali gases it is more appropriate to use the dilute limit.
This is one of the reasons why this limit is more commonly used by both the
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theoretical and mathematical physics communities. Note, however, that the dilute
limit is not a good approximation for liquid helium. In particular, it does not lead
to maxons and rotons, which can be visible in the weak coupling approximation.

The dilute limit is controlled by the density of the gas n and the scattering length
a, where we take na3 → 0. For weak coupling, a can be expanded in a perturbative

series
∑

n≥0 anκ
n+1, where e.g. a0 = v̂(0)

4π . Using this we can recast the coefficient
ccan in a rather elegant form:

Corollary 1.3. In the limit κ→ 0, ν = κnv̂(0) → 0 the following estimate holds

ccan(ν, v̂) =
√
4πn0,bga

(
1 +

7

6π2

√
n0,bg(4πa)3

)
(1 + o(κ0)), as κ→ 0. (1.20)

Clearly, since ccan = cgcan(1 + o(κ)), an analogous corollary holds also in the
grand-canonical framework. The main term in Equation (1.20) is universal in the
potential and recovers the well known expression first computed by Beliaev [2].

There exists a large mathematical literature about the Bose gas. A rigorous
justification of Bogoliubov’s c–number substitution in the mean-field setting was
first established by Seiringer [50]; see also [39, 22, 32, 46] for related developments.
Corresponding results in the Gross–Pitaevskii regime were subsequently obtained
in [6, 11, 47], and extensions beyond this regime appear in [10]. Many of the results
concerning the bottom of the excitation spectrum beyond Bogoliubov theory have
recently been achieved in the Gross–Pitaevskii regime [16]. In the mean-field regime,
analogous analysis was carried out in [9, 44]. However, almost none of the rigorous
results concern quasiparticle dispersion relations. This is not very surprising, since
the concept of quasiparticle dispersion relation is mathematically difficult.

On the other hand, quasiparticles are physically important and visible in exper-
iments. Therefore, in the theoretical physics literature, they were considered very
early. The series of two remarkable papers by Beliaev [1, 2], who computed the
shift of the dispersion relation at zero temperature in the dilute limit, dates back to
1958. Beliaev used the Green functions approach in the canonical setting, organiz-
ing his computations with the help of diagrams (which were akin to, but different
from, Feynman diagrams). The grand-canonical approach has been introduced to
the Bose gas by Hugenholtz and Pines [35, Sec. 7]. Beliaev’s result was rederived
with similar methods in later papers [51, 43].

There exist a few papers that assume from the beginning that the interaction is
given by a hard core potential and apply a method of non-Hermitian Hamiltonians
[38, 42, 43, 54]. In this setting, Mohling and Sirlin [43] decomposed the interac-
tion into diagonal and off-diagonal parts, separating terms involving occupation
numbers from those involving creation and annihilation operators individually.

One can try to compute the energy-momentum spectrum of Bose gas using vari-
ational methods and quasifree states. This was first done by Arnowitt-Girardeau
[29]; see also [52, 17]. Unfortunately, this method yields an (unphysical) gap in the
spectrum; in particular, in this method it is difficult to determine the velocity of
low momentum phonons.

As we mentioned above, quasiparticles are expected to be visible only in ther-
modynamic limit. Unfortunately, this limit is difficult to control rigorously. An
attempt to study the energy–momentum spectrum in simultaneous large volume
and mean field limit was made in [22]. The imaginary part of dispersion relation
in the weak coupling regime was studied in [21], rederiving essentially the result
of Beliaev. These results concerned zero temperature. Positive temperatures pose
additional conceptual difficulties. The results of [21] were extended to low posi-
tive temperatures by the authors of this manuscript in [23] with the help of the
Araki–Woods representations.
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The Bose gas was also studied using methods of constructive quantum field the-
ory. In [3, 4], Benfatto combined a functional integral representation with renor-
malization group methods to study Green functions of a weakly interacting three-
dimensional Bose gas at zero temperature; see also [5]. At the level of renormalized
perturbation theory, his analysis recovered the phonon behaviour of the infrared
two-point function, with the sound velocity whose leading term agreed with the Bo-
goliubov prediction. The formulation was grand-canonical: the condensate density
was prescribed, while the chemical potential was adjusted through a renormaliza-
tion condition related to the Hugenholtz–Pines identity [35]. In our notation, the
identification µ = µ0 = ν therefore applied only at the leading order; the corrections
to these parameters must be distinguished beyond the Bogoliubov approximation.

A different strategy, based on techniques from quantum field theory, was de-
veloped by Galanda and Pinamonti in [25, 26], where equilibrium states for an
interacting Bose gas are constructed via a suitable resummation of perturbative
expansions.
C∗-algebraic methods have been proposed for an interacting Bose gas by Buch-

holz and collaborators in [14, 15]. It is conceivable that the results about dispersion
relations that we present in our paper could be recast in a more elegant form using
those ideas.

We now describe the organization of the paper. Section 2 is devoted to the
derivation of the effective Hamiltonian used to compute the the shift of the disper-
sion relation in the canonical formalism. Section 3 contains the computation of this
shift, which consists of the Hellmann–Feynman and the Fermi golden rule terms.
We also compute the phonon velocity and compare it with the result of Beliaev
for the dilute limit. In this section computations are done in a formal way—their
rigorous justification is deferred to Section 6. Section 4 proposes a different deriva-
tion of the shift, based on the grand-canonical formalism. Section 5 deals with the
estimates of the unphysical ”tail terms” which appear in the effective Hamiltonian
in the canonical setting. In Appendix A we recall the definition of the scattering
length.

2. Improved c-number substitution in canonical approach

In this section we will discuss how to reorganize the Bose gas Hamiltonian in
a way useful for calculations at a positive density. This derivation is based on
the canonical formalism (large but fixed number of particles). There is a second
possible derivation which uses the grand-canonical formalism (variable number of
particles and fixed chemical potential). It is contained in Section 4, and it expands
the derivation described e.g. in [21].

As a result of our derivation, the full Hamiltonian at a fixed density will be the
sum of several terms. The main term will be the Bogoliubov Hamiltonian depending
on the parameter ν. This parameter is closely related to the chemical potential,
and proportional to the density of particles. The whole construction is a refined
version of what is usually called the “c-number substitution”.

We will first discuss the first-principles N -body Hamiltonian, in Subsections 2.1
and 2.2. Then we partition it in various tems in 2.3–2.12. At the end we obtain
what can be called an “improved c-number substitution Hamiltonian”.

2.1. The first-principles Hamiltonian in infinite volume. As long as possible,
we will keep the dimension d of our system arbitrary. However, we are mostly
interested in d = 3, which we will assume in our concrete computations.

The following are our basic hypotheses on the interaction potential v for the
preliminary analysis of the Hamiltonian. These hypotheses are sufficient to ensure
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the possibility of introducing the usual Bogoliubov rotation and writing the first-
principle Hamiltonian as the improved c-number substitution Hamiltonian.

Assumption 2.1. (Preliminary hypotheses on the potential) Assume there
exists some ν0 ∈]0,+∞[ such that the potential satisfies the following assumptions
for all the possible choices of ν ∈]0, ν0]

v ∈ L1(Rd,dx), v(x) ∈ R; (2.1a)

v̂ ∈ L2(Rd,dk); (2.1b)

v̂(0) > 0, v̂(k) > −v̂(0) |k|
2

4ν
; (2.1c)

v(x) = v(−x), which implies v̂(k) = v̂(−k). (2.1d)

Remark 2.2. In the following, when assuming the validity of Assumption 2.1 for
a certain ν0 > 0, we will always take ν ∈]0, ν0] without any further mention of
this fact.

We would like to study N bosons interacting with potential v. In an infinite
volume their Hamiltonian and momentum are

HN := −1

2

N∑
i=1

∆i +
∑

1≤i<j≤N

v(xi − xj), (2.2)

PN := −i

N∑
i=1

∇i. (2.3)

They act on the Hilbert space

L2
s

(
(Rd)N

)
= ⊗N

s L
2(Rd). (2.4)

One can also consider an arbitrary number of particles, using the formalism of
second quantization. Then the Hamiltonian, number operator and the momentum
are

H :=
∞
⊕

N=0
HN (2.5)

=

∫
dx a∗x

(
−1

2
∆x

)
ax +

1

2

∫ ∫
dxdy a∗xa

∗
yv(x− y)ayax, (2.6)

N :=
∞
⊕

N=0
N =

∫
dx a∗xax, (2.7)

P :=
∞
⊕

N=0
PN = −i

∫
dx a∗x∇xax, (2.8)

acting on the Fock space Γs(L
2(Rd)) =

∞
⊕

N=0
L2
s

(
(Rd)N

)
. (Note that we abuse the

notation using the same letter N for the number operator and its eigenvalue.)
Then, it will always be possible to recover the N–body Hamiltonian by projecting
on ⊗N

s L
2(Rd). One can rewrite these expressions in the momentum representation:

H =

∫
dp

1

2
|p|2a∗pap +

1

2(2π)d

∫
dpdqdk v̂(k)a∗p+ka

∗
q−kaqap, (2.9)

N =

∫
dp a∗pap,

P =

∫
dp pa∗pap.

Unfortunately, if we are interested in a positive density of particles, these Hamil-
tonians are not very useful.
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Some quantum systems in infinite volume can be elegantly described with the
help of the C∗-algebraic approach. This works well for spin systems, sometimes also
for fermionic systems: One introduces a C∗-algebra describing quasilocal observ-
ables equipped with a dynamics given by a family of automorphisms. Then one tries
to consider a state on this C∗-algebra which describes a positive density of particles.
Unfortunately, for interacting bosons this is problematic, because physically moti-
vated dynamics often do not preserve our C∗-algebra. Maybe, this approach can
be implemented using C∗-algebras introduced by Buchholz [14, 15]. Anyway, we
will proceed with the traditional method: We will approximate the infinite volume
system with a sequence of finite volume systems with periodic boundary conditions.

2.2. The first-principles Hamiltonian in finite volume. Let us consider a
family of systems of finite size L. The space Rd is replaced with the the d-
dimensional cubic box of side length L, that is,

ΛL =
]
−L
2
,
L

2

]d
.

In order to preserve the translation invariance, ∆ and ∇ are replaced with ∆L and
∇L with periodic boundary conditions acting on L2(ΛL).

The potential is replaced by its periodized version

vL(x) :=
1

Ld

∑
p∈ΞL

eipx v̂(p),

where ΞL = 2π
L Zd is the momentum lattice corresponding to ΛL. Note that vL is

periodic with respect to the domain ΛL and, for sufficiently decaying v, vL(x) →
v(x) as L→ ∞.

Using ∆L, ∇L and vL we can define the finite volume analogs ofH,N , P, denoted
HL, NL, PL acting on HL := Γs(L

2(ΛL)), which will be the main objects of our
study.

Using the identification L2(ΛL) ≃ l2(ΞL), we pass to the momentum representa-
tion. The Hamiltonian HL, the number operator NL and the momentum PL are
given by

HL =
∑
p∈ΞL

1

2
|p|2a∗pap +

1

2Ld

∑
k,p,q∈ΞL

v̂(q)a∗k−qa
∗
p+qapak, (2.10)

NL =
∑
p∈ΞL

a∗pap, (2.11)

PL =
∑
p∈ΞL

p a∗pap. (2.12)

n > 0 is a fixed number called the density of the gas. For L > 0 we consider a
family of systems with the total number of particles N(L) such that

n(L) :=
N(L)

Ld
= n(1 + o(L0)), as L→ +∞. (2.13)

Here N(L) is the eigenvalue of the number operator NL. Thus we assume that
NL = N(L) throughout our paper, except in the section devoted to the grand-
canonical approach.

Actually, instead of the density n(L) and n we will usually prefer to use the
parameter ν(L), resp. ν:

ν(L) := n(L)v̂(0) =
N(L)

Ld
v̂(0), ν = nv̂(0), (2.14)

whose meaning is roughly the chemical potential; see Section 4.
10



In what follows, we often suppress the label L and use ν, n for both the finite-
volume quantities ν(L), n(L) and their thermodynamic limit ν, n.

2.3. Diagonal interaction. Let us introduce the operators

Np := a∗pap. (2.15)

We begin by decomposing the interaction term into a diagonal and an off-diagonal
component:

1

2Ld

∑
p,q,k

v̂(k)a∗p+ka
∗
q−kaqap = Vdiag + Voff, (2.16)

where the diagonal component is given by

Vdiag =
1

2Ld

∑
p,q

NpNq

(
v̂(0) + v̂(q− p)

)
− v̂(0)

2Ld

∑
p

Np(Np+1). (2.17)

We proceed now to separate the condensate components, i.e. the zero momentum
mode, in the diagonal component. Introducing the momentum lattice outside of
the condensate Ξ>

L := ΞL \ {0}, we have

Vdiag =
1

2Ld

v̂(0)N0(N0 − 1) + 2N0

∑
p∈Ξ>

L

Np(v̂(0) + v̂(p))

+
∑

p,q∈Ξ>
L

NpNq

(
v̂(0) + v̂(p− q)

)
− v̂(0)

∑
p∈Ξ>

L

Np(Np+1)

 . (2.18)

In the canonical formalism we can directly substitute the equality

N0 = N −
∑
k∈Ξ>

L

Nk (2.19)

inside this expression, obtaing

Vdiag =
1

2Ld

v̂(0)N(N − 1)− (2N − 1)v̂(0)
∑

p∈Ξ>
L

Np + v̂(0)
∑

p,q∈Ξ>
L

NqNp

+ 2N
∑

p∈Ξ>
L

Np(v̂(0) + v̂(p))− 2
∑

p,q∈Ξ>
L

NqNp(v̂(0) + v̂(p))

+
∑

p,q∈Ξ>
L

NpNq

(
v̂(0) + v̂(p− q)

)
− v̂(0)

∑
p∈Ξ>

L

Np(Np+1)

 (2.20)

=
1

2Ld

v̂(0)N(N − 1) + 2N
∑

p∈Ξ>
L

Npv̂(p)

−
∑

p,q∈Ξ>
L

NqNp

(
2v̂(p)− v̂(p− q)

)− v̂(0)

2Ld

∑
p∈Ξ>

L

N2
p. (2.21)

In thermodynamic limit L→ +∞, we expect that the most relevant terms are the
ones containing either a product of N with a series over momenta, or the product
of two such series. Thus the last termin in line (2.21) is expected to ”vanish” in
thermodynamic limit.
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2.4. Extended space. Recall that Ξ>
L := ΞL \ {0}. By the exponential property

of Fock spaces we have the identification

Γs(l
2(ΞL)) ≃ Γs(C)⊗ Γs

(
l2
(
Ξ>
L

))
, (2.22)

where the first factor describes the zeroth mode treated as the condensate and the
second “excitations outside of the condensate”. Let us embed the space of zero-
modes Γs(C) = l2({0, 1, . . . }) in a larger space l2(Z). Thus we obtain the extended
Hilbert space

Hext := l2(Z)⊗ Γs

(
l2
(
Ξ>
L

))
, (2.23)

where in the notation we suppress the dependence on L.
The physical space (2.22) is spanned by vectors of the form |N0) ⊗ Ψ>, where

|N0) represents N0 zero-modes (N0 ≥ 0) and Ψ> represents a vector outside the
zero-mode. The space (2.23) is also spanned by vectors of this form, where now the
relation N0 ≥ 0 is not imposed.

On Hext we have a self-adjoint operator N ext
0 such that

N ext
0 |N0)⊗Ψ> = N0|N0)⊗Ψ>. (2.24)

Its spectrum equals Z. We also define

N> :=
∑

p∈Ξ>
L

Np, (2.25)

N ext := N> +N ext
0 . (2.26)

If N ∈ Z, we will write Hext
N for the subspace of Hext corresponding to N ext = N .

For t ∈ R we will use the standard notation |t|+ := max(0, t). We will write

N+
0 := max(0, N ext

0 ) = |N ext
0 |+. (2.27)

Clearly

N+
0 ↾ Γs(l

2(ΞL)) = N ext
0 ↾Γs(l2(ΞL))= N0, Γs(l

2(ΞL)) = Ran1l[0,∞[(N
ext
0 ).

We have also a unitary operator

U |N0)⊗Ψ> = |N0 − 1)⊗Ψ>. (2.28)

Notice that both U and U† commute with both ap and a∗p with p ̸= 0. We now

define for p ̸= 0 the following operator on Hext:

ãp := apU
∗. (2.29)

Operators ãp and ã∗q satisfy the same CCR as ap and a∗q. However, they do not

commute with N ext
0 :

(N ext
0 − 1)ãp = ãpN

ext
0 . (2.30)

We extend a0 to Hext by setting a0|N0) = 0, N0 ≤ 0, and consequently a∗0|N0) =
0, N0 < 0. Note that

U∗a0 =

√
N+

0 , (2.31)

U∗N ext
0 U = N ext

0 − 1, U∗N extU = N ext − 1. (2.32)

Let Hext be the operator on Hext given by the same expression as (2.10), where
now the operators a0, a

∗
0 have the new meaning.

Hext preserves the direct sum decomposition

Hext = · · · ⊕ Ran1l{−2}(N
ext
0 )⊕ Ran1l{−1}(N

ext
0 )⊕ Γs(l

2(ΞL)). (2.33)

On the last summand Hext coincides with the physical Hamiltonian HL.
It is easy to see that all terms in Hext commute with N ext.

12



2.5. Off-diagonal interaction. The off-diagonal part of the interaction is

Voff =
1

2Ld

∑
k,q−p−k∈Ξ>

L

v̂(k)a∗p+ka
∗
q−kaqap. (2.34)

Using the shorthand

Ap = A−p = apa−p, (2.35)

A∗
p = A∗

−p = a∗−pa
∗
p, (2.36)

the off diagonal part can be written as

Voff =
1

2Ld

∑
p∈Ξ>

L

v̂(p)(A∗
0Ap + h.c.) (2.37)

+
1

Ld

∑
p,q,p+q∈Ξ>

L

v̂(p)(a∗0a
∗
p+qapaq + h.c.) (2.38)

+
1

2Ld

∑
p,q,p±q∈Ξ>

L

v̂(p− q)A∗
pAq (2.39)

+
1

2Ld

∑
p,q,k,p+q,

p+k,q−k,p+k−q∈Ξ>
L

v̂(k)a∗p+ka
∗
q−kaqap. (2.40)

Note new conditions under the sum in (2.40): p+k, q−k, p, q should be nonzero
because the zero components are included in (2.37) and (2.38); the p+q = 0 terms
are included in (2.37) and (2.39). The conditions p,q ̸= 0 under (2.39) exclude
terms which were in (2.37) and the N0 terms of the diagonal part.

Let us use the extended space, setting

Ãp := ãpã−p = U∗2Ap, p ∈ Ξ>
L ; (2.41)

and using

√
N+

0 (N+
0 − 1) = U∗2a20 = U∗2A0. (2.42)

In the extended space the off-diagonal interaction becomes

Voff =
1

2Ld

∑
p∈Ξ>

L

v̂(p)

√
N+

0 (N+
0 − 1)Ãp + h.c. (2.43)

+
1

Ld

∑
p,q,p+q∈Ξ>

L

v̂(p)

√
N+

0 ã
∗
p+qãpãq + h.c. (2.44)

+
1

2Ld

∑
p,q,p±q∈Ξ>

L

v̂(p− q)Ã∗
pÃq

+
1

2Ld

∑
p,q,k,p+q,

p+k,q−k,p+k−q∈Ξ>
L

v̂(k)ã∗p+kã
∗
q−kãqãp. (2.45)

We rewrite the first two lines of the off-diagonal potential as

(2.43) =
1

2Ld

(√
N+

0 (N+
0 − 1)−

√
N ext

0 (N ext
0 − 1)

) ∑
p∈Ξ>

L

v̂(p)Ãp + h.c. (2.46)

+
1

2Ld

(√
N ext

0 (N ext
0 − 1)−N ext

0 +
1

2

) ∑
p∈Ξ>

L

v̂(p)Ãp + h.c. (2.47)

+
1

2Ld

(
N ext

0 − 1

2

) ∑
p∈Ξ>

L

v̂(p)Ãp + h.c. (2.48)
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and

(2.44) =
1

Ld

(√
N+

0 −
√
N
) ∑

p,q,p+q∈Ξ>
L

v̂(p)ã∗p+qãpãq + h.c. (2.49)

+
1

Ld

√
N

∑
p,q,p+q∈Ξ>

L

v̂(p)ã∗p+qãpãq + h.c. (2.50)

We will see that (2.46), (2.47) are negligible in thermodynamic limit. Introducing
the parameter ν (2.14) we further transform

(2.48) =
ν

2v̂(0)

∑
p∈Ξ>

L

v̂(p)Ã∗
p + h.c. (2.51)

− 1

4Ld

∑
p∈Ξ>

L

v̂(p)Ã∗
p + h.c.

− 1

2Ld

∑
q∈Ξ>

L

Nq

∑
p∈Ξ>

L

v̂(p)Ã∗
p + h.c.

(2.49) =

√
ν

L
d
2

√
v̂(0)

(∣∣∣1− v̂(0)

νLd

∑
p∈Ξ>

L

Np

∣∣∣ 12
+
− 1
) ∑

p,q,p+q∈Ξ>
L

v̂(p)ã∗p+qãpãq + h.c.

(2.50) =

√
ν

L
d
2

√
v̂(0)

∑
p,q,p+q∈Ξ>

L

v̂(p)ã∗p+qãpãq + h.c. (2.52)

From now on we will omit the tildes from the notation.

2.6. Full Hamiltonian. Let us include also a dimensionless coupling constant κ.
We will rescale the potential as v̂ → κv̂, with κ assumed small but finite throughout
the computation. So, taking into account of this rescaling, ν(L) = κn(L)v̂(0).

The full interacting Hamiltonian in the extended space becomes

HL =HL
bg +

√
κHL

3 + κHL
2 + κHL

4,2 + κHL
4,1 + κHL

4,3 + κ
√
κHL

3,x (2.53)

+ κRL
4,1 + κRL

4,2, (2.54)
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where we have introduced the Hamiltonian operators

HL
bg :=

∑
p∈Ξ>

L

(
|p|2

2
+
νv̂(p)

v̂(0)

)
Np +

∑
p∈Ξ>

L

νv̂(p)

2v̂(0)

(
A∗

p + h.c.
)

HL
2 :=− 1

4Ld

∑
p∈Ξ>

L

v̂(p)A∗
p + h.c.

HL
3 :=

1

L
d
2

∑
p,q,p+q∈Ξ>

L

√
ν

v̂(0)
v̂(p)

(
a∗p+qapaq + h.c.

)

HL
3,x :=

√
ν

L
d
2

√
v̂(0)κ

∣∣∣1− κv̂(0)

νLd

∑
p∈Ξ>

L

Np

∣∣∣ 12
+
− 1

 ∑
p,q,p+q∈Ξ>

L

v̂(p)a∗p+qapaq + h.c.

HL
4,2 :=− 1

2Ld

∑
q∈Ξ>

L

Nq

∑
p∈Ξ>

L

Np(v̂(p) + v̂(q)− v̂(p− q))

− 1

2Ld

∑
q∈Ξ>

L

Nq

∑
p∈Ξ>

L

v̂(p)A∗
p + h.c.

+
1

2Ld

∑
p,q,p±q∈Ξ>

L

v̂(p− q)A∗
pAq,

HL
4,1 :=− v̂(0)

2Ld

∑
p∈Ξ>

L

N2
p

HL
4,3 :=

1

2Ld

∑
p,q,k,p+q,

p+k,q−k,p+k−q∈Ξ>
L

v̂(k)a∗p+ka
∗
q−kaqap,

and the ”tail terms”

RL
4,1 :=

1

2Ld

(√
N+

0 (N+
0 − 1)−

√
N ext

0 (N ext
0 − 1)

) ∑
p∈Ξ>

L

v̂(p)Ap + h.c.

RL
4,2 :=

1

2Ld

(√
N ext

0 (N ext
0 − 1)−N ext

0 +
1

2

) ∑
p∈Ξ>

L

v̂(p)Ap + h.c.

2.7. Bogoliubov rotation. The Hamiltonian HL
bg, as well as its thermodynamic

limit Hbg, will be called the Bogoliubov Hamiltonian and they will be treated as
the main part of the full Hamiltonian. It is purely quadratic, therefore it can be
diagonalized using an appropriate Bogoliubov transformation.

In fact, consider θ = (θk)k∈Ξ>
L
, a sequence of real numbers. Set

ck := cosh θk, sk := sinh θk. (2.55)

For k ∈ Ξ>
L we make the substitution

a∗k = ckb
∗
k − skb−k, ak = ckbk − skb

∗
−k. (2.56)

We choose the Bogoliubov rotation that kills double creators and annihilators,
which amounts to choosing sk as

sk = sign(v̂(k))
1√
2


1−

(
v̂(k) ν

v̂(0)

1
2k

2 + v̂(k) ν
v̂(0)

)2
−1/2

− 1


1/2

, (2.57)
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and ck =
√
1 + s2k. Note that we have sk = s−k and ck = c−k. Another useful

relation between ck and sk is

sk =
v̂(k)ν

2ωbg(k)v̂(0)

1

ck
. (2.58)

Equation (2.57) is well defined on account of Assumption (2.1c). Morever, As-
sumption (2.1a) ensures that v̂ ∈ C0(Rd). Then, we see that

s2k = O

(
v̂(k)2

|k|4

)
as |k| → +∞, (2.59)

s2k = O

(
1

|k|

)
as |k| → 0, (2.60)

and thus, sk ∈ ℓ2(Ξ>
L ) for d = 2, 3. This last property continues to hold also in the

flat Fourier limit v̂(k) = v̂(0). Moreover, sk can be also defined for k ∈ Rd, and as
a consequence of its decay properties at infinity we see that

lim
L→+∞

1

Ld

∑
k∈Ξ>

L

s2k =

∫
dk

(2π)d
s2k < +∞. (2.61)

After the diagonalization, we obtain

HL
bg = EL

bg +
∑
k∈Ξ>

L

ωbg(k)b
∗
kbk, (2.62)

PL =
∑
k∈Ξ>

L

kb∗kbk, (2.63)

where the quasiparticle excitation spectrum is defined as

ωbg(k) =

√
|k|4
4

+
v̂(k)

v̂(0)
ν|k|2. (2.64)

The ground state energy is

EL
bg = −

∑
k∈Ξ>

L

1

2

(
1

2
k2 + ν

v̂(k)

v̂(0)
− ωbg(k)

)
. (2.65)

In the following instead of HL
bg in Equation (2.62) we will use the centered version

HL
bg − EL

bg. With some abuse of notation, this will be again denoted by HL
bg.

It is convenient to introduce the operators

Mp := b∗pbp, (2.66)

Bp = B−p := bpb−p, (2.67)

B∗
p = B∗

−p := b∗−pb
∗
p. (2.68)

When we express the full Hamiltonian HL in the Bogoliubov operators, the follow-
ing identities are useful:

Np = s2p + c2pMp + s2pM−p − spcp(Bp +B∗
p), (2.69)

Ap = −spcp − spcp(Mp +M−p) + c2pBp + s2pB
∗
p; (2.70)

[Np, b
∗
k] = c2pb

∗
kδpk + s2pb

∗
kδ−pk − spcpb−k(δpk + δ−pk), (2.71)

[Ap, b
∗
k] = −spcpb∗kδpk − spcpb

∗
kδ−pk + c2pb−k(δpk + δ−pk); (2.72)

[bk, [Np, b
∗
k]] = c2pδpk + s2pδ−pk, (2.73)

[bk, [Ap, b
∗
k]] = −spcp(δpk + δ−pk). (2.74)
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The ground state of the Bogoliubov Hamiltonian HL
bg in the extended space in

the N -particle sector is

Ωbg = Uθ|N)⊗ Ω> =
∏

p∈Ξ>
L

1

(cosh θp)
1
2

e−
1
2 tanh θpa

∗
pa

∗
−p |N)⊗ Ω>, (2.75)

where Ω> is the Fock vacuum of Γs(l
2(Ξ>

L )). It is important to remark that the
operators a∗ka

∗
−k act also on |N), by lowering its value by two. In particular, the

state Ωbg sticks out of the physical space by its tail. We can further exploit the
symmetry under reflection to write

Ωbg =
∏

p∈Ξ>,+
L

1

cosh θp
e− tanh θpa

∗
pa

∗
−p |N)⊗ Ω>, (2.76)

where we have added an additional constrain

Ξ>,+
L ={p ∈ Ξ>

L |pd > 0} ∪ {p ∈ Ξ>
L |pd = 0, pd−1 > 0} ∪ . . .

· · · ∪ {p ∈ Ξ>
L |pd = · · · = p2 = 0, p1 > 0}. (2.77)

2.8. Weak coupling limit at fixed ν. All our considerations are founded on the
expectation that various quantities related to the Bose gas simplify in thermody-

namic limit. That is, L → ∞ with n(L) = N(L)
Ld → n. Note that we do not have

a limiting object at L = ∞: all our statements go through the limit of a sequence
of systems with finite L

On top of thermodynamic limit in this paper we consider the weak coupling
limit at fixed ν. This means replacing v with κv and computing the lowest terms
in perturbation theory in terms of κ, keeping ν = κv̂(0)n fixed.

Note that when the profile of the potential v and the parameter ν are kept fixed,

then ωbg(k) =
√

|k|4
4 + νv̂(k)

v̂(0) |k|2 does not change with varying κ, and has an inter-

esting shape, with phonons, and often also with maxons, rotons, etc. Therefore, in
the limit we consider it makes then sense to assume that the Bogoliubov Hamilton-
ian HL

bg yields a good approximation of our system at low energies. In particular,
we will treat Ωbg as close to the ground state of our system.

It is possible to compute the mean value of the extended zero-mode number
operator on Ωbg (for d = 2, 3 )

n0,bg(L) :=
1

Ld
(Ωbg|N ext

0 Ωbg) = n(L)− n>bg(L), (2.78)

n>bg(L) :=
1

Ld
(Ωbg|N>Ωbg) =

1

Ld

∑
p∈Ξ>

L

s2p. (2.79)

We will also need the following quantity

(Ωbg| eµN
>

Ωbg)

=
∏

p∈Ξ>,+
L

1

cosh2 θp

∑
n,m≥0

(− eµ tanh θp)
n+m

n!m!
((a∗pa

∗
−p)

n|N)⊗ Ω>|(a∗pa∗−p)
m|N)⊗ Ω>)

=
∏

p∈Ξ>,+
L

1− tanh2 θp

1− e2µ tanh2 θp
, (2.80)

which is well defined only for

eµ <
1

supp∈Ξ>,+
L

| tanh θp|
. (2.81)
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We remark that n0,bg(L) could be possibly vanishing or negative. Indeed, the
operator N ext

0 is not the physical zero–mode number operator, and in particular its
spectrum is Z. We can compute its thermodynamic limit

n0,bg := lim
L→+∞

n0,bg(L) = n− n>bg, (2.82)

n>bg :=

∫
dp

(2π)d
s2p. (2.83)

We will refer interchangeably to n0,bg(L) and n0,bg as the extended Bogoliubov con-
densate density, omitting the qualifier “finite–volume” when referring to n0,bg(L).

We now state another important assumption for the subsequent computation.
We shall refer to it as the condensate assumption, since, as will become clear be-
low, it implies that the tail of the extended Bogoliubov state Ωbg is exponentially
suppressed in Ld−1, equivalently in the number of particles.

Assumption 2.3. (Condensate assumption) Define n0,bg as above. We assume
that

n0,bg > 0.

We have n0,bg = ν
κv̂(0) − n>bg, where n

>
bg depends only on v and ν. Therefore,

Assumption 2.3 essentially says that κ is sufficiently small.

2.9. Limit ν → 0. Note that keeping ν fixed and κ → 0 means that the density
n→ +∞. So this limit involves the high density regime. One can also consider the
limit κ → 0 at the constant density n. This implies ν → 0. It is then natural to
rescale the momenta, obtaining a universal dispersion relation, which unfortunately
does not have maxons or rotons any more:

lim
ν→0

ν−1ωbg(
√
νp, ν) =

√
1

4
|p|4 + |p|2, (2.84)

lim
ν→0

s√νp =
1√
2

(1− ( 1
1
2 |p|2 + 1

)2
)−1/2

− 1

1/2

, (2.85)

lim
ν→0

ν−
d
2 n>bg =

∫
dp

(2π)d

|p|2
2 + 1−

√
|p|4
4 + |p|2

2
√

|p|4
4 + |p|2

. (2.86)

Thus, also in this limit n>bg converges to zero, so that the condensate assumption

holds. For d = 2, 3, (2.86) remains finite and can be computed explicitly. For d = 3
it equals 1

3π2 .
The regime of small ν is closely related to the dilute limit, which will be discussed

in Subsection 2.10.

2.10. Dilute limit. The material of this subsection will not be used in this paper,
except for Subsect. 3.5.

As we mentioned above, the limit considered in this paper involves the high
density regime. It is also interesting, and often physically more relevant, to consider
dilute Bose gas. One can introduce the dilute limit as follows: we keep the potential
v fixed (thus κ = 1), we take thermodynamic limit, and then we consider n → 0.
It is expected that in this limit in dimension d = 3 the natural parameter is not
ν = v̂(0)n, it is µ = n4πa, where a is the scattering length of the potential v.
Moreover, in the Bogoliubov approximation one should replace the formulas for the
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dispersion relation and related quantities by

ωbg(p, µ) =

√
1

4
|p|4 + µ|p|2, (2.87)

sp =
1√
2

(1− ( µ
1
2 |p|2 + µ

)2
)−1/2

− 1

1/2

, (2.88)

n>bg =

∫
dp

(2π)3

|p|2
2 + µ−

√
|p|4
4 + |p|2µ

2
√

|p|4
4 + |p|2µ

=
µ

3
2

3π2
. (2.89)

Note that these formulas have essentially the same form as in the limit ν → 0
described in (2.84)–(2.86).

The two approaches (the weak coupling limit with ν fixed and the dilute limit)
are consistent with one another. Indeed, in the first order of the Born approximation
the scattering length satisfies 4πa = κv̂(0) + O(κ2) Thus µ = ν(1 + O(κ)). Note
also that

n0,bg = n− 1

3π2
µ

3
2 = n

(
1− 1

3π2

√
n(4πa)3

)
, (2.90)

so that the condition n0,bg > 0 corresponds to

√
na3 <

3
√
π

8
. (2.91)

Thus for sufficiently small scattering length a the condensate assumption is satisfied.
In the literature on dimension 3, often, instead of the dilute limit, a seemingly

different limit is considered, which is usually called the Gross-Pitaevskii limit. The
size of the box L is kept fixed, the number of particles N goes to infinity, and
the potential is rescaled as vN (x) := N2v(Nx). Note that the scattering length
depends on N as a(N) := a

N . Thus µ = N
L3 4πa

(N) does not change.
The Gross–Pitaevskii limit has also been referred to as the ultra-dilute limit

[6]. Indeed, following the discussion after Theorem 1.1 in [6], one may rescale the
side length of the box by a factor of N , namely L → NL. The system is then
equivalent to an N -particle problem with a fixed interaction potential v(x) in a
box of volume O(N3). Under this scaling, the vanishing-density limit n → 0 is
taken simultaneously with the infinite-volume and large-particle-number limits. In
particular,

n = O
(
N−2

)
as N → +∞.

This differs from both our approach and the dilute limit: in both approaches the
limits ν → 0, resp. n → 0 are taken only after the thermodynamic limit at fixed
density; see 2.13. The two procedures need not to be equivalent. Indeed, the
excitation spectrum obtained in [6] retains a discrete structure, with a fixed step,
whereas the perturbative expansion developed in the present paper suggests that
the spectrum becomes purely continuous in the thermodynamic limit. Similarly, the
ground-state energy obtained in the Gross–Pitaevskii regime in [6, Equation 1.10]
differs from the prediction of the Lee–Huang–Yang formula [6, Equation 1.15].

2.11. Shift of dispersion relation. Let us now describe the main quantity com-
puted in our paper. We will choose a sequence kL ∈ Ξ>

L converging to k ∈ Rd\{0}
and consider the perturbation theory around the sequence of vectors b∗kL

Ωbg. With
a slight abuse of notation, we will drop L from kL.

The difference between the physical and Bogoliubov Hamiltonians, that is HL−
HL

bg is quite complicated and consists of several terms with different roles and

different orders in κ, see (2.54).
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Let us first consider the operators R4,1 and R4,2, which will be called the tail
terms. They depend on the condensate degree of freedom in complicated way. In
particular, they cannot be represented as good second quantized operators of the
out-of-condensate degrees of freedom. In Theorem 2.4 we will show that these terms
are irrelevant in thermodynamic limit for all low-lying eigenstates.

All the remaining terms in (2.54) HL
bg, H

L
2 , H

L
3 , H

L
4,1, H

L
4,2, H

L
4,3, H

L
3,x do not

depend on the condensate degrees of freedom. With respect to the factorization
(2.23), they can be written as

1l⊗ H̃L
j (2.92)

where H̃L
j is the corresponding “reduced” operator, acting on the modes in Ξ>

L .
In what follows, we will drop these tildes, and we will denote the reduced and

unreduced operators the same way. We will treat Γs

(
l2
(
Ξ>
L

))
as our basic Hilbert

space.
All of these operators but HL

3,x do not depend on κ. The leading behavior of

HL
3,x in terms of κ is of order 0, as we show later on. In a perturbative setting it

can be expanded in a power series in κ. Thus we expect that to study Bose gas in
the weak coupling limit at fixed ν we can use the perturbation theory for

HL
bg + κHL

2 +
√
κHL

3 + κHL
4,1 + κHL

4,2 + κHL
4,3 + κ

√
κHL

3,x (2.93)

acting on the space Γs

(
l2
(
Ξ>
L

))
.

The term κ
√
κHL

3,x yields contributions of a higher order in κ than the order
considered here, therefore we will ignore it as well.

Thus we can use perturbation theory for

HL
bg +

√
κHL

3 + κHL
4 . (2.94)

where

HL
4 := HL

2 +HL
4,1 +HL

4,2 +HL
4,3. (2.95)

The shift of the dispersion relation at order κ1 will be computed from the formula

δ(k) := lim
ϵ↘0

lim
L→∞

{(
b∗kΩbg|HL

4 b
∗
kΩbg

)
(2.96)

−
(
HL

3 b
∗
kΩbg|

(
HL

bg − ωbg(k)− iϵ
)−1

HL
3 b

∗
kΩbg

)
(2.97)

− (Ωbg

∣∣HL
4 Ωbg

)
+
(
HL

3 Ωbg

∣∣(HL
bg − iϵ)−1HL

3 Ωbg

)}
(2.98)

Note that it is the difference of the shift of the energy level of b∗kΩbg (2.96)+(2.97)
and the shift for the ground state energy (2.98).

The formula for δ(k) can be transformed as follows:

δ(k) = δ4(k) + δ3(k), (2.99)

δ4(k) := lim
L→∞

(Ωbg|[bk, [HL
4 , b

∗
k]]Ωbg

)
(2.100)

δ3(k) := lim
ϵ↘0

lim
L→∞

{
−
(
Ωbg|[bk, HL

3 ](H
L
bg − ωbg(k)− iϵ)−1[HL

3 , b
∗
k]Ωbg

)
−
(
Ωbg|[b∗k, HL

3 ](H
L
bg + ωbg(k)− iϵ)−1[HL

3 , bk]Ωbg

)
−
(
Ωbg|HL

3 (H
L
bg − iϵ)−1[bk, [H

L
3 , b

∗
k]]Ωbg

)
−
(
Ωbg|[b∗k, [HL

3 , bk]](H
L
bg − iϵ)−1HL

3 Ωbg

)}
.
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To obtain this we used

[bk, b
∗
k] = 1, (2.101)

b∗k(H
L
bg + ωbg(k)− iϵ)−1 = (HL

bg − iϵ)−1b∗k, (2.102)

bk(H
L
bg − ωbg(k)− iϵ)−1 = (HL

bg − iϵ)−1bk. (2.103)

We will argue that the Hellmann-Feynman terms involving κHL
2 , κH

L
4,1, κH

L
4,3

vanish in thermodynamic limit. So eventually, we will use

HL
eff := HL

bg +
√
κHL

3 + κHL
4,2. (2.104)

on the space Γs

(
l2(Ξ>

L )
)
as an effective Hamiltonian up to the order κ1.

2.12. Irrelevant terms for thermodynamic limit. In this subsection we discuss
various terms which vanish in thermodynamic limit, and hence do not contribute
to the shift of the dispersion relation.

The tail terms R4,1, R4,2 formally do not depend on κ and are multiplied by κ.
So, formally, they should contribute to the Hellmann-Feynman correction. However,
they vanish very fast in thermodynamic limit. This is described in the theorem
below, which will be shown in Sect. 5, where we will describe the mechanism which
causes unphysical degrees of freedom to be invisible for large volumes.

Theorem 2.4. Fix d = 2, 3 and assume the validity of Assumptions 2.1 and 2.3.
Consider the normalized k–quasiparticle vector

ψk = N b∗k1
· · · b∗kk

Ωbg, N =
∥∥b∗k1

· · · b∗kk
Ωbg

∥∥−1
, (2.105)

with momenta k1, . . .kk ∈ Ξ>
L satisfying lim infL→+∞ |ki| > 0. The Hellmann-

Feynman corrections at order κ1 arising from the remainder terms RL
4,1 R

L
4,2 are

zero in the thermodynamic limit. That is

lim
L→+∞

(
(ψk|RL

4,1ψk)− (Ωbg|RL
4,1Ωbg)

)
= 0, (2.106)

lim
L→+∞

(
(ψk|RL

4,2ψk)− (Ωbg|RL
4,2Ωbg)

)
= 0. (2.107)

The following three lemmas show that the Hellmann-Feynman contribution aris-
ing from HL

2 and HL
4,1 and HL

4,3 are vanishing in the thermodynamic limit. We will
always assume the potential to satisfy Assumption 2.1 and d ≥ 2.

Recall that

HL
2 := − 1

4Ld

∑
p∈Ξ>

L

v̂(p)A∗
p + h.c. (2.108)

Lemma 2.5. We have

(b∗kΩbg|HL
2 b

∗
kΩbg)− (Ωbg|HL

2 Ωbg) = O(L−d). (2.109)

Proof. We rewrite the left hand side in the commutator form and use (2.74):

(Ωbg|[bk, [HL
2 , b

∗
k]]Ωbg) = − v̂(k)

4Ld
4skck = O(L−d). (2.110)

□
Recall that

HL
4,1 := − v̂(0)

2Ld

∑
p∈Ξ>

L

N2
p. (2.111)

Lemma 2.6. We have

(b∗kΩbg|HL
4,1b

∗
kΩbg)− (Ωbg|HL

4,1Ωbg) = O(L−d). (2.112)
21



Proof. We proceed similarly as in the proof of the previous lemma, using (2.71)
and (2.73):

(Ωbg|[bk, [HL
4,1, b

∗
k]]Ωbg) = − v̂(0)

2Ld
(Ωbg|[bk, [N2

k +N2
−k, b

∗
k]]Ωbg) = O(L−d).

(2.113)

□
Recall that

HL
4,3 :=

1

2Ld

∑
p,q,r,p±q,

p+r,q−r,p+r−q∈Ξ>
L

v̂(r)a∗p+ra
∗
q−raqap, (2.114)

Lemma 2.7. We have

(b∗kΩbg|HL
4,3b

∗
kΩbg)− (Ωbg|HL

4,3Ωbg) = 0. (2.115)

Proof. We can again rewrite the lhs in the commutator form:

(Ωbg|[bk, [HL
4,3, b

∗
k]]Ωbg). (2.116)

Using b∗k = cka
∗
k + ska−k we obtain

[HL
4,3, b

∗
k] =

2ck
2Ld

∑
p,r,p+k,

p+r,k−r,p+r−k∈Ξ>
L

v̂(r)a∗p+ra
∗
k−rap (2.117)

+− 2sk
2Ld

∑
p,r,p−k,

p+r,k+r,p+r+k∈Ξ>
L

v̂(r)a∗pap+ra−k−r. (2.118)

Now the commutator of this with bk = ckak + ska
∗
−k is zero. □

Remark 2.8. (Naive thermodynamic limit) Let us try to describe the ther-
modynamic limit naively. Remember that we consider L → ∞ and we keep ν and
k 7→ v̂(k) fixed. Formally, Ξ>

L converges to Rd. 1
Ld

∑
k∈Ξ>

L

should be replaced with

1
(2π)d

∫
dk. The operators ak, a

∗
k for discrete k should be replaced by (2π)

d
2

L
d
2
ak,

(2π)
d
2

L
d
2
a∗k for continuous k. Thus HL

bg formally converges to

Hbg :=

∫
dp
(p2

2
+
νv̂(p)

v̂(0)

)
a∗pap +

∫
dp
(νv̂(p)
2v̂(0)

apa−p + h. c.
)
. (2.119)

Similarly, in thermodynamic limit HL
3 and HL

4,3 formally converge to

H3 :=
1

(2π)
d
2

∫
dkdp

√
νv̂(k)√
v̂(0)

(
a∗p+kakap + h. c.

)
, (2.120)

H4,3 :=
1

2(2π)d

∫
dpdkdq v̂(k)a∗p+ka

∗
q−kaqap.

However, as we have just noted, HL
4,3 is of little relevance for our analysis. Formally,

in thermodynamic limit HL
4,2 and HL

4,1 converge to zero. However, HL
4,2 plays an

important role in calculations of the quasiparticle spectrum.
This illustrates the fact that thermodynamic limit in our problem is quite subtle.

Finally, let us now consider HL
3,x. This Hamiltonian contains a factor

∣∣∣∣1− N>

N

∣∣∣∣ 12
+

− 1 =

∣∣∣∣∣∣1− κv̂(0)

νLd

∑
p∈Ξ>

L

Np

∣∣∣∣∣∣
1
2

+

− 1.
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As we will now show, the matrix elements of this operator in low energy states
contribute at least as an order κ1

Lemma 2.9. Suppose that the condensate assumption 2.3 is satisfied. Take mo-
menta q1, . . .qm;k1, . . .kn ∈ Ξ>

L . Then, we have∣∣∣∣∣
(
b∗q1

. . . b∗qm
Ωbg|

(∣∣∣∣1− N>

N

∣∣∣∣ 12
+

− 1

)
b∗k1

. . . b∗kn
Ωbg

)∣∣∣∣∣ = O(κ). (2.121)

Proof. We have the operator inequality∣∣∣∣∣1−
∣∣∣∣1− N>

N

∣∣∣∣ 12
+

∣∣∣∣∣ ≤ N>

N
= κ

v̂(0)

νLd

∑
p∈Ξ>

L

Np (2.122)

If we restrict the analysis to states with a finite number of Bogoliubov excitations,
the excited number operator

∑
p∈Ξ>

L
Np is bounded on the corresponding finite-

particle subspace and thus the matrix elements are well defined and of order O(κ)
as κ→ 0. □

3. Computing perturbative corrections

In this section we compute perturbative corrections of order κ1 to the dispersion
relation. They consist of two terms: the Hellmann-Feynman correction and the real
part of the Fermi golden rule correction. We also extract the leading behavior of
these corrections in the low momentum limit, which yield the phonon velocity. In
this section we content ourselves with formal calculations—rigorous estimates are
deferred to Section 6.

In addition to Assumptions 2.1 and 2.3 , we impose the following regularity
conditions, which are needed for the detailed computation of the real energy shift.

Assumption 3.1. Suppose there exists a ν0 ∈]0,+∞[ such that the potential
satisfies the following assumptions for all the possible choices of ν ∈]0, ν0]

v is rotationally invariant; (3.1a)

v̂ is C5 in a neighborhood of k = 0. (3.1b)

v̂ is C2 and ∂i∂j v̂ is bounded for every i, j ∈ {1, 2, . . . , d}; (3.1c)

∂iv̂ and ∂i∂j v̂ ∈ L2(Rd), for every i, j ∈ {1, 2, . . . , d}. (3.1d)

ν

v̂(0)

d2v̂

dk2
(0) > −1

2
. (3.1e)

We remark that under these hypotheses

v̂(k)− v̂(0) = O(|k|2), as k → 0. (3.2)

Since the functions considered below are rotationally invariant, we sometimes
identify a function f(p) with the corresponding radial function f(p), where p = |p|;
for example, we write ωbg(p) = ωbg(p) and v̂(p) = v̂(p). When no confusion can
arise, primes denote derivatives with respect to the scalar argument:

d

dx
f(x) ≡ f ′(x). (3.3)
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3.1. Hellmann-Feynman correction. This section is devoted to the Hellmann-
Feynman term δcan4 (k, ν, v) defined in (2.100). As we argued, in this term we can
replace HL

4 with HL
4,2. Thus we need to compute

δcan4 (k, ν, v̂) := lim
L→∞

(
(b∗kΩbg|HL

4,2 b
∗
kΩbg)− (Ωbg|HL

4,2 Ωbg)
)

(3.4)

= lim
L→∞

(Ωbg| [bk, [HL
4,2, b

∗
k]]Ωbg

)
. (3.5)

Recall that

HL
4,2 :=HL

NN +HL
NA +HL

AA, (3.6)

HL
NN :=− 1

2Ld

∑
q∈Ξ>

L

Nq

∑
p∈Ξ>

L

Np(v̂(p) + v̂(q)− v̂(p− q)),

HL
NA :=− 1

2Ld

∑
q∈Ξ>

L

Nq

∑
p∈Ξ>

L

v̂(p)A∗
p + h.c.,

HL
AA :=

1

2Ld

∑
p,q,p±q∈Ξ>

L

v̂(p− q)A∗
pAq.

To evaluate the NN term in HL
4,2 we compute

[bk, [NqNp, b
∗
k]] = Nq[bk, [Np, b

∗
k]] + [bk, [Nq, b

∗
k]]Np (3.7)

+ [bk, Nq][Np, b
∗
k] + [b∗k, Nq][Np, bk]. (3.8)

The terms in (3.8) contribute O(L−d), so that it will be dropped. Thus we obtain

(
Ωbg|

[
bk,
[
HL

NN , b
∗
k

]]
Ωbg

)
=− 1

Ld

∑
p∈Ξ>

L

s2pc
2
k(v̂(p) + v̂(k)− v̂(p− k))

− 1

Ld

∑
p∈Ξ>

L

s2ps
2
k (v̂(p) + v̂(k)− v̂(p+ k)) +O(L−d). (3.9)

Similarly, the NA term gives

(Ωbg| [bk, [HL
NA, b

∗
k]]Ωbg)

=
1

Ld

∑
p∈Ξ>

L

2s2pckskv̂(k) +
1

Ld

∑
p∈Ξ>

L

(c2k + s2k)cpspv̂(p) +O(L−d). (3.10)

Finally, the AA term gives

(Ωbg| [bk, [HL
AA, b

∗
k]]Ωbg)

=
1

Ld

∑
p,p±k∈Ξ>

L

ckskcpsp(v̂(p+ k) + v̂(p− k)) +O(L−d) (3.11)
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Combining these contributions and using sk = s−k, ck = c−k, we obtain

(Ωbg| [bk, [HL
4,2, b

∗
k]]Ωbg

)
=

=(ck + sk)
2 1

Ld

∑
p∈Ξ>

L

cpspv̂(p) (3.12)

+ (c2k + s2k)
1

Ld

∑
p∈Ξ>

L

s2p

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(3.13)

+ 2cksk
1

Ld

∑
p,p±k∈Ξ>

L

cpsp

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(3.14)

− (ck − sk)
2v̂(k)

1

Ld

∑
p∈Ξ>

L

s2p +O(L−d). (3.15)

These expressions have a thermodynamic limit:

δcan4 (k, ν, v̂) = lim
L→+∞

(Ω| [bk, [HL
4,2, b

∗
k]]Ω

)
(3.16)

=(ck + sk)
2 1

(2π)d

∫
dpcpspv̂(p) (3.17)

+ (c2k + s2k)
1

(2π)d

∫
dps2p

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(3.18)

+ 2cksk
1

(2π)d

∫
dpcpsp

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(3.19)

− (ck − sk)
2v̂(k)

1

(2π)d

∫
dps2p. (3.20)

We can then express ck, sk in simpler quantities using

cksk =
v̂(k)ν

v̂(0)2ωbg(k)
, (ck − sk)

2 =
k2

2ωbg(k)
, (ck + sk)

2 =
2ωbg(k)

k2
, (3.21)

c2k + s2k =

k2

2 + v̂(k)
v̂(0)ν

ωbg(k)
, s2k =

k2

2 + v̂(k)
v̂(0)ν − ωbg(k)

2ωbg(k)
. (3.22)

From this point onward, we fix the spatial dimension d = 3. The above computa-
tions lead to the following infrared asymptotics of the Hellman–Feynman correction,
which we will prove rigorously in Section 6.

Proposition 3.2. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then

δcan4 (k, ν, v̂) =cir(k, ν, v̂) + kc4 (ν, v̂) + o

(
k√
ν

)
, (3.23)

as k√
ν
→ 0, where the terms cir and c4 are equal to

cir(k, ν, v̂) :=
ωbg(k)

k2

∫ +∞

0

dp

2π2
p2

v̂(p)2ν

v̂(0)ωbg(p)
, (3.24)

c4 (ν, v̂) =

√
ν

12π2

∫ ∞

0

dp

(
p2

2 + 2v̂(p)ν
v̂(0) − ωbg(p)

)
2ωbg(p)

(
p2v̂′′(p) + 2pv̂′(p)

)
(3.25)

− v̂(0)

4π2
√
ν

∫ ∞

0

dp

(
p2

2 + v̂(p)
v̂(0)ν − ωbg(p)

)
p2

2ωbg(p)
. (3.26)

Note that the term cir behaves as O(k−1). It will be cancelled by an identical
term coming from the Fermi golden rule.
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3.2. Fermi golden rule correction. In this section we will analyze the real part
of the Fermi golden rule correction to the dispersion relation (we take δcan3 ≡ Reδcan3

):

δcan3 (k, ν, v̂) = lim
ϵ↘0

lim
L→+∞

Re
[
−(b∗kΩbg|HL

3 (H
L
bg − ωbg(k)− iϵ)−1HL

3 b
∗
kΩbg) (3.27)

+ (Ωbg|HL
3 (H

L
bg − iϵ)−1HL

3 Ωbg)
]

(3.28)

In particular, we will estimate its behavior for small |k|√
ν

→ 0. The integral

representation for δcan3 is derived in [23]:

δcan3 (k, ν, v̂) =− 1

2
Re

∫
dp

(2π)3
j(k;p,p− k)2

ωbg(p) + ωbg(p− k)− ωbg(k)− i0
(3.29)

− 1

2

∫
dp

(2π)3
κ(k,p,p− k)2

ωbg(k) + ωbg(p) + ωbg(p− k)
. (3.30)

The function j(k;p,q) contained in (3.29) is defined as

j(k;p,q) =

√
ν

v̂(0)
(−v̂(k)(ck − sk)(cpsq + spcq)

+ v̂(p)(cp − sp)(cqck + sqsk) + v̂(q)(cq − sq)(cpck + spsk)). (3.31)

j is symmetric under interchange of its last two arguments, i.e. j(k;p,q) =
j(k;q,p). The second function, κ(k,p,q), which appears inside the second in-
tegral in Equation (3.30), is

κ(k,p,q) =

√
ν

v̂(0)
(−v̂(k)(ck − sk)(cpsq + spcq)

− v̂(p)(cp − sp)(cqsk + sqck)− v̂(q)(cq − sq)(spck + cpsk)). (3.32)

κ is symmetric under permutations of its three arguments; κ(k,p,q) = κ(k,q,p) =
κ(q,k,p).

A rigorous analysis of the integrals (3.29) and (3.30) requires lengthy estimates of
the relevant contributions and their remainders. We therefore begin with a formal

derivation of their asymptotic structure as |k|√
ν
→ 0. In particular, in the following

formal derivation we forget about the principal value in δcan3 , assuming that it does
not cause any issue. This is justified in Proposition 6.16.

We use the notation

k := |k|, p := |p|, q := |p− k|. (3.33)

The triangle inequality gives

−k ≤ p− q ≤ k, (3.34)

which motivates the following change of variables.

Definition 3.3. (t–s coordinates) We define

t =
p+ q

2
, s =

p− q

2k
, (3.35)

or, equivalently,

p = t+ ks, q = t− ks, (3.36)

with

t ∈
[k
2
,+∞

[
, s ∈

[
−1

2
,
1

2

]
. (3.37)
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Under this change of variables, the symmetry p↔ q becomes s↔ −s, while the
measure transforms as

dp =
pq

k
dp dq dφ = 2pq dφdtds. (3.38)

Consequently,

δcan3 (k, ν, v̂) =−
∫ +∞

k
2

∫ 1
2

− 1
2

dtds

4π2

j(k; p, q)2pq

ωbg(p) + ωbg(q)− ωbg(k)
(3.39)

−
∫ +∞

k
2

∫ 1
2

− 1
2

dtds

4π2

κ(k, p, q)2pq

ωbg(p) + ωbg(q) + ωbg(k)
. (3.40)

The two interaction kernels can be decomposed as

j(k; p, q) =
1

2

√
ν

v̂(0)

[
(ck + sk)j+(p, q) + (ck − sk)j−(k, p, q)

]
, (3.41)

κ(k, p, q) =
1

2

√
ν

v̂(0)

[
−(ck + sk)j+(p, q) + (ck − sk)j−(k, p, q)

]
, (3.42)

where

j+(p, q) = (cpcq − spsq)
(
v̂(p) + v̂(q)

)
+ (cpsq − spcq)

(
v̂(p)− v̂(q)

)
, (3.43)

j−(k, p, q) = (cpcq + spsq)
(
v̂(p) + v̂(q)

)
−
(
2v̂(k) + v̂(p) + v̂(q)

)
(cpsq + spcq). (3.44)

Using (ck + sk)(ck − sk) = 1, we can therefore combine the two Fermi golden
rule channels as

δcan3 (k, ν, v̂) = − ν

16π2v̂(0)

∫ +∞

k
2

∫ 1
2

− 1
2

dtds pq

[

(ck + sk)
2j+(p, q)

2 2(ωbg(p) + ωbg(q))

(ωbg(p) + ωbg(q))2 − ωbg(k)2

+ 2j+(p, q)j−(k, p, q)
2ωbg(k)

(ωbg(p) + ωbg(q))2 − ωbg(k)2

+ (ck − sk)
2j−(k, p, q)

2 2(ωbg(p) + ωbg(q))

(ωbg(p) + ωbg(q))2 − ωbg(k)2

]
. (3.45)

We have

(ck + sk)
2 =

2
√
ν

k
+O

(
k√
ν

)
, (3.46)

ωbg(k) =
√
νk +O

(
k2

ν

)
, (3.47)

(ck − sk)
2 =

k

2
√
ν
+ o

(
k√
ν

)
. (3.48)

The dominant contributions to the integrals in δcan3 will come from the diagonal
p = q = t. For j− it will suffice to use

j−(k, p, q) = j−(0, t, t) +O

(
k√
ν

)
, (3.49)

j−(0, t, t) =
v̂(t)

(
t2 − 2ν

)
ωbg(t)

. (3.50)
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For j+, because of the more singular prefactor (3.46), we will need a more precise
asymptotics around the diagonal:

j+(p, q) = j+(t, t) +
k2s2

2

(
∂p − ∂q

)2
j+(p, q)

∣∣∣
p=q=t

+ o

(
k2

ν

)
, (3.51)

j+(t, t) = 2v̂(t), (3.52)(
∂p − ∂q

)2
j+(p, q)

∣∣∣
p=q=t

= 2v̂′′(t)− 8v̂′(t)

(
ω′
bg(t)

2ωbg(t)
− 1

t

)
+ 8v̂(t)

(
ω′
bg(t)

2ωbg(t)
− 1

t

)2

. (3.53)

The identity (3.53) in Lemma in Subsection 3.4 below.
The remaining factors are symmetric under p↔ q. Hence, in the t–s coordinates,

their formal expansions contain only even powers of k:

pq = t2 − k2s2, (3.54)

ωbg(p) + ωbg(q) =2ωbg(t) + k2s2ω′′
bg(t) + o(k2), (3.55)

2
(
ωbg(p) + ωbg(q)

)(
ωbg(p) + ωbg(q)

)2 − ωbg(k)2
=

1

ωbg(t)
+

νk2

4ωbg(t)3

−
k2s2ω′′

bg(t)

2ωbg(t)2
+ o

(
k2

ν

)
, (3.56)

1(
ωbg(p) + ωbg(q)

)2 − ωbg(k)2
=

1

4ωbg(t)2
+O

(
k2

ν

)
. (3.57)

Keeping the terms of the order k−1 and k in (3.45), we expect the following
asymptotics for small k:

δcan3 (k, ν, v̂) =− cir(k, ν, v) + k c3(ν, v̂) + o

(
k√
ν

)
, (3.58)

where

cir(k, ν, v̂) =
ν

16π2v̂(0)
(ck + sk)

2

∫ +∞

0

dt t2
j+(t, t)

2

ωbg(t)
(3.59)

=
νωbg(k)

2k2π2v̂(0)

∫ +∞

0

dt
t2v̂(t)2

ωbg(t)
(3.60)

is the term of order O(k−1), the same as in (3.24), except that it has the opposite
sign as in the Hellman–Feynman correction, and

c3(ν, v̂) =
νv̂(0)

16π2
− ν

16π2v̂(0)

∫ +∞

0

dt (3.61)[
2
√
νj+(t, t)

2

(
− 1

12ωbg(t)
+

νt2

4ωbg(t)3
−

t2ω′′
bg(t)

24ωbg(t)2

)
(3.62)

+
√
ν
t2j+(t, t)

6ωbg(t)

(
∂p − ∂q

)2
j+(p, q)

∣∣∣
p=q=t

(3.63)

+
√
ν
j+(t, t)j−(0, t, t)t

2

ωbg(t)2
+

1√
ν

j−(0, t, t)
2t2

2ωbg(t)

]
(3.64)

is the Fermi golden rule contribution to the phonon velocity correction. In the

above, we used
∫ 1

2

− 1
2

s2ds = 1
12 . The first term on the right of (3.61) (without
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integration) comes from the integral of the infrared term (3.60) in the region
[
0, k2

]
:

νωbg(k)

2k2π2v̂(0)

∫ k
2

0

dt
t2v̂(t)2

ωbg(t)
= k

νv̂(0)

16π2
+ o

(
k√
ν

)
. (3.65)

Next we observe that

ν3/2t2j+(t, t)
2

2ωbg(t)3
+

√
ν
t2j+(t, t)j−(0, t, t)

ωbg(t)2
+
t2j−(0, t, t)

2

2
√
ν ωbg(t)

=
t6v̂(t)2

2
√
ν ωbg(t)3

. (3.66)

Using (3.66), inserting (3.53) we obtain

c3(ν, v̂) =
νv̂(0)

16π2
− ν

16π2v̂(0)

∫ +∞

0

dt (3.67)[
−

√
νt2v̂(t)2ω′′

bg(t)

3ωbg(t)2
+

2
√
νt2v̂(t)

3ωbg(t)

(
v̂′′(t)− 4v̂′(t)

( ω′
bg(t)

2ωbg(t)
− 1

t

))
(3.68)

+
2
√
νv̂(t)2

3ωbg(t)

(
−1 + 4t2

( ω′
bg(t)

2ωbg(t)
− 1

t

)2)
+

t6v̂(t)2

2ν
1
2ωbg(t)3

]
. (3.69)

The integral in the preceding expression is absolutely convergent. The second
term in (3.69) (which comes from (3.66)) is regular at origin.

Let us look at the first term of (3.69). By the regularity and radial symmetry of
the potential,

v̂(t) = v̂(0) +
v̂′′(0)

2
t2 +O(t4), (3.70)

while

ωbg(t) =
√
ν t+

(
1

8
√
ν
+

√
ν v̂′′(0)

4v̂(0)

)
t3 +O(t5). (3.71)

It follows that

ω′
bg(t)

2ωbg(t)
− 1

t
= − 1

2t
+O(t), ω′′

bg(t) = O(t), (3.72)

and therefore,

−1 + 4t2
( ω′

bg(t)

2ωbg(t)
− 1

t

)2
= O(t2). (3.73)

Thus the integrand in (3.69) is O(t) at origin.
We next consider the behavior at infinity t→ +∞. In this regime,

ωbg(t) = O(t2), ω′′
bg(t) = O(1). (3.74)

Moreover, direct differentiation of the Bogoliubov dispersion relation gives

ω′
bg(t)

2ωbg(t)
− 1

t
=

ν
(
tv̂′(t)− 2v̂(t)

)
t
(
v̂(0)t2 + 4νv̂(t)

) . (3.75)

Consequently, ∣∣∣∣ ω′
bg(t)

2ωbg(t)
− 1

t

∣∣∣∣ ≤ C

(
|v̂′(t)|
t2

+
|v̂(t)|
t3

)
. (3.76)

Since v̂ and v̂′ are bounded under our assumptions, the explicit formula for the
derivative of j+ yields∣∣∣ (∂p − ∂q)

2j+(p, q)
∣∣
p=q=t

∣∣∣ ≤ C

(
|v̂′′(t)|+ |v̂′(t)|

t2
+

|v̂(t)|
t4

)
. (3.77)
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It follows that integral (3.45) is absolutely integrable at infinity.
In Section 6 we justify these expansions proving the following proposition:

Proposition 3.4. Under Assumptions 2.1 and 3.1, we have

δcan3 (k, ν, v̂) =− cir(k, ν, v̂) + k c3(ν, v̂) + o

(
k√
ν

)
, (3.78)

where cir is given in (3.60) and c3 in (3.67)-(3.69).

3.3. Real energy shift. In this subsection we present the general second-order
expression for the real energy shift. This is obtained by summing the contributions
δcan3 and δcan4 from Propositions 3.4 and 3.2.

After summing the two contributions, the infrared-divergent terms cir(k, ν, v̂) and

−cir(k, ν, v̂) cancel, leaving a correction whose leading term is linear in k as |k|√
ν
→ 0.

To simplify the derivation, throughout this subsection we will fix ν = v̂(0) = 1.
The dependence on these parameters will be restored at the end.

Writing

s2p =
p2

2 + v̂(p)− ωbg(p)

2ωbg(p)
, (3.79)

we can rewrite the Hellmann-Feynman correction (3.25)-(3.26) as

c4(1, v̂) =
1

12π2

∫ ∞

0

dps2p
d

dp

(
p2v̂′(p)− p3

)
(3.80)

+
1

24π2

∫ ∞

0

dp
v̂(p)

ωbg(p)

d

dp

(
p2v̂′(p)

)
. (3.81)

According to (3.67)–(3.69) the Fermi Golden Rule contribution to the phonon
velocity is

c3(1, v̂) = − 1

32π2

∫ ∞

0

dp
p6v̂(p)2

ωbg(p)3
+

1

16π2
(3.82)

− 1

16π2

∫ ∞

0

dp

[
−
p2v̂(p)2ω′′

bg(p)

3ωbg(p)2
+

2p2v̂(p)

3ωbg(p)

(
v̂′′(p)

−4v̂′(p)

(
ω′
bg(p)

2ωbg(p)
− 1

p

))
+

2v̂(p)2

3ωbg(p)

(
−1 + 4p2

(
ω′
bg(p)

2ωbg(p)
− 1

p

)2
)]

. (3.83)

While the above formula might look extremely overwhelming, there are some
hidden simplifications that will render it considerably simpler. The integrand in
the last two lines can be rewritten as

+
p2ω′′

bg(p)v̂(p)
2

48ωbg(p)2
− p2v̂(p)v̂′′(p)

24ωbg(p)
+
p2ω′

bg(p)v̂(p)v̂
′(p)

12ωbg(p)2
− pv̂′(p)v̂(p)

6ωbg(p)
(3.84)

−
ω′
bg(p)

2v̂(p)2p2

24ωbg(p)3
+
ω′
bg(p)v̂(p)

2p

6ωbg(p)2
− v̂(p)2

8ωbg(p)
(3.85)

=−
ω′
bg(p)

2v̂(p)2p2

24ωbg(p)3
+
p2ω′′

bg(p)v̂(p)
2

48ωbg(p)2
+
p2ω′

bg(p)v̂(p)v̂
′(p)

24ωbg(p)2
(3.86)

+
v̂(p)2

24ωbg(p)
+
pv̂′(p)v̂(p)

12ωbg(p)
(3.87)

− v̂(p)

24ωbg(p)

(
4v̂(p) + 4pv̂′(p)−

ω′
bg(p)

ωbg(p)
[p2v̂′(p) + 4v̂(p)p]

)
(3.88)

− pv̂(p)

24ωbg(p)
(pv̂′′(p) + 2v̂′(p)). (3.89)
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Let us analyze separately the expressions in the four lines (3.86)–(3.89):

(3.86) +
pω′

bg(p)v̂(p)
2

24ωbg(p)2
=

d

dp

p2ω′
bg(p)v̂(p)

2

48ωbg(p)2
, (3.90)

(3.87)−
pω′

bg(p)v̂(p)
2

24ωbg(p)2
=

d

dp

pv̂(p)2

24ωbg(p)
. (3.91)

Next, using

ωbg(p)
2 =

1

4
p4 + p2v̂(p), ωbg(p)ω

′
bg(p) =

1

2
p3 + pv̂(p) +

1

2
p2v̂′(p), (3.92)

we compute

(3.88) =
v̂(p)

24ωbg(p)3

(
− 4ωbg(p)

2(v̂(p) + pv̂′(p)) + ωbg(p)ω
′
bg(p)(p

2v̂′(p) + 4pv̂(p)
) )

=
p2

12
(v̂′(p)− p)

pv̂(p)(v̂′(p)p− 2v̂(p))

4ωbg(p)3

=
p2

12
(v̂′(p)− p)

d

dp
s2p (3.93)

Finally,

(3.89) = − v̂(p)

24ωbg(p)

d

dp
p2v̂′(p). (3.94)

Thus

c3(1, v̂) = − 1

32π2

∫ ∞

0

dp
p6v̂(p)2

ωbg(p)3
+

1

16π2
(3.95)

+
1

12π2

∫ ∞

0

dp (p2v̂′(p)− p3)
d

dp
s2p (3.96)

− 1

24π2

∫ ∞

0

dp
v̂(p)

ωbg(p)

d

dp

(
p2v̂′(p)

)
(3.97)

+
1

π2

∫ ∞

0

dp
( d

dp

p2ω′
bg(p)v̂(p)

2

48ωbg(p)2
+

d

dp

pv̂(p)2

24ωbg(p)

)
. (3.98)

Adding (3.80)-(3.81) and (3.95)–(3.98), and performing the integration of the deriva-
tives we obtain

c3(1, v̂) + c4(1, v̂) = − 1

32π2

∫ ∞

0

dp
p6v̂(p)2

ωbg(p)3
+

1

16π2
(3.99)

+
1

8π2

(2
3
p2s2p

(
p− v̂′(p)

)
+
p2v̂(p)2ω′

bg(p)

6ωbg(p)2
+

pv̂(p)2

3ωbg(p)

)∣∣∣∣∣
+∞

0

. (3.100)

At the origin

sp = O(
√
p
−1

), v̂(p) = 1+O(p), v̂′(p) = O(p), ωbg(p) = O(p), ω′
bg(p) = 1+O(p).

Therefore, we have

lim
p→0

1

8π2

[2
3
p2s2p

(
p− v̂′(p)

)
+
p2v̂(p)2ω′

bg(p)

6ωbg(p)2
+

pv̂(p)2

3ωbg(p)

]
=

1

16π2
, (3.101)

which cancels with the positive 1
16π2 contribution in c3+ c4. At infinity instead, by

sp = O(p−2), ωbg(p) =
p2

2 +O(p) and ω′
bg(p) = O(p) we find

lim
p→+∞

− 1

8π2

[2
3
p2s2p

(
p− v̂′(p)

)
−
p2v̂(p)2ω′

bg(p)

6ωbg(p)2
− pv̂(p)2

3ωbg(p)

]
= 0. (3.102)
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We conclude that

c3(1, v̂) + c4(1, v̂) = − 1

32π2

∫ ∞

0

dp
p6v̂(p)2

ωbg(p)3
.

Finally, rescaling momenta by
√
ν and replacing the normalized potential by

v̂(
√
ν ·)

v̂(0) gives

c3(ν, v̂) + c4(ν, v̂) = νv̂(0)
[
c3

(
1,
v̂(
√
ν ·)

v̂(0)

)
+ c4

(
1,
v̂(
√
ν ·)

v̂(0)

)]
= −

√
ν

32π2v̂(0)

∫ ∞

0

dp
p6v̂(p)2

ωbg(p)3
. (3.103)

Restoring the perturbative factor κ and using ωbg(k) =
√
ν k + O(k3) for fixed

ν > 0, we have obtained:

Theorem 3.5. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
for fixed ν ∈]0, ν0], the Bogoliubov dispersion relation, including the second-order
perturbative correction, satisfies

ωbg(k) + κ (δcan3 (k, ν, v̂) + δcan4 (k, ν, v̂)) = kccan(ν, v̂) + o

(
k√
ν

)
,

as
k√
ν
→ 0 (3.104)

where the coefficient ccan is given by

ccan(ν, v̂) =
√
ν − κv̂(0)

√
ν

∫ +∞

0

dp

32π2

v̂(p)2

v̂(0)2
p6

ωbg(p)3
(3.105)

3.4. Proof of identity (3.53). Recall that we are fixing ν = 1 and v̂(0) = 1

Lemma 3.6. The identity (3.53) holds.

Proof. We first compute(
∂p − ∂q

)2
j+(p, q)

∣∣∣
p=q=t

=2v̂′′(t) + 8v̂′(t)(c′tst − s′tct)− 8((c′2t )− (s′t)
2)v̂(t)

(3.106)

This can be expressed explicitly in terms of v̂(t), v̂′(t) and ωbg(t), ω
′
bg(t). We write

first (c′t)
2 − (s′t)

2. We have

c′t − s′t =
d

dt

(
t√

2ωbg(t)

)
= (ct − st)

(
1

t
−

ω′
bg(t)

2ωbg(t)

)
, (3.107)

and

c′t + s′t = − c′t − s′t
(ct − st)2

, (3.108)

which imply

(c′t)
2 − (s′t)

2 =(c′t − s′t)(c
′
t + s′t)

=−
(
c′t − s′t
ct − st

)2

= −
(
1

t
−

ω′
bg(t)

2ωbg(t)

)2

. (3.109)

In the last equality above we used Equation (3.107). To derive a useful expression
for c′tst − s′tct we write

d

dt
(c2t − s2t ) = 2ctc

′
t − 2sts

′
t = 0, (3.110)
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which gives us

c′tst − s′tct = c′tst − s′tct + c′tct − s′tst =
ct + st
ct + st

c′t − s′t
ct − st

. (3.111)

Using again Equation (3.107) we arrive at

c′tst − s′tct =

(
1

t
−

ω′
bg(t)

2ωbg(t)

)
. (3.112)

Thus, we finally arrive at the expression (3.53). □

3.5. Comparison of weak coupling and dilute limits. Equation (3.105) pro-
vides the first-order correction in κ to the Bogoliubov dispersion relation. We
emphasize that this formula is derived within perturbation theory, in the weak-
coupling regime v̂ → κv̂. Our aim is to relate this result, at least at a formal level,
to the better known corrections obtained by Beliaev in the dilute regime. In that
setting, the relevant parameters are the gas density n and the scattering length a,
with the product na3 assumed to be small. It is well known that, under suitable
assumptions, the scattering length can be expanded as a series in the interaction
potential, see [6, 30] and Appendix A:

4πa = κv̂(0)

+

+∞∑
k=1

(−1)kκk+1

∫
dp1 . . . dpk

((2π)3)k
v̂(p1)v̂(p1 − p2) . . . v̂(pk−1 − pk)v̂(pk)

|p1|2 . . . |pk|2
,

= 4π

∞∑
k=0

κk+1ak, (3.113)

which is convergent for sufficiently regular and small potentials.
The first two terms of this series are

a0 =
v̂(0)

4π
, a1 = − 1

4π

∫
dp

(2π)3
v̂(p)2

|p|2
= −

∫ +∞

0

dp

(2π)3
v̂(p)2. (3.114)

All terms in the Born series beyond a0 diverge in the formal flat-Fourier limit
v̂(k) = v̂(0).

Recall that ν = κv̂(0)n, ωbg(p) =
√

p2

4 + v̂(p)
v̂(0)νp

2. The second term in ccan can

be written as

− κv̂(0)ν

∫ ∞

0

dp

32π2

v̂(
√
νp)2

v̂(0)2
ν3p6

ωbg(
√
νp)3

(3.115)

=− κ
√
ν

v̂(0)

∫ +∞

0

dp

4π2
v̂(p)2. (3.116)

− κv̂(0)ν

∫ +∞

0

dp

32π2

(
p6

(p
4

4 + p2)
3
2

− 8

)
(3.117)

− κv̂(0)ν

∫ ∞

0

dp

32π2

( v̂(√νp)2
v̂(0)2

− 1
)( ν3p6

(p
4

4 + p2)
3
2

− 8
)

(3.118)

− κv̂(0)ν

∫ ∞

0

dp

32π2

v̂(
√
νp)2

v̂(0)2

( ν3p6

ωbg(
√
νp)3

− p6

(p
4

4 + p2)
3
2

)
. (3.119)
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Now ccan consists of the following terms:
√
ν =

√
4πκa0n, (3.120)

(3.116) =

√
4πnκ2a1
2
√
κa0

, (3.121)

(3.117) =
κv̂(0)ν

π2
=

√
4πnκa0

√
n(4πκa0)3

π2
(3.122)

=

√
4πna

√
n(4πa)3

π2
+O(κ

5
2 ), (3.123)

(3.118) = O(κ
5
2 ), (3.124)

(3.119) = O(κ
5
2 ). (3.125)

Now the first two terms of ccan give

√
ν + (3.116) =

√
4πn

(√
κa0 +

κ2a1
2
√
κa0

)
(3.126)

=
√
4πn

√
κa0 + κ2a1 +O(κ

5
2 ) =

√
4πna+O(κ

5
2 ). (3.127)

Adding the contribution from (3.117), we obtain

ccan(ν, v̂) =
√
4πna

(
1 +

1

π2

√
n(4πa)3

)
+O(κ

5
2 ). (3.128)

Next we express the gas density in terms of the density of the condensate:

n =n0,bg +
ν

3
2

3π2
= n0,bg

(
1 +

√
n0,bg(4πκa0)3

3π2

)
(3.129)

=n0,bg

(
1 +

√
n0,bg(4πa)3

3π2

)
+O(κ

5
2 ), (3.130)

√
n =

√
n0,bg

(
1 +

√
n0,bg(4πa)3

6π2

)
+O(κ

5
2 ). (3.131)

Thus we can recast the correction as

ccan(ν, v̂) =
√
4πn0,bga

(
1 +

7

6π2

√
n0,bg(4πa)3

)
+O(κ

5
2 ), (3.132)

which is consistent with Beliaev’s original result [2]. This essentially proves Corol-
lary 1.3

4. Grand-canonical derivation

Let us describe an alternative approach to the Bose gas based on the grand-
canonical formalism. We will see that it yields equivalent description of the shift
of the quasiparticle spectrum as the canonical approach, which we applied so far in
our paper.

Let HL be the “first-principles Hamiltonian” (2.10), where we make the coupling
constant κ explicit. It acts on the full Fock space Γs(l

2(ΞL)), which includes the
zero-mode. Introduce the grand-canonical Hamiltonian

HL
µ := HL − µNL, (4.1)

where µ is the grand canonical chemical potential. We expect that at zero temper-
ature the physical system is described by the ground state of HL

µ and its low-lying
states.

34



Again, we will view HL
µ as a perturbation of an appropriate quadratic Hamil-

tonian, whose choice we are now going to describe. First for α ≥ 0 we introduce
the Weyl operator of the mode k = 0

Wα = exp(−αa∗0 + αa0). (4.2)

We set Ωα = W ∗
αΩ. Instead of α in the sequel we will often prefer the parameter

µ0 ∈ R+ so that

α =

√
µ0Ld

κv̂(0)
. (4.3)

We compute

(Ωα|a0Ωα) = (Ωα|a∗0Ωα) =

√
µ0Ld√
κv̂(0)

, (4.4)

(Ωα|a0a0Ωα) = (Ωα|a∗0a∗0Ωα) = (Ωα|a∗0a0Ωα) =
µ0L

d

κv̂(0)
, (4.5)

(
Ωα|(HL − µNL)Ωα

)
=− µ|α|2 + κv̂(0)

2Ld
|α|4

=
Ld

κv̂(0)

(
−µµ0 +

µ2
0

2

)
. (4.6)

By (4.5), µ0 is responsible for the density of the condensate.
One possibility, see e.g. [21], consists in choosing the quadratic Hamiltonian

determined by α =
√

µLd

κv̂(0) , so that Ωα minimizes (4.6). This would mean µ = µ0.

However, we prefer to make a better choice of µ0, which will be different from µ.
For a while, we keep µ0 as an additional free parameter, which will be fixed soon.

It is convenient to introduce new annihilation operators

W ∗
αakWα = ak − αδk,0 =: ãk. (4.7)

They kill the new vacuum Ωα. Omitting the tildes, we obtain the Hamiltonian
translated by the transformation (4.7):

HL − µNL =HL
0,1 +HL

0,2 +HL
0,3 +HL

0,4 + EL
0 +HL

bg,µ0
+

√
κHL

3,µ0
+ κHL

4,µ0

− (µ− µ0)N
>, (4.8)

EL
0 :=

Ld

κv̂(0)

(
µ2
0

2
− µ0µ

)
,

HL
bg,µ0

:=
∑

p∈Ξ>
L

(
p2

2
+
µ0v̂(p)

v̂(0)

)
a∗pap +

∑
p∈Ξ>

L

µ0v̂(p)

2v̂(0)

(
a∗pa

∗
−p + apa−p

)
,

HL
3,µ0

:=
1

L
d
2

∑
p,q,p+q∈Ξ>

L

v̂(p)
√
µ0√

v̂(0)

(
a∗p+qapaq + a∗pa

∗
qap+q

)
,

HL
4,µ0

:=
1

2Ld

∑
p,q,p+k,q−k∈Ξ>

L

v̂(k)a∗p+ka
∗
q−kaqap.

The operators HL
0,1, H

L
0,2, H

L
0,3, and H

L
0,4 (which we do not write explicitly) contain

respectively products of two, three and four annihilation and creation operators,
always including at least one normally ordered a0 or a∗0.

Following the intuition in [35], we will start from µ0 minimizing approximately
the ground state energy ofHL

µ . More precisely, we will tune µ0 so as to minimize the

expectation value ofHL
µ in Ωbg(µ0), the ground state of the Bogoliubov Hamiltonian

associated with the parameter µ0. Differently from the canonical approach, the
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state Ωbg(µ0) depends now on µ0, whereas the canonical state was constructed
starting from ν. This state can be written in terms of the shifted vacuum Ωα as

Ωbg(µ0) =
∏

p∈Ξ>
L

1

(cosh θp)
1
2

e−
1
2 tanh θpa

∗
pa

∗
−p Ωα. (4.9)

Now,

(Ωbg(µ0)|HL
µΩbg(µ0)) =

Ld

κv̂(0)

(
µ2
0

2
− µµ0

)
+ (Ωbg(µ0)|HL

bg,µ0
Ωbg(µ0)) (4.10)

−(µ− µ0)(Ωbg(µ0)|N>Ωbg(µ0)) + κ(Ωbg(µ0)|HL
4,µ0

Ωbg(µ0)). (4.11)

Indeed, the expectation values of the terms containing zero-mode operators and of
the cubic term vanish in Ωbg(µ0).

Recall from (2.65) that

(Ωbg(µ0)|HL
bg,µ0

Ωbg(µ0)) = EL
bg(µ0) (4.12)

= −
∑

p∈Ξ>
L

1

2

(
1

2
p2 + µ0

v̂(p)

v̂(0)
− ωbg(p, µ0)

)
. (4.13)

Therefore,

∂

∂µ0
(Ωbg(µ0)|HL

bg,µ0
Ωbg(µ0)) =

∑
p∈Ξ>

L

v̂(p)(p
2

2 − ωbg(p, µ0))

v̂(0)2ωbg(p, µ0)
(4.14)

=
∑

p∈Ξ>
L

v̂(p)

v̂(0)

(
s2p − cpsp

)
. (4.15)

Moreover,

(Ωbg(µ0)|N>Ωbg(µ0)) =
∑

p∈Ξ>
L

s2p. (4.16)

Thus

0 =
∂

∂µ0
(Ωbg(µ0)|HL

µΩbg(µ0)) (4.17)

=
Ld

κv̂(0)
(µ0 − µ) +

∑
p∈Ξ>

L

[(
1 +

v̂(p)

v̂(0)

)
s2p − v̂(p)

v̂(0)
cpsp

]
(4.18)

+ (µ0 − µ)
∂

∂µ0

∑
p∈Ξ>

L

s2p + κ
∂

∂µ0
(Ωbg(µ0)|HL

4,µ0
Ωbg(µ0)). (4.19)

Multiplying the stationarity equation by κv̂(0)
Ld , we obtain

µ0 − µ =− κv̂(0)

Ld

∑
p∈Ξ>

L

[(
1 +

v̂(p)

v̂(0)

)
s2p − v̂(p)

v̂(0)
cpsp

]
(4.20)

− κv̂(0)(µ0 − µ)

Ld

∂

∂µ0

∑
p∈Ξ>

L

s2p − κ2v̂(0)

Ld

∂

∂µ0
(Ωbg(µ0)|HL

4,µ0
Ωbg(µ0)).

(4.21)

The term involving HL
4 carries an additional factor of κ2. Therefore, we will drop

it. The first term in the line (4.21) carries κ and µ − µ0, which we know to be of
the order κ. Therefore, we will drop it as well.
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This justifies setting

µ0 = µ− κµ1,

µ1 :=
1

Ld

∑
p∈Ξ>

L

[
(v̂(0) + v̂(p)) s2p − v̂(p)cpsp

]
, (4.22)

where sp, cp are evaluated for µ0. (Actually, since µ0−µ = O(κ), cp and sp in the
definition of µ1 can be evaluated at µ up to errors O(κ2)).

4.1. Grand-canonical energy shift. We can now compute the dispersion-relation
shift in the grand-canonical formalism. To this end, in the formula derived for the
canonical shift, we replace the canonical Hamiltonian by the corresponding grand-
canonical Hamiltonian, with µ0 chosen as above.

δgcan(k, µ, v̂) = δgcan4 (k, µ, v̂) + δgcan3 (k, µ, v̂), (4.23)

with

δgcan4 (k, µ, v̂) := lim
L→∞

(Ωbg(µ0)|[bk, [HL
4,µ0

− µ1N
>, b∗k]]Ωbg(µ0)

)
, (4.24)

and

δgcan3 (k, µ, v̂)

:= lim
ϵ↘0

lim
L→∞

{
−
(
Ωbg(µ0)|[bk, HL

3,µ0
](HL

bg,µ0
− ωbg(k, µ0)− iϵ)−1[HL

3,µ0
, b∗k]Ωbg(µ0)

)
−
(
Ωbg(µ0)|[b∗k, HL

3,µ0
](HL

bg,µ0
+ ωbg(k, µ0)− iϵ)−1[HL

3,µ0
, bk]Ωbg(µ0)

)
−
(
Ωbg(µ0)|HL

3,µ0
(HL

bg,µ0
− iϵ)−1[bk, [H

L
3,µ0

, b∗k]]Ωbg(µ0)
)

−
(
Ωbg(µ0)|[b∗k, [HL

3,µ0
, bk]](H

L
bg,µ0

− iϵ)−1HL
3,µ0

Ωbg(µ0)
)}
. (4.25)

The Fermi golden rule contribution is exactly the same in the two formalisms
after setting µ0 = µ = ν (which is true after discarding terms of order κ).

Let us compute the Hellman–Feynman correction. An easy computation gives

(Ωbg(µ0)|[bk, [HL
4,µ0

, b∗k]]Ωbg(µ0)) (4.26)

=(c2k + s2k)
1

Ld

∑
p∈Ξ>

L

s2p

(
v̂(0) +

v̂(p− k) + v̂(p+ k)

2

)

+ 2cksk
1

Ld

∑
p∈Ξ>

L

cpsp

(
v̂(p− k) + v̂(p+ k)

2

)
+O(L−d). (4.27)

Even after including the contribution of the Fermi Golden Rule, this expression
remains infrared divergent (in the thermodynamic limit) as k → 0. However, we
still have to add the counterterm involving

µ1 =
1

Ld

∑
p∈Ξ>

L

(
(v̂(0) + v̂(p)) s2p − v̂(p)cpsp

)
, (4.28)

(Ωbg(µ0)|[bk, [N>, b∗k]]Ωbg(µ0)) = (c2k + s2k). (4.29)
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The full expression for the grand-canonical Hellmann-Feynman correction is

δgcan,L4 (k, µ, v̂) = (Ωbg(µ0)|[bk, [HL
4,µ0

− κµ1N
>, b∗k]]Ωbg(µ0)

)
↾µ0=ν (4.30)

=(ck + sk)
2 1

Ld

∑
p∈Ξ>

L

cpspv̂(p) (4.31)

+ (c2k + s2k)
1

Ld

∑
p∈Ξ>

L

s2p

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(4.32)

+ 2cksk
1

Ld

∑
p∈Ξ>

L

cpsp

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
+O(L−d). (4.33)

4.2. Comparison of the grand-canonical and canonical approaches. Let us
compare (4.30) with the canonical expression for the Hellmann-Feynman term

δcan,L4 (k, ν, v̂) := (Ωbg(ν)| [bk, [HL
4,2, b

∗
k]]Ωbg(ν)

)
=

=(ck + sk)
2 1

Ld

∑
p∈Ξ>

L

cpspv̂(p) (4.34)

+ (c2k + s2k)
1

Ld

∑
p∈Ξ>

L

s2p

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(4.35)

+ 2cksk
1

Ld

∑
p,p±k∈Ξ>

L

cpsp

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(4.36)

− (ck − sk)
2v̂(k)

1

Ld

∑
p∈Ξ>

L

s2p +O(L−d), (4.37)

where the above quantities depend on the parameter ν. If we naively set ν = µ0,
we see that the two expressions differ by the last line in Equation (4.37), which is
of the order O(κ). Their difference is

δcan,L4 (k, ν, v̂)− δgcan,L4 (k, µ, v̂) (4.38)

=− v̂(k)(ck − sk)
2 1

Ld

∑
p∈Ξ>

L

s2p +O(L−d) +O(κ). (4.39)

Let us explain this discrepancy. As we saw, the chemical potential µ and the
parameter of the corresponding Bogoliubov Hamiltonian µ0 differ by a term of order
κ. They both differ by a quantity of order κ from the canonical parameter ν. To
determine the relationship between the grand-canonical and canonical parameters,
let us use the grand-canonical Bogoliubov ground state Ωbg(µ0):

ν = κv̂(0)
N

Ld
=
κv̂(0)

Ld

(
(Ωbg(µ0)|N0Ωbg(µ0)) + (Ωbg(µ0)|N>Ωbg(µ0))

)
(4.40)

=µ0 +
κv̂(0)

Ld

∑
p∈Ξ>

L

s2p (4.41)

(Here N0 is the unshifted number operator). Equivalently,

µ =ν + κ
1

Ld

∑
p∈Ξ>

L

[
v̂(p)s2p − v̂(p)cpsp

]
. (4.42)

Therefore the unperturbed dispersion relation in the canonical formalism differs
from the relation in the grand-canonical formalism by a term of order O(κ): both
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are given by the same functional form as in ωbg(k, µ0), but the former involves ν
and the latter depends on µ0. Expanding in the Taylor series we have

ωbg(k, ν) = ωbg(k, µ0) + (µ0 − ν)
∂

∂µ0
ωbg(k, µ0) ↾µ0=ν +O(κ2). (4.43)

Now

µ0 − ν = −κv̂(0)
Ld

∑
p∈ΞL

s2p, (4.44)

∂

∂µ0
ωbg(k, µ0) ↾µ0=ν=

v̂(k)|k|2

2v̂(0)ωbg(k)

ck − sk =
|k|√

2ωbg(k)
. (4.45)

Hence,

(µ0 − ν)
∂

∂µ0
ωbg(k, µ0) ↾µ0=ν=− κv̂(k)(ck − sk)

2 1

Ld

∑
p∈Ξ>

L

s2p. (4.46)

We see that the correction in Equation (4.46) exactly coincides with the difference
between the Hellmann-Feynman corrections computed in the canonical and grand-
canonical formalisms (4.39). Thus, one has

κδgcan4 (k, µ, v̂) + (µ0 − ν)
∂

∂µ0
ωbg(k, µ0) ↾µ0=ν= κδcan4 (k, ν, v̂) +O(κ2) (4.47)

Since the Fermi golden rule corrections already essentially coincide, we conclude
that

κδgcan(k, µ, v̂) + (µ0 − ν)
∂

∂µ0
ωbg(k, µ0) ↾µ0=ν= κδcan(k, ν, v̂) +O(κ2) (4.48)

which shows the consistency of the grand-canonical and canonical approaches.
If we compare with the canonical approach, the present derivation is, in a sense,

cleaner because we do not have to deal with dirty “tail terms”. However, the pa-
rameter µ is perhaps sometimes less transparent. Indeed, one needs to renormalize
the ”effective chemical potential” µ0 at every step of the perturbative expansion.

5. Tail estimates

5.1. Localization of the Bogoliubov vacuum. The terms R4,1 and R4,2 arise
when passing from the physical Hilbert space to the extended Hilbert space. We
call them tail terms and show that their contributions vanish in the thermody-
namic limit. The main ingredient is the exponential concentration of N ext

0 around
n0,bg(L)L

d in the Bogoliubov ground state.
This section contains the technical estimates needed to prove Theorem 2.4. Read-

ers primarily interested in the perturbative computation may take that theorem for
granted and skip this section.

We begin with an estimate on the fourth powers of sp.

Lemma 5.1. Fix d = 2, 3 and assume Assumption 2.1. Then

∑
p∈Ξ>,+

L

s4p =

{
O(L2 logL), d = 2,

O(L3), d = 3,
L −→ +∞. (5.1)
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Proof. Under Assumption 2.1, the small-momentum asymptotics, continuity, strict
stability and large-momentum behaviour imply

s4p ≤ C

|p|2
for 0 < |p| ≤ 2π,

s4p ≤ Cs2p for |p| > 2π,

with C > 0 independent of L. Therefore,∑
p∈Ξ>,+

L

s4p ≤ C
∑

p∈Ξ>
L

|p|>2π

s2p + C
∑

p∈Ξ>
L

0<|p|≤2π

1

|p|2
≤ CLdn>bg(L) + C ′L2

⌈L⌉∑
n=1

nd−3, (5.2)

where C ′ > 0 is also independent of L. The remaining sum is O(logL) for d = 2
and O(L) for d = 3, proving (5.1). □

Next, we derive an exponential Markov bound.

Lemma 5.2. Let A be a self-adjoint operator and Ω a vector of norm 1 such that
the quadratic-form expectations

ec1 := (Ω| eA Ω), (5.3)

ec2 := (Ω| e−A Ω) (5.4)

are finite. If Iλ := [a− λ, a+ λ], with a ∈ R and λ > 0, then

(Ω|1lR\Iλ(A)Ω) ≤ e−λ−a+c1 +e−λ+a+c2 . (5.5)

Proof. Integrate the pointwise inequality

1lR\Iλ(x) ≤ e−λ
(
ex−a +e−(x−a)

)
(5.6)

against the spectral measure of A in Ω. □

We apply this bound to N>.

Lemma 5.3. Fix d = 2, 3 and assume Assumption 2.1. Let m > 0 and

Im = [n>bg(L)L
d −mLd, n>bg(L)L

d +mLd]. (5.7)

For every fixed δ ∈]0, 1[ and all sufficiently large L,

(Ωbg|1lR\Im(N>)Ωbg) ≤ exp

{
−π(1 + δ)m√

ν
Ld−1

}
. (5.8)

Proof. Fix δ′ ∈]δ, 1[. We apply Lemma 5.2 with A = µN>, where µ > 0 is chosen
so that

e2µ −1 =
1 + δ′

2

(
sup
p∈Ξ>

L

s2p

)−1

. (5.9)

The uniform small-momentum expansion

s2p =

√
ν

2|p|
+ o(|p|−1), p −→ 0, (5.10)

together with boundedness of s2p outside any fixed neighbourhood of the origin,
gives

sup
p∈Ξ>

L

s2p =

√
ν

4π
L+ o(L), (5.11)

Consequently,

µ =
π(1 + δ′)√

νL
+ o(L−1), 0 ≤ |(e±2µ −1)s2p| ≤

1 + δ′

2
< 1. (5.12)
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For the negative sign, we also used 1− e−2µ ≤ e2µ −1.
By (2.80),

log
(
Ωbg

∣∣ e±µ(N>−n>
bg(L)Ld) Ωbg

)
= −

∑
p∈Ξ>,+

L

log
(
1− (e±2µ −1)s2p

)
∓ µn>bg(L)L

d. (5.13)

For |x| ≤ 1+δ′

2 , we have

0 ≤ − log(1− x)− x = x2
∫ 1

0

v

1− vx
dv ≤ x2

1− δ′
.

Applying this inequality term by term in (5.13), and using 2
∑

p∈Ξ>,+
L

s2p = Ldn>bg(L),

yields

log
(
Ωbg

∣∣ e±µ(N>−n>
bg(L)Ld) Ωbg

)
≤ e±2µ −1∓ 2µ

2
Ldn>bg(L) +

(e±2µ −1)2

1− δ′

∑
p∈Ξ>,+

L

s4p.

Lemma 5.1 gives

log
(
Ωbg

∣∣ e±µ(N>−n>
bg(L)Ld) Ωbg

)
=

{
O(logL), d = 2,

O(L), d = 3,
= o(Ld−1). (5.14)

In (5.5), take A = µN>, a = µn>bg(L)L
d and λ = µmLd. The preceding estimate

gives c1 − a = o(Ld−1) and c2 + a = o(Ld−1). Hence

(Ωbg|1lR\Im(N>)Ωbg) ≤ 2 exp

{
−π(1 + δ′)m√

ν
Ld−1 + o(Ld−1)

}
for all sufficiently large L. After replacing δ′ with δ ∈]0, 1[, δ′ > δ we can absorb
both the o(Ld−1) remainder and the factor 2. □

The identity N ext
0 = N − N> yields the corresponding estimates for the zero-

mode.

Corollary 5.4. Fix d = 2, 3 and assume Assumption 2.1.

a) Suppose that Assumption 2.3 holds. Let m0 > 0 and

Im0
= [n0,bg(L)L

d −m0L
d, n0,bg(L)L

d +m0L
d]. (5.15)

For every fixed δ ∈]0, 1[ and all sufficiently large L,

(Ωbg|1lR\Im0
(N ext

0 )Ωbg) ≤ exp

{
−π(1 + δ)m0√

ν
Ld−1

}
. (5.16)

b) If n0,bg < 0, then

lim
L→+∞

(Ωbg|1l]−∞,0[(N
ext
0 )Ωbg) = 1. (5.17)

Proof. a) Since n0,bg(L)L
d = N − n>bg(L)L

d, functional calculus gives

(Ωbg|1lR\Im0
(N ext

0 )Ωbg) = (Ωbg|1lR\I>
m0

(N>)Ωbg),

where
I>m0

= [n>bg(L)L
d −m0L

d, n>bg(L)L
d +m0L

d].

Lemma 5.3 therefore gives the claimed bound.
b) By the Cauchy–Schwarz inequality,

n0,bg(L) ≥ −L−d(Ωbg|1l]−∞,0[(N
ext
0 )|N ext

0 |Ωbg)

≥ −
√
(Ωbg|1l]−∞,0[(N

ext
0 )Ωbg)L

−d
√

(Ωbg|(N ext
0 )2Ωbg).
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The pair distribution of the Bogoliubov ground state gives

L−2d(Ωbg|(N ext
0 )2Ωbg) = n0,bg(L)

2 + 2L−2d
∑

p∈Ξ>
L

s2p(1 + s2p)

= n0,bg(L)
2 +

{
O(L−2 logL), d = 2,

O(L−3), d = 3.

Here we used Lemma 5.1 and
∑

p∈Ξ>
L
s2p = Ldn>bg(L) = O(Ld). Thus

L−d
√

(Ωbg|(N ext
0 )2Ωbg) −→ |n0,bg|.

Since n0,bg(L) → n0,bg < 0, we have n0,bg(L) < 0 for all sufficiently large L.
Rearranging the Cauchy–Schwarz bound yields√

(Ωbg|1l]−∞,0[(N
ext
0 )Ωbg) ≥

−n0,bg(L)
L−d

√
(Ωbg|(N ext

0 )2Ωbg)
−→ 1.

As the left-hand side is at most 1, this proves b). □

Part a) shows that, for every fixed m0 > 0, the Bogoliubov ground state is
concentrated in the spectral subspace

1lIm0
(N ext

0 )Hext.

This justifies interpreting n0,bg as the condensate density: when n0,bg > 0, the
zero-mode occupation is concentrated at macroscopically large values. Choosing
0 < m0 < n0,bg ensures that Im0 ⊂]0,+∞[ for all sufficiently large L. Consequently,
the unphysical tail 1l]−∞,0[(N

ext
0 )Ωbg is exponentially suppressed in Ld−1.

Remark 5.5. It is clear from the proof of Lemma 5.3 and Corollary 5.4 that one
gets similar exponential decay even for vanishing condensate densities

lim
L→+∞

nbg,0(L) (5.18)

and for spectral intervals of the form

Im0,ϵ = [n0,bg(L)L
d −m0L

d−1+ϵ, n0,bg(L)L
d +m0L

d−1+ϵ], ϵ > 0. (5.19)

A complementary lower bound shows that, for d = 2, 3, the power Ld−1 in the
exponential cannot be improved.

Proposition 5.6. Fix d ≥ 1 and assume Assumption 2.1. Assume that the Bogoli-
ubov vacuum Ωbg is well defined. Then, for every λ > 1 and all sufficiently large
N ,

(Ωbg|1l]−∞,0[(N
ext
0 )Ωbg) ≥ exp

{
−λn 2π√

ν
Ld−1

}
.

Proof. Let (k1)i =
2π
L δi,1. The marginal distribtution of Nk1

is geometric. Thus

(Ωbg|1l]−∞,0[(N
ext
0 )Ωbg) ≥ (Ωbg|1l[⌊N

2 ⌋+1,+∞[(Nk1
)Ωbg) =

(
tanh2 θk1

)⌊N
2 ⌋+1

.

As L→ +∞, k1 → 0. Therefore, we can expand

tanh2 θk1
= 1− 4π√

νL
+ o(L−1).

Consequently, (
⌊N

2 ⌋+ 1
)
log(tanh2 θk1

) = − 2π√
ν
nLd−1(1 + o(1))

For each fixed λ > 1, the claimed lower bound follows for all sufficiently large
N . □
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For d = 1, this proves

lim inf
N→∞

(Ωbg|1l]−∞,0[(N
ext
0 )Ωbg) ≥ e

− 2πn√
ν > 0.

Thus the unphysical tail does not tend to zero in dimension one.
The estimate in Corollary 5.4 remains valid after applying a fixed number of cre-

ation and annihilation operators and inserting a polynomial weight in the extended
zero-mode occupation number.

Proposition 5.7. Fix d = 2, 3 and suppose that Assumptions 2.1 and 2.3 hold.
Let m0 > 0 and α ≥ 0 be fixed, let m0 ≥ 0 be a fixed integer, and set

Im0 = [n0,bgL
d −m0L

d, n0,bgL
d +m0L

d]. (5.20)

Then, for all δ ∈]0, 1[ and, for all sufficiently large L,(
a?k1

· · · a?km
Ωbg

∣∣|N ext
0 |α1lR\Im0

(N ext
0 )a?k1

· · · a?km
Ωbg

)
≤ exp

{
−π(1 + δ)m0√

ν
Ld−1

}
. (5.21)

The estimate is uniform in k1, . . . ,km ∈ Ξ>
L , including repeated momenta, and in

the choices a?k ∈ {ak, a∗k}.

Proof. Let s be the number of creation operators minus the number of annihilation
operators, so that |s| ≤ m. Since N ext

0 = N −N>, spectral calculus gives

|N ext
0 |α1lR\Im0

(N ext
0 )a?k1

· · · a?km
= a?k1

· · · a?km
|N ext

0 − s|α1l(R\Im0 )+s(N
ext
0 ).

Successively applying the usual creation and annihilation bounds on each eigenspace
of N> yields

0 ≤ (a?km
)∗ · · · (a?k1

)∗a?k1
· · · a?km

≤ (N> +m+ 1)m.

This product commutes with N> and N ext
0 .

We first bound the polynomial moments needed below. Equation (2.80) implies,
for sufficiently large L,

log(Ωbg| e
N>

Ld Ωbg) = −1

2

∑
p∈Ξ>

L

log
(
1− (e

2

Ld −1)s2p
)
≤ CL−d

∑
p∈Ξ>

L

s2p ≤ C.

Since N = O(Ld) and for any r ≥ 0(
N>

Ld

)r

≤ Dre
N>

Ld (5.22)

For some positive constant Dr > 0 independent from L, we obtain

(Ωbg|(N +N> +m+ 1)rΩbg) ≤ CrL
dr, r ≥ 0,

where Cr > 0 is again independent from the volume. In particular, using the
preceding operator bound and then Cauchy–Schwarz, the matrix element in the
statement is at most∥∥|N ext

0 − s|α(a?km
)∗ · · · (a?k1

)∗a?k1
· · · a?km

Ωbg

∥∥∥∥∥1l(R\Im0
)+s(N

ext
0 )Ωbg

∥∥∥
≤
(
Ωbg|(N +N> +m+ 1)2(m+α)Ωbg

) 1
2

∥∥∥1l(R\Im0 )+s(N
ext
0 )Ωbg

∥∥∥
≤ CLd(m+α)

∥∥∥1l(R\Im0 )+s(N
ext
0 )Ωbg

∥∥∥ .
The polynomial factor in L can be absorbed into the stated exponential rates by
applying Corollary 5.4 with a smaller δ ∈ (0, 1). This proves the claim. □
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5.2. Estimates for the tail remainders. Throughout this subsection, the exter-
nal momenta are bounded away from zero, and limits are taken along admissible
lattice momenta. In addition to the preceding assumptions, we assume the uniform
summability bound

lim sup
L→∞

1

Ld

∑
p∈Ξ>

L

|v̂(p)|
(
|cpsp|+ s2p

)
<∞.

It holds for d = 2, 3 under the additional Assumption 3.1 by standard Sobolev
inequalities.

The following lemma shows that the Hellmann–Feynman contribution of RL
4,2

vanishes in the thermodynamic limit. We retain the operator ordering in its defi-
nition in Section 2.6.

Lemma 5.8. Fix d = 2, 3 and assume Assumptions 2.1 and 2.3, together with the
uniform summability bound stated above. Let

RL
4,2 =

1

2Ld

(√
N ext

0 (N ext
0 − 1)−N ext

0 +
1

2

) ∑
p∈Ξ>

L

v̂(p)A∗
p + h.c.

Then

lim
L→∞

[
(b∗kΩbg|RL

4,2b
∗
kΩbg)− (Ωbg|RL

4,2Ωbg)
]
= 0.

Proof. Let

f(x) :=
√
|x(x− 1)| − x+

1

2
.

As x→ +∞, this function satisfiesf(x) = O(x−1), f(x+1)−f(x) = O(x−2), f(x+
1) − 2f(x) + f(x − 1) = O(x−3). Since [N ext

0 , Ap] = 2Ap, we have Apf(N
ext
0 ) =

f(N ext
0 − 2)Ap. Consequently, the double-commutator identity gives

(b∗kΩbg|RL
4,2b

∗
kΩbg)− (Ωbg|RL

4,2Ωbg) =
κ

Ld
Re

∑
p∈Ξ>

L

v̂(p)(Ωbg|[bk, [f(N ext
0 − 2)Ap, b

∗
k]]Ωbg).

We expand the commutators as follows:

[bk, [f(N
ext
0 − 2)Ap, b

∗
k]] = f(N ext

0 − 2)[bk, [Ap, b
∗
k]] + [bk, f(N

ext
0 − 2)][Ap, b

∗
k]

+ [f(N ext
0 − 2), b∗k][bk, Ap] + [bk, [f(N

ext
0 − 2), b∗k]]Ap.

Using the expansion of Ap in Mp and Bp, together with (2.72) and (2.74), we
obtain the four identities

(Ωbg|f(N ext
0 − 2)[bk, [Ap, b

∗
k]]Ωbg)

=− skck(δp,k + δ−p,k)(Ωbg|f(N ext
0 − 2)Ωbg), (5.23)

(Ωbg|[bk, f(N ext
0 − 2)][Ap, b

∗
k]Ωbg)

=− skck(δp,k + δ−p,k)(Ωbg|[bk, f(N ext
0 − 2)]b∗kΩbg), (5.24)

(Ωbg|[f(N ext
0 − 2), b∗k][bk, Ap]Ωbg)

=s2k(δp,k + δ−p,k)(Ωbg|[f(N ext
0 − 2), b∗k]b

∗
−kΩbg),

(Ωbg|[bk, [f(N ext
0 − 2), b∗k]]ApΩbg) (5.25)

=s2p(Ωbg|[bk, [f(N ext
0 − 2), b∗k]]B

∗
pΩbg)− spcp(Ωbg|[bk, [f(N ext

0 − 2), b∗k]]Ωbg).
(5.26)

Now, we estimate the scalar product in Equation 5.23. Choose 0 < m0 < n0,bg and
set

Im0 := [n0,bgL
d −m0L

d, n0,bgL
d +m0L

d].
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Using Proposition 5.7, the first expectation in (5.23) satisfies

|(Ωbg|f(N ext
0 − 2)Ωbg)| ≤ |(Ωbg|1lIm0

(N ext
0 )f(N ext

0 − 2)Ωbg)|

+ |(Ωbg|1lR\Im0
(N ext

0 )f(N ext
0 − 2)Ωbg)| = O(L−d) +O(e−cLd−1

). (5.27)

Thus
1

Ld

∑
p∈Ξ>

L

v̂(p)(Ωbg|f(N ext
0 − 2)[bk, [Ap, b

∗
k]]Ωbg) = O(L−2d).

Similarly, it follows that

|(Ωbg|[bk, [f(N ext
0 − 2), b∗k]]Ωbg)| = O(L−2d),

|(Ωbg|[f(N ext
0 − 2), b∗k]b

∗
−kΩbg)| = O(L−2d),

|(Ωbg|[bk, f(N ext
0 − 2)]b∗kΩbg)| = O(L−2d).

The remaining sum over momenta is controlled by the Kronecker deltas for the
first three terms, and by the uniform summability assumption for the fourth one.
Consequently,∣∣∣∣∣∣ 1Ld

∑
p∈Ξ>

L

v̂(p)(Ωbg|[bk, [f(N ext
0 − 2)Ap, b

∗
k]]Ωbg)

∣∣∣∣∣∣ = O(L−2d),

which proves the lemma. □

An analogous proof shows

Lemma 5.9. Under the assumptions of Lemma 5.8, let

RL
4,1 =

1

2Ld

(√
N+

0 (N+
0 − 1)−

√
N ext

0 (N ext
0 − 1)

) ∑
p∈Ξ>

L

v̂(p)A∗
p + h.c.

Then

lim
L→∞

[
(b∗kΩbg|RL

4,1b
∗
kΩbg)− (Ωbg|RL

4,1Ωbg)
]
= 0.

The same arguments apply to normalized states N b∗k1
· · · b∗kn

Ωbg with a fixed
number of quasiparticles and momenta bounded away from zero. Commuting the
finitely many creation and annihilation operators introduces only finitely many
integer shifts and finitely excited vectors, to which the same tail estimates apply.
Thus the conclusions of Lemmas 5.8 and 5.9, as well as those of Lemmas 2.5, 2.6
and 2.7, extend to these states. In particular, neither RL

4,1 nor RL
4,2 contributes to

the Hellmann–Feynman correction in the thermodynamic limit.

6. Estimates on perturbative corrections

In this section we give rigorous proofs of the main results of our paper presented
in Section 3. First we analyze rigorously the Hellmann–Feynman contribution to
the energy shift for low momenta. In the following subsections we will make rigorous
the arguments leading to Proposition 3.4 about the Fermi golden rule correction,
and thus, to Theorem 3.5 about the dispersion relation shift in the canonical setting.
Several auxiliary functions are introduced in Subsections 6.2 and 6.3. In Subsection
6.4 we partition the integration domain into three regions adapted to the singular-
ity structure of the integrals. The corresponding contributions are estimated in
Subsection 6.5.
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6.1. Estimates for the Hellmann-Feynman term.

Remark 6.1. (ν–dependence) We study the small-momentum asymptotics of

δcan4 (k, ν, v̂) and δcan3 (k, ν, v̂) in the regime |k|√
ν
→ 0. Since we will eventually con-

sider the dilute scaling ν 7→ κν and the limit κν → 0, see Sec. 3.5, we must keep
track of the dependence on ν.

After the rescaling p 7→
√
ν p, the Bogoliubov dispersion relation becomes

ωbg(
√
ν p) = ν

√
p4

4
+
v̂(
√
ν p)

v̂(0)
p2. (6.1)

Thus, apart from explicit powers of ν, the remaining dependence on ν enters through
v̂(
√
ν ·). Notice also that each derivative of the potential with respect to the rescaled

variable produces an additional factor of
√
ν.

Accordingly, we shall perform the computation with v̂(0) = 1 and ν = 1. The
correct dependence is restored by multiplying by the global factor v̂(0)ν3/2 and
making the replacements

k 7→ k√
ν

and

v̂( · ) 7→ v̂(
√
ν · )

v̂(0)
.

Before the proof of Proposition 3.2, we need the following simple lemma:

Lemma 6.2. Let d = 3 and f be a radial function in L2(R3). Then

1

(2π)3

∫
dpf(p)

(
v̂(p)− v̂(p+ k) + v̂(p− k)

2

)
(6.2)

=− k2

12π2

∫ ∞

0

dpf(p)
(
v̂′′(p)p2 + 2v̂′(p)p

)
+ o(k2). (6.3)

Proof.

−(6.2) =
1

2

3∑
j,i=1

kjki

∫ 1

−1

dv(1− |v|) 1

(2π)3

∫
dpf(p)(∂j∂iv̂)(p+ vk)

=
1

2

3∑
j,i=1

kjki
1

(2π)3

∫
dpf(p)(∂j∂iv̂)(p) + o(k2). (6.4)

Equation (6.4) can be justified by an L2-translation continuity argument. We esti-
mate ∣∣∣∣∫ dpf(p)(∂j∂iv̂)(p)−

∫
dpf(p)

∫ 1

−1

dv(1− |v|)(∂j∂iv̂)(p+ vk)

∣∣∣∣
≤∥f∥L2(R3) sup

|v|≤1

∥∂i∂j v̂(·+ vk)− ∂i∂j v̂∥L2(R3) (6.5)

Now, for every g ∈ L2(R3) and φ ∈ C∞
c (R3),

sup
|q|≤k

∥g(·+ q)− g∥L2 ≤ 2∥g − φ∥L2 + k∥∇φ∥L2 . (6.6)

By density, the left-hand side therefore vanishes as k → 0. Since |vk| ≤ |k|, the
right-hand side of (6.5) is o(1), which yields the o(k2) remainder in (6.4).

Then,
3∑

i,j=1

kikj
k2

∂i∂j v̂(p) = v̂′′(p) cos2 θ +
v̂′(p)

p
(1− cos2 θ), (6.7)
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where θ is the angle between p and k. Thus the main term of (6.4) is

− k2

2(2π)3

∫ ∞

0

dpf(p)p2
∫ 1

−1

d(cos θ)

∫ 2π

0

dφ

(
v̂′′(p) cos2 θ +

v̂′(p)

p
(1− cos2 θ)

)
= (6.3). (6.8)

□

Proof of Proposition 3.2. Let us fix without loss of generality v̂(0) = 1. On ac-
count of Remark 6.1 we will also take ν = 1. We rewrite the Hellmann-Feynman
contribution (3.15) in the thermodynamic limit as in Equation (3.16)

lim
L→+∞

(Ωbg| [bk, [HL
4,2, b

∗
k]]Ωbg

)
=

=(ck + sk)
2 1

(2π)3

∫
dpcpspv̂(p) (6.9)

+ (c2k + s2k)
1

(2π)3

∫
dps2p

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(6.10)

+ 2cksk
1

(2π)3

∫
dpcpsp

(
−v̂(p) + v̂(p+ k) + v̂(p− k)

2

)
(6.11)

− (ck − sk)
2v̂(k)

1

(2π)3

∫
dps2p. (6.12)

Note that the convergence of the Riemann sums is implied by

v̂(p) ∈ C1(R3) ∩ L2(R3), ∂iv̂(p) ∈ L2(R3) (6.13)

and

|cpsp| = O

(
|v̂(p)|
|p|2

)
, s2p = O

(
v̂(p)2

|p|4

)
, as |p| → +∞. (6.14)

The first line (6.9) is the infrared divergent term. The second and third lines, (6.10)
and (6.11), can be treated as in Lemma 6.2. They give

(6.10) =(c2k + s2k)
k2

12π2

∫
dps2p(v̂

′′(p)p2 + 2pv̂′(p)) + o(k), (6.15)

(6.11) =cksk
k2

6π2

∫
dpcpsp(v̂

′′(p)p2 + 2pv̂′(p)) + o(k). (6.16)

To conclude the proof we just have to re-organize the coefficients cksk, (ck± sk)
and c2k + s2k to recover the expression for c4 and for the infrared term. Using
Equation (3.22) we have

cksk =

√
ν

2k
(1 +O(k2)) (6.17)

(ck − sk)
2 =

k

2
√
ν

(
1 +O(k2)

)
(6.18)

(ck + sk)
2 =

2ωbg(k)

k2
(6.19)

c2k + s2k =

√
ν

k
(1 +O(k)) (6.20)

After restoring the correct powers of ν and v̂(0), we conclude the proof. □

6.2. Bogoliubov coefficients in momentum coordinates. In this subsection,
we describe several useful properties and expansions of the Bogoliubov coefficients
ck, sk, and related functions. The proofs of the results in this subsection are simple
but tedious, therfore we will omit them.
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Regularized Bogoliubov coefficients. In view of Remark 6.1, we express all
momenta in units of

√
ν. Accordingly, throughout this section we carry out the

computation under the normalization ν = 1 and v̂(0) = 1. Equivalently, we perform

the replacements v̂(p) ≡ v̂(
√
νp)

v̂(0) , ωbg(p) ≡ ωbg(
√
νp)

ν , sp ≡ s√νp and cp ≡ c√νp.

The coefficients cp and sp diverge as 1√
2ωbg(p)

as p → 0. Thus, it will be more

convenient to work with regularized versions of the latter coefficients in the following

c(p) :=
√
2ωbg(p)cp =

√√
ωbg(p)2 + v̂(p)2 + ωbg(p)

=

√
p2

2
+ v̂(p) + ωbg(p), (6.21)

s(p) :=
√
2ωbg(p)sp = sign(v̂(p))

√√
ωbg(p)2 + v̂(p)2 − ωbg(p)

= sign(v̂(p))

√
p2

2
+ v̂(p)− ωbg(p). (6.22)

Unlike cp and sp, the regularized coefficients c(p) and s(p) extend to C5 functions
in a neighborhood of the origin. In particular, c(0) = s(0) = 1. We collect their
main properties in the following lemma.

Lemma 6.3. Suppose that the potential satisfies Assumptions 2.1 and 3.1.

a) The regularized Bogoliubov coefficients satisfy the following relations for all
p ∈ [0,+∞[

c(p)2 − s(p)2 = 2ωbg(p) (6.23)

c(p)2 + s(p)2 = p2 + 2v̂(p) (6.24)

c(p)s(p) = v̂(p) (6.25)

c(p)− s(p) = p (6.26)

c(p) + s(p) =
2ωbg(p)

p
(6.27)

b) The regularized Bogoliubov coefficient have the following expansions

v̂(p) = 1 + r(p), r(p) ∈ O
(
p2
)

(6.28)

c(p) = 1 +
ωbg(p)

2
+
ωbg(p)

2

8
+
r(p)

2
+Rc(p), (6.29)

s(p) = 1− ωbg(p)

2
+
ωbg(p)

2

8
+
r(p)

2
+Rs(p), (6.30)

as p→ 0, where Rc and Rs are C2 and of order O
(
p3
)
in neighborhood of

0.

We next record the large-momentum behavior of c(p), s(p), and their derivatives.

Lemma 6.4. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
we have the following
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a) The rescaled Bogoliubov energy and its first and second derivatives satisfy
the following

ωbg(p) =
p2

2

(
1 +O

(
1

p2

))
, (6.31)

ω′
bg(p) = p

(
1 +O

(
1

p

))
, (6.32)

ω′′
bg(p) = O(1) (6.33)

as p→ +∞.
b) The regularized coefficients s(p), c(p) and their derivatives are continuous

functions satisfying

c(p) = p

(
1 +O

(
1

p2

))
, s(p) =

v̂(p)

p

(
1 +O

(
1

p2

))
(6.34)

c′(p) = 1 +O

(
1

p

)
, s′(p) = O

(
|v̂′(p)|
p

+
|v̂(p)|
p2

)
(6.35)

c′′(p) = O

(
1

p

)
, s′′(p) = O

(
|v̂′′(p)|p2 + |v̂′(p)|p+ |v̂(p)|

p3

)
(6.36)

as p→ +∞.

The symmetric combination of two translated Bogoliubov energies admits the
following Taylor expansion with an exact remainder:

ωbg(p+ ϵ) + ωbg(p− ϵ) = 2ωbg(p) + ϵ2Rω(p, ϵ), (6.37)

Rω(p, ϵ) =

∫ 1

−1

dv(1− |v|)ω′′
bg(p+ vϵ), (6.38)

for p ≥ ϵ. Clearly, Rω(p, 0) = ω′′
bg(p), for p > 0.

Lemma 6.4 immediately yields the following Corollary

Corollary 6.5. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then

|Rω(p, ϵ)| ≤ C, (6.39)

for p ≥ ϵ > 0 and for some sufficiently large constant C > 0.

Regularized Fermi golden rule integrands. We proceed to define regularized
versions of j(k; p, q) and κ(k, p, q) in terms of the regularized coefficients c(p) and
s(p).

J(k; p, q) =
√
8ωbg(p)ωbg(q)ωbg(k)j(k; p, q) (6.40)

=− v̂(k)(c(k)− s(k))(c(p)s(q) + c(q)s(p))

+ v̂(p)(c(p)− s(p))(c(q)c(k) + s(q)s(k))

+ v̂(q)(c(q)− s(q))(c(p)c(k) + s(p)s(k))

and

K(k, p, q) =
√
8ωbg(p)ωbg(q)ωbg(k)κ(k, p, q) (6.41)

=− v̂(k)(c(k)− s(k))(c(p)s(q) + c(q)s(p))

− v̂(p)(c(p)− s(p))(s(q)c(k) + c(q)s(k))

− v̂(q)(c(q)− s(q))(s(p)c(k) + c(p)s(k)).

From now on we will employ the (t, s) coordinates 3.3.
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Expansions for J and K. Since J and K are even functions of s, and since the
potential is twice differentiable (3.1c), we obtain

J(k; t+ sk, t− sk) = J(k; t, t) + k2s2SJ(k, t, sk), (6.42)

K(k, t+ sk, t− sk) = K(k, t, t) + k2s2SK(k, t, sk), (6.43)

where the remainders SJ/K are defined as

SJ(k, t, sk) =
1

2

∫ 1

−1

dv(1− |v|)
[
J(k, t+ ·, t− ·)

]′′∣∣∣
vsk
, (6.44)

SK(k, t, sk) =
1

2

∫ 1

−1

dv(1− |v|)
[
K(k, t+ ·, t− ·)

]′′∣∣∣
vsk
. (6.45)

If we were to set k = 0, we would obtain

SJ(0; t, 0) =8

(
v̂′(t)ωbg(t)

t
+
v̂(t)ωbg(t)

t2
−
ω′
bg(t)v̂(t)

t

)
+ 2v̂′′(t)ωbg(t) + 2v̂(t)ω′′

bg(t)− 4ω′
bg(t)v̂

′(t) (6.46)

SK(0, t, 0) =− SJ(0; t, 0). (6.47)

We now derive estimates for these remainders

Lemma 6.6. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Let us
introduce the function

Φ(t) := |v̂(t)|+ t|v̂′(t)|+ t2|v̂′′(t)| (6.48)

Then, we can bound the remainders SJ and SK as

|SJ(k, t, sk)|+ |SK(k, t, sk)| ≤ C

∫ 1

−1

dv(1− |v|)Φ(t+ vsk) (6.49)

for k in a sufficiently small neighborhood of 0. In particular,

|SJ(k, t, sk)|+ |SK(k, t, sk)| ≤ C(1 + t2) (6.50)

for some sufficiently large C > 0.

We next examine the diagonal expressions J(k; t, t) and K(k, t, t). The former
can be written as

J(k; t, t) =2v̂(t)
[
(2ωbg(t)− ωbg(k))

(
1 +

ωbg(k)

4

t2

ωbg(t)

)
+RJ(k, t)

]
(6.51)

where

RJ(k, t) =
ωbg(k)

2

4

t2

ωbg(t)
+ 2ωbg(t)

(
ωbg(k)

2

8
+
r(k)

2

)
+ t(c(t)Rc(k) + s(t)Rs(k)) + (Rs(k)−Rc(k))− r(k)k. (6.52)

Similarly, we have for K(k, t, t)

K(k, t, t) =− 2v̂(t)
[
(2ωbg(t) + ωbg(k))

(
1− ωbg(k)

4

t2

ωbg(t)

)
+RK(k, t)

]
, (6.53)

where

RK(k, t) =
ωbg(k)

2

4

t2

ωbg(t)
+ 2ωbg(t)

(
ωbg(k)

2

8
+
r(k)

2

)
+ t(c(t)Rs(k) + s(t)Rc(k))− (Rs(k)−Rc(k)) + r(k)k. (6.54)
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The sum and difference of the remainders RJ and RK are given by

RJ +RK =
ωbg(k)

2

2

t2

ωbg(t)
+ ωbg(t)

(
ωbg(k)

2

2
+ 2r(k)

)
+ 2ωbg(t)(Rc(k) +Rs(k)), (6.55)

RJ −RK =
(
t2 − 2

)
(Rc(k)−Rs(k))− 2r(k)k. (6.56)

Using Equation (6.37) we can also write J(k; t, t) and K(k, t, t) in a more useful
form:

2v̂(t)
[
(ωbg(t+ sk) + ωbg(t− sk)− ωbg(k))

(
1 +

ωbg(k)

4

t2

ωbg(t)

)
− s2k2Rω(t, sk)

(
1 +

ωbg(k)

4

t2

ωbg(t)

)
+RJ(k, t)] = J(k; t, t), (6.57)

and

− 2v̂(t)
[
(ωbg(t+ sk) + ωbg(t− sk) + ωbg(k))

(
1− ωbg(k)

4

t2

ωbg(t)

)
− s2k2Rω(t, sk)

(
1− ωbg(k)

4

t2

ωbg(t)

)
+RK(k, t)] = K(k, t, t), (6.58)

where in both equations we have added and subtracted a term s2k2Rω(t, sk).
RJ and RK satisfy the following upper bound:

Lemma 6.7. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
we have

max{|RJ(k, t)|, |RK(k, t)|} ≤ Ck2(1 + t2), (6.59)

for some sufficiently large C > 0, as k → 0.

Density function h. We further define

h(t) :=
t

ωbg(t)
. (6.60)

This function appears naturally as the density factor in the Fermi golden rule
integrals after the change of variables in Definition 3.3. We collect its relevant
properties below

Lemma 6.8. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then
h(t), h′(t) and h′′(t) are continuous and bounded functions. Moreover, the satisfy

h(t) = O

(
1

t

)
, h′(t) = O

(
1

t2

)
,

h′′(t) = O

(
1

t3

)
as t→ +∞. (6.61)

It will be useful to have the following expansion at hand

h(t+ sk)h(t− sk) =h(t)2 + s2k2Rh(t, sk), (6.62)

Rh(t, sk) =
1

2

∫ 1

−1

dv(1− |v|)(h′′(t− vsk)h(t+ vsk) + h′′(t+ vsk)h(t− vsk)

− 2h′(t− vsk)h′(t+ vsk)). (6.63)

As a corollary to Lemma 6.8 we get

Corollary 6.9. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then

|Rh(t, sk)| ≤ Cmin{1, t−4} (6.64)

for some sufficiently large constant C > 0, t ∈ [k2 ,+∞[.
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Setting k = 0 in (6.63) we get

Rh(t, 0) =
ω′
bg(t)

2t2 − ω′′
bg(t)ωbg(t)t

2 − ωbg(t)
2

ωbg(t)4
(6.65)

6.3. Expansions in the energy coordinates. Equations(2.1c), (3.1b) and (3.1a)
imply that p 7→ ωbg(p) is invertible in a sufficiently small neighborhood U of the
origin. We denote its inverse by ω 7→ p(ω) (or ω 7→ q(ω) ). As p, q, k → 0, we can
therefore express j(k; p, q) and κ(k, p, q) in terms of the corresponding Bogoliubov
energies. We introduce the following change of variables

Definition 6.10. x− y coordinates:

x := ωbg(p) + ωbg(q), y =
ωbg(p)− ωbg(q)

k
,

ωbg(p) =
x+ yk

2
, ωbg(q) =

x− yk

2
. (6.66)

With a slight abuse of notation, we use the same symbols J and K for the
corresponding functions of the energy variables. Thus, we write

J

(
k; p

(
x+ yk

2

)
, q

(
x− ky

2

))
= J(k;x+ yk, x− yk). (6.67)

We then obtain the following expansions, whose proof is essentially contained in
[23, Sec.3.2].

Lemma 6.11. Suppose that the potential satisfies Assumptions 2.1 and 3.1. Then,
the following expansions hold

J(k;x+ yk, x− yk) = 2(x− ωbg(k)) + R(k;x+ yk, x− yk),

as x, k → 0, (6.68)

K(k, x+ yk, x− yk) = −2(x+ ωbg(k)) + S(k, x+ yk, x− yk),

as x, k → 0, (6.69)

where R and S are at least C2 in a neighborhood of (x, k) = (0, 0) and are of order

O
(
(x2 + y2k2)

3
2

)
.

We shall also introduce the following

f(ω) :=
d[p(ω)2]

d[ω2]
=

(
v̂(p(ω))

v̂(0)
+

1

2

(
1 +

1

v̂(0)p(ω)
v̂′(p(ω))

)
p(ω)2

)−1

. (6.70)

As a consequence of Assumptions (2.1c), (3.1a) and (3.1b), f is bounded in a
neighborhood of the origin and it satisfies

f(ω) =
(
1 +O

(
ω2
))

(6.71)

as ω → 0.

6.4. Integration domain. In this subsection, we partition R3 as the disjoint union
of three domains (Ik,i)

3
i=1. These will depend on the momentum vector k. However,

for sufficiently small k = |k|, their qualitative properties remain unchanged. We
also describe their representations in the energy coordinates (x, y) introduced in
(6.66) and in the momentum coordinates (t, s) introduced in (3.35).
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We take

Ik,1 :=

{
p ∈ R3|2ωbg

(k
2

)
≤ ωbg(p) + ωbg(q) < 2ωbg(k)− 2ωbg

(k
2

)}
, (6.72)

Ik,2 :=

{
p ∈ R3|2ωbg(k)− 2ωbg

(k
2

)
≤ ωbg(p) + ωbg(q), p+ q < 4k

}
, (6.73)

Ik,3 := {p ∈ R3|4k ≤ p+ q ≤ +∞}. (6.74)

Note that in Ik,1, the range of ωbg(p)+ωbg(q) is symmetric with respect to ωbg(k).
It is clear from their definitions that these sets are pairwise disjoint.

Remark 6.12. As will become clear from the estimate of the Fermi golden rule
contribution, the decomposition into the domains Ik,1, Ik,2 and Ik,3 is tailored to
the coordinate system best suited to each region:

Ik,1: The symmetric region around the pole of the Fermi golden rule integral.
Energy coordinates are convenient here because they resolve the behavior
near the pole.

Ik,2: The transition region between the near-pole domain, whose boundary is at
distance O(k3) from the pole, and the large-momentum region, which is
at distance O(k) from the pole. This region is still best treated in energy
coordinates.

Ik,3: The large-momentum region. In this case the boundary of the integration
domain is simpler in momentum variables.

The following lemma describes the minimum of ωbg(p)+ωbg(q) and its distance
from ωbg(k).

Lemma 6.13. Fix v̂(0) = 1 and ν = 1. Suppose that the potential satisfies As-
sumptions 2.1 and 3.1. Then, we have

min
p∈R3

(
ωbg(p) + ωbg(p− k)

)
= 2ωbg

(
k

2

)
< ωbg(k). (6.75)

Moreover there exist sufficiently large positive constants D ≥ C > 0, such that for
all sufficiently small k > 0 one has

Ck3 ≤ ωbg(k)− 2ωbg

(
k

2

)
≤ Dk3 (6.76)

Proof. Equation (6.75) was proved in [21] using the strict convexity of p→ ωbg(p)
for sufficiently small p. Under our assumptions, strict convexity follows from Equa-
tion (3.1e). Expanding ωbg(k) at the origin gives

ωbg(k)− 2ωbg

(
k

2

)
=

3

16

(
v̂′′(0) +

1

2

)
k3 +O(k5) (6.77)

□

Lemma 6.13 immediately implies that the three domains cover the full integration
region

Corollary 6.14. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then, for all sufficiently small k,

Ik,1 ∪ Ik,2 ∪ Ik,3 = R3. (6.78)

Proof. Ik,1. Let us parametrize the domain Ik,1 in terms of the variables (x, y) in
(6.66). The constraint in (6.72) bounds x as

0 < 2ωbg

(
k

2

)
≤ x < 2ωbg(k)− 2ωbg

(
k

2

)
. (6.79)
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Using the small-momentum expansion of the dispersion relation, we find

ky = ωbg(p)− ωbg(q) = (p− q) +O
(
p3 + q3

)
, as p, q → 0, (6.80)

and taking into account the symmetry y ↔ −y, we have

−ηk(x) ≤ y ≤ ηk(x), [−ηk(x), ηk(x)] ⊂ [−1−O(k2), 1 +O(k2)] (6.81)

for some continuous function ηk, uniformly for x ∈ [2ωbg(
k
2 ), 2ωbg(k)− 2ωbg(

k
2 )[.

Moreover, the endpoints satisfy

p

(
x+ kηk(x)

2

)
+ p

(
x− kηk(x)

2

)
= k, 2ωbg

(k
2

)
≤ x ≤ ωbg(k), (6.82)

p

(
x+ kηk(x)

2

)
− p

(
x− kηk(x)

2

)
= k, ωbg(k) ≤ x, (6.83)

and

ηk(ωbg(k)) =
ωbg(k)

k
, ηk

(
2ωbg

(k
2

))
= 0. (6.84)

As p→ ωbg(p) is strictly increasing and convex in a neighborhood of 0, ω → p(ω)
is strictly increasing and concave. Then, we have for y > 0 that

∂y

(
p

(
x+ ky

2

)
+ p

(
x− ky

2

))
< 0, (6.85)

∂y

(
p

(
x+ ky

2

)
− p

(
x− ky

2

))
> 0, (6.86)

in 2ωbg(
k
2 ) < x < ωbg(k) and ωbg(k) < x respectively. Thus, by the implicit

function theorem x → ηk(x) is C5 in these intervals. At x = ωbg(k), ηk(x) is
continuous but it has different left and right derivatives, namely

lim
ϵ→0

ηk(ωbg(k))− ηk(ωbg(k)− ϵ)

ϵ
=

p′(ωbg(k)) + p′(0)

k(p′(0)− p′(ωbg(k)))
(6.87)

and

lim
ϵ→0

ηk(ωbg(k) + ϵ)− ηk(ωbg(k))

ϵ
=

p′(0)− p′(ωbg(k))

k(p′(0) + p′(ωbg(k)))
. (6.88)

Ik,2. The constraint in Ik,2 puts an upper bound on x

2ωbg(k)− 2ωbg

(
k

2

)
< x ≤ sup

p+q<4k
(ωbg(p) + ωbg(q)) . (6.89)

by expanding the dispersion relation as

ωbg(p) + ωbg(q) = (p+ q)
(
1 +O

(
p2 + q2

))
= ωbg(p+ q)

(
1 +O

(
p2 + q2

))
as p, q → 0 (6.90)

one gets
sup

p+q<4k
(ωbg(p) + ωbg(q)) = ωbg(4k)

(
1 +O

(
k2
))
. (6.91)

Therefore, the y integration region is of the form

−1−O(k2) ≤ y ≤ 1 +O(k2) (6.92)

for all

x ∈
[
2ωbg(k)− 2ωbg

(k
2

)
, sup
p+q<4k

(ωbg(p) + ωbg(q))
[
,

where the remainder term O(k2) in the integration region possibly depends on x.
Ik,3. Finally, we observe that in terms of the variables (t, s, φ), the domain Ik,3

simply becomes

Ik,3 = [2k,+∞[×
[
−1

2
,
1

2

]
× [0, 2π[. (6.93)
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□

We conclude this subsection by locating the pole of the first Fermi golden rule
integral (3.29) and (3.30)

Proposition 6.15. Suppose that the potential satisfies Assumptions 2.1 and 3.1.
Then, for all sufficiently small k, the equation

x− ωbg(k) = ωbg(p) + ωbg(q)− ωbg(k) = 0, (6.94)

does not have any solutions if p > k.

Proof. By our Assumptions on the potential (2.1c) and (3.1b), we know that there
exists a neighborhood of p = 0, say U = [0, c[ for some c > 0, such that p→ ωbg(p)
is strictly increasing. Moreover, by (2.1c) we also know that

inf
p>c

ωbg(p) > 0. (6.95)

We can take k < c sufficiently small so that

ωbg(k) < inf
p>c

ωbg(p). (6.96)

Therefore, if p > k, we have

ωbg(p) + ωbg(q) > ωbg(p) > min{ inf
k<p<c

ωbg(p), inf
p>c

ωbg(p)} = ωbg(k). (6.97)

□

6.5. Estimates for the energy integrals. We take k sufficiently small that
Corollary 6.14 applies. We write

δ(Ik,i) = − 1

2
Re

∫
Ik,i

dp

(2π)3

[
j(k;p,p− k)2

ωbg(p) + ωbg(p− k)− ωbg(k)− i0

+
κ(k,p,p− k)2

ωbg(k) + ωbg(p) + ωbg(p− k)

]
. (6.98)

In the energy coordinates of Definition 6.10,

dp =
x2 − k2y2

8
f

(
x+ ky

2

)
f

(
x− ky

2

)
dxdy dφ. (6.99)

Estimate of δ(Ik,1).

Proposition 6.16. Under Assumptions 2.1 and 3.1,

δ(Ik,1) = v̂(0)ν3/2O

(
k3

ν3/2

)
,

k√
ν
−→ 0.

Proof. We first set ν = v̂(0) = 1, as in Remark 6.1. After the angular integration,
the contribution containing J is

− 1

128π2ωbg(k)
Re

∫ 2ωbg(k)−2ωbg(k/2)

2ωbg(k/2)

Fk(x)

x− ωbg(k)− i0
dx, (6.100)

where, using the same endpoint function ηk,

G(k, x, y) := f

(
x+ ky

2

)
f

(
x− ky

2

)
J(k;x+ ky, x− ky)2,

Fk(x) :=

∫ ηk(x)

−ηk(x)

G(k, x, y) dy. (6.101)
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On Ik,1, Lemmas 6.13 and 6.11, and local regularity, give

ck3 ≤ ωbg(k)− 2ωbg(k/2) ≤ Ck3, 0 ≤ ηk(x) ≤ C,

|J(k;x+ ky, x− ky)| ≤ Ck3, |∂xJ(k;x+ ky, x− ky)| ≤ C,

|G(k, x, y)| ≤ Ck6, |∂xG(k, x, y)| ≤ Ck3, |Fk(x)| ≤ Ck6.

Here the derivative bound follows from the smooth expression for J ; also f and f ′

are bounded near zero.
We only need to differentiate Fk near the pole. For

ωbg(k) + 2ωbg(k/2)

2
≤ x < ωbg(k),

the endpoint relation p+ q = k, Taylor’s formula and ω′′
bg(p) = O(p) imply

ck3 ≤ x− 2ωbg(k/2) ≤ Ck(p− q)2 ≤ Ck3ηk(x)
2, ηk(x) ≥ c.

The inverse dispersion satisfies

p′(ω) = 1 +O(ω2), p′′(ω) = −3

4

(
1 + 2v̂′′(0)

)
ω +O(ω3),

p′
(
x− kηk(x)

2

)
− p′

(
x+ kηk(x)

2

)
≥ cxkηk(x) ≥ ck2.

Implicit differentiation of the endpoint relation therefore gives

|η′k(x)| =
p′
(

x+kηk(x)
2

)
+ p′

(
x−kηk(x)

2

)
k
∣∣∣p′ (x+kηk(x)

2

)
− p′

(
x−kηk(x)

2

)∣∣∣ ≤ Ck−3.

For x > ωbg(k) in Ik,1 the endpoint relation is p− q = k, and instead

|η′k(x)| =
p′
(

x−kηk(x)
2

)
− p′

(
x+kηk(x)

2

)
k
[
p′
(

x−kηk(x)
2

)
+ p′

(
x+kηk(x)

2

)] ≤ Ck.

Consequently,

|F ′
k(x)| ≤

∫ ηk(x)

−ηk(x)

|∂xG(k, x, y)|dy + 2|η′k(x)| sup
|y|≤ηk(x)

|G(k, x, y)| ≤ Ck3,

0 < |x− ωbg(k)| ≤
ωbg(k)− 2ωbg(k/2)

2
.

Since Fk is continuous at the pole, symmetrization gives

Re

∫ 2ωbg(k)−2ωbg(k/2)

2ωbg(k/2)

Fk(x)

x− ωbg(k)− iϵ
dx

=

∫ ωbg(k)−2ωbg(k/2)

0

r [Fk(ωbg(k) + r)− Fk(ωbg(k)− r)]

r2 + ϵ2
dr. (6.102)

The right-hand side is bounded, uniformly for ϵ > 0, by

Ck3
∫ (ωbg(k)−2ωbg(k/2))/2

0

dr + Ck6
∫ ωbg(k)−2ωbg(k/2)

(ωbg(k)−2ωbg(k/2))/2

dr

r
≤ Ck6.

This also supplies an integrable majorant for the limit ϵ ↓ 0. Thus (6.100) is O(k5).
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For the second channel, K(k;x + ky, x − ky) = O(k) and x + ωbg(k) ≥ ck on
Ik,1. Hence

1

128π2ωbg(k)

∫ 2ωbg(k)−2ωbg(k/2)

2ωbg(k/2)

dx

∫ ηk(x)

−ηk(x)

dy

× f

(
x+ ky

2

)
f

(
x− ky

2

)
K(k;x+ ky, x− ky)2

x+ ωbg(k)

≤ C

k
k3
k2

k
= Ck3. (6.103)

Restoring the factor v̂(0)ν3/2 and replacing k by k√
ν
proves the claim. □

Estimate of δ(Ik,2).

Proposition 6.17. Under Assumption 2.1 and 3.1,

δ(Ik,2) = −15v̂(0)ν3/2

16π2

k√
ν

(
1 +O

(
k2

ν

))
,

k√
ν
−→ 0.

Proof. Again we take ν = v̂(0) = 1. On Ik,2,

x− ωbg(k) ≥ ωbg(k)− 2ωbg(k/2) ≥ ck3, (6.104)

x+ ωbg(k) ≥ ck. (6.105)

In particular, there is no pole. Lemma 6.11 gives R,S = O(k3) and the exact square
expansion

J(k;x+ ky, x− ky)2

x− ωbg(k)
+
K(k;x+ ky, x− ky)2

x+ ωbg(k)

= 8x+ 4
(
R(k;x+ ky, x− ky)− S(k;x+ ky, x− ky)

)
+
R(k;x+ ky, x− ky)2

x− ωbg(k)
+
S(k;x+ ky, x− ky)2

x+ ωbg(k)
= 8x+O(k3). (6.106)

We integrate this expression in the momentum coordinates (t, s). Uniformly for
k/2 ≤ t ≤ 2k and |s| ≤ 1

2 ,

x = ωbg(t+ ks) + ωbg(t− ks) = 2t+O(k3),

h(t+ ks)h(t− ks) = 1 +O(k2), dp = 2(t2 − k2s2) dφdtds.

Thus the momentum integrand on Ik,2 satisfies

h(t+ ks)h(t− ks)
[
8x+O(k3)

]
= 16t+O(k3).

Since the lower energy cutoff is k + O(k3), the actual domain satisfies, after the
angular integration,

[k/2 + Ck3, 2k[×[−1

2
,
1

2
] ⊂ Ik,2 ⊂ [k/2, 2k[×[−1

2
,
1

2
].

The omitted strip has area O(k3). Its leading integrand is O(k), while the integrated
remainder is O(k3)O(k) = O(k4). Therefore

δ(Ik,2) = − 1

32π2ωbg(k)

[∫ 2k

k/2

dt

∫ 1
2

− 1
2

ds 16t+O(k4)
]

= −30k2 +O(k4)

32π2ωbg(k)
= − 15

16π2
k +O(k3).

The rescaling of Remark 6.1 gives the stated result. □
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It remains to estimate δ(Ik,3). For this purpose it is convenient to use the
momentum coordinates introduced in Definition (3.35). With this coordinates, the
relevant integral (ν = v̂(0) = 1)becomes

δ(Ik,3) = − 1

ωbg(k)

1

32π2

∫ +∞

2k

dt

∫ 1
2

− 1
2

ds
t2 − k2s2

ωbg (t+ sk)ωbg (t− sk)

×

(
J (k; t+ sk, t− sk)

2

ωbg(t+ sk) + ωbg(t− sk)− ωbg(k)
+

K (k, t+ sk, t− sk)
2

ωbg(t+ sk) + ωbg(t− sk) + ωbg(k)

)
(6.107)

To determine the small k-behavior of this integral, we expand the last line of
Equation (6.107) using (6.57) and (6.58). As a preliminary step, we write it as

J(k; t, t)2

ωbg(t+ sk) + ωbg(t− sk)− ωbg(k)
+

K(k, t, t)2

ωbg(t+ sk) + ωbg(t− sk) + ωbg(k)
(6.108)

+ Sshift(k, t, sk) +R3(k, t, sk), (6.109)

where we have defined the shift term

Sshift(k, t, sk) := 4k2s2v̂(t)
(
SJ(k, t, sk)− SK(k, t, sk)

)
. (6.110)

Expanding the squares in (6.42) and (6.43), and then using (6.57) and (6.58), gives
the exact remainder

R3(k, t, sk) =
v̂(t)ωbg(k)t

2

ωbg(t)
k2s2

(
SJ(k, t, sk) + SK(k, t, sk)

)
+

4v̂(t)k2s2SJ(k, t, sk)

ωbg(t+ sk) + ωbg(t− sk)− ωbg(k)

×
[
RJ(k, t)− s2k2Rω(t, sk)

(
1 +

ωbg(k)t
2

4ωbg(t)

)]
+

k4s4SJ(k, t, sk)
2

ωbg(t+ sk) + ωbg(t− sk)− ωbg(k)
(6.111)

+
4v̂(t)k2s2SK(k, t, sk)

ωbg(t+ sk) + ωbg(t− sk) + ωbg(k)

×
[
s2k2Rω(t, sk)

(
1− ωbg(k)t

2

4ωbg(t)

)
−RK(k, t)

]
+

k4s4SK(k, t, sk)2

ωbg(t+ sk) + ωbg(t− sk) + ωbg(k)
. (6.112)

To extract the same infrared term as in the Hellmann–Feynman contribution, we

first use c(k) + s(k) = 2
ωbg(k)

k in (6.55). This gives the exact identity

RJ(k, t) +RK(k, t) =
ωbg(k)

2t2

2ωbg(t)
+ 4ωbg(t)

(
ωbg(k)

k
− 1

)
.

Together with

2
ωbg(k)

k
− 1 =

ωbg(k)
2

k2
−
(
ωbg(k)

k
− 1

)2

,

this allows us to absorb the entire sum RJ+RK into the main term and a remainder

containing
(

ωbg(k)
k − 1

)2
. The diagonal contribution (6.108) is then decomposed

exactly as

(6.108) = Smain(k, t) (6.113)

− 8v̂(t)2s2k2Rω(t, sk) + S3(k, t, sk), (6.114)
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where

Smain(k, t) := 16v̂(t)2ωbg(t)
ωbg(k)

2

k2
+
v̂(t)2ωbg(k)

2t4

ωbg(t)
(6.115)

and

S3(k, t, sk) =
2v̂(t)2t2

ωbg(t)
ωbg(k)

(
RJ(k, t)−RK(k, t)

)
− v̂(t)2t4Rω(t, sk)

2ωbg(t)2
s2ωbg(k)

2k2

− 16v̂(t)2ωbg(t)

(
ωbg(k)

k
− 1

)2

(6.116)

+ 4v̂(t)2

[
RJ(k, t)− s2k2Rω(t, sk)

(
1 +

ωbg(k)t
2

4ωbg(t)

)]2
ωbg(t+ sk) + ωbg(t− sk)− ωbg(k)

(6.117)

+ 4v̂(t)2

[
RK(k, t)− s2k2Rω(t, sk)

(
1− ωbg(k)t

2

4ωbg(t)

)]2
ωbg(t+ sk) + ωbg(t− sk) + ωbg(k)

. (6.118)

Estimate of δ(Ik,3). We work in the normalization ν = v̂(0) = 1 and retain
Assumptions 2.1 and 3.1.

The boundedness and continuity of v̂, its behavior at the origin, and stability
imply

C−1t(1 + t) ≤ ωbg(t) ≤ Ct(1 + t), t > 0.

Throughout the estimates, 0 < k ≤ k0 < is sufficiently small, t ≥ 2k, and |s| ≤ 1
2 .

Constants may depend on the fixed potential but are independent of k, t, s.
We shall use

ωbg(t+ sk) + ωbg(t− sk)± ωbg(k) ≥ C−1t(1 + t), (6.119)

h(t+ sk)h(t− sk) ≤ C

1 + t2
,

t2

ωbg(t)
≤ Cmin{t, 1}.

For small t, the first inequality follows from ωbg(t) = t + O(t3) and 2k ≤ t. Away
from the origin, the explicit expression of ωbg give the same bound.

We also recall the exact Taylor formula for the density factor:

h(t+ sk)h(t− sk) = h(t)2 + s2k2Rh(t, sk), (6.120)

where

Rh(t, sk) =
1

2

∫ 1

−1

dv (1− |v|)
[
h′′(t+ vsk)h(t− vsk)

+ h(t+ vsk)h′′(t− vsk)− 2h′(t+ vsk)h′(t− vsk)
]
. (6.121)

By Lemma 6.8 and Corollaries 6.5 and 6.9

|Rh(t, sk)| ≤ Cmin{1, t−4}, |Rω(t, sk)| ≤ C. (6.122)

The following four lemmas estimate the main term, S3, the shift term Sshift, and
R3, respectively.
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Lemma 6.18. Under Assumptions 2.1 and 3.1 wuth ν = v̂(0) = 1,

− 1

32π2ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)
[
Smain(k, t)

− 8v̂(t)2s2k2Rω(t, sk)
]

(6.123)

= −cir(k, 1, v̂) + kcmain(v̂) + o(k), k → 0. (6.124)

Here

cir(k, 1, v̂) =
ωbg(k)

2π2k2

∫ ∞

0

dt
v̂(t)2t2

ωbg(t)
, (6.125)

as in (3.24), and

cmain(v̂) =
1

π2
−
∫ ∞

0

dt

24π2
v̂(t)2ωbg(t)Rh(t, 0)

−
∫ ∞

0

dt

32π2

v̂(t)2t6

ωbg(t)3
+

∫ ∞

0

dt

48π2

v̂(t)2t2

ωbg(t)2
Rω(t, 0).

Proof. The first term in Smain gives the exact decomposition

− ωbg(k)

2π2k2

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)v̂(t)2ωbg(t)

=
ωbg(k)

2π2k2

∫ 2k

0

dt
t2v̂(t)2

ωbg(t)
(6.126)

− ωbg(k)

2π2

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds s2Rh(t, sk)v̂(t)
2ωbg(t) (6.127)

− cir(k, 1, v̂). (6.128)

Since t2v̂(t)2

ωbg(t)
= t+O(t3) at the origin,

(6.126) =
k

π2
+O(k3).

Moreover,

|Rh(t, sk)v̂(t)
2ωbg(t)| ≤ Cv̂(t)2 min{1, t−2}.

This is an integrable upper bound independent of k, s. Thus dominated conver-
gence, together with ωbg(k) = k +O(k3), yields

(6.127) = − k

24π2

∫ ∞

0

dt v̂(t)2ωbg(t)Rh(t, 0) + o(k).

For the second term in Smain, use the exact identity

ωbg(k)
2v̂(t)2h(t+ sk)h(t− sk)

t4

ωbg(t)

= ωbg(k)
2v̂(t)2h(t)2

t4

ωbg(t)
(6.129)

+ ωbg(k)
2s2k2v̂(t)2Rh(t, sk)

t4

ωbg(t)
. (6.130)

The absolute value of (6.130) is bounded by Ck4v̂(t)2 min{1, t−2}. Its contribution
after integration and multiplication by ωbg(k)

−1 is therefore O(k3). The integrand
in (6.129) is O(t3) at the origin and O(v̂(t)2) at infinity. Extending its integral from
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[2k,∞[ to [0,∞[ therefore changes the energy contribution by O(k5). Replacing the
remaining factor ωbg(k) by k introduces an O(k3) error. Consequently,

− ωbg(k)

32π2

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds v̂(t)2h(t+ sk)h(t− sk)
t4

ωbg(t)

= − k

32π2

∫ ∞

0

dt
v̂(t)2t6

ωbg(t)3
+O(k3).

The explicitly retained Rω term is handled by dominated convergence, using
h(t+ sk)h(t− sk)|Rω(t, sk)| ≤ C(1 + t2)−1:

k2

4π2ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds s2v̂(t)2h(t+ sk)h(t− sk)Rω(t, sk)

=
k

48π2

∫ ∞

0

dt
v̂(t)2t2

ωbg(t)2
Rω(t, 0) + o(k).

Combining these three contributions proves the stated formula for cmain. □

Lemma 6.19. Under Assumptions 2.1 and 3.1 wuth ν = v̂(0) = 1,

1

ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)|S3(k, t, sk)| ≤ Ck3
(
1 + | log k|

)
= o(k).

Proof. We first estimate the three terms in Equation (6.116). By (6.56), |RJ(k, t)−
RK(k, t)| ≤ Ck3(1 + t2). By corollary 6.5 we have∣∣∣∣ v̂(t)2t4Rω(t, sk)

2ωbg(t)2
s2ωbg(k)

2k2
∣∣∣∣ ≤ Ck4v̂(t)2.

Moreover,
ωbg(k)

k − 1 = O(k2), so that

16v̂(t)2ωbg(t)

(
ωbg(k)

k
− 1

)2

≤ Ck4v̂(t)2(1 + t2).

Thus the absolute value of the three terms in (6.116) is at most Ck4v̂(t)2(1 + t2).
Multiplying by the h(t+ sk)h(t− sk) and integrating gives an O(k3) contribution,
because v̂ ∈ L2(0,∞).

For the two square terms (6.117), (6.118), Lemma 6.7 and the bounds above give∣∣∣∣RJ(k, t)− s2k2Rω(t, sk)

(
1 +

ωbg(k)t
2

4ωbg(t)

)∣∣∣∣2 ≤ Ck4(1 + t2)2,∣∣∣∣RK(k, t)− s2k2Rω(t, sk)

(
1− ωbg(k)t

2

4ωbg(t)

)∣∣∣∣2 ≤ Ck4(1 + t2)2.

It follows from the lower bound in (6.119) that

1

ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)|S3(k, t, sk)|

≤ Ck3
∫ ∞

0

v̂(t)2 dt+ Ck3
∫ ∞

2k

dt v̂(t)2
1 + t2

t(1 + t)

≤ Ck3
(
1 + | log k|+

∫ ∞

1

v̂(t)2 dt

)
.

This proves the assertion. □
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Lemma 6.20. Under Assumptions 2.1 and 3.1 wuth ν = v̂(0) = 1,

− 1

32π2ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)Sshift(k, t, sk) = kcshift(v̂) + o(k),

where

cshift(v̂) =− 1

48π2

∫ ∞

0

dt
v̂(t)t2

ωbg(t)2
SJ(0; t, 0)

=− 1

48π2

∫ ∞

0

dt

[
8v̂(t)t2

ωbg(t)2

(
v̂′(t)ωbg(t)

t
+
v̂(t)ωbg(t)

t2
−
ω′
bg(t)v̂(t)

t

)

+
2v̂(t)t2

ωbg(t)2

(
v̂′′(t)ωbg(t) + v̂(t)ω′′

bg(t)− 2ω′
bg(t)v̂

′(t)
)]
.

Proof. We use the function Φ(t) = |v̂(t)|+ t|v̂′(t)|+ t2|v̂′′(t)|. By Lemma 6.6,

h(t+ sk)h(t− sk)s2|v̂(t)SJ/K(k, t, sk)|

≤C|v̂(t)|min{1, t−2}
∫ 1

−1

dv (1− |v|)Φ(t+ vsk). (6.131)

On any interval [x,∞[, x > 1, Cauchy–Schwarz bounds, bound the integral of the
right-hand side by

C

(∫ ∞

x

v̂(t)2

t2
dt

) 1
2
(∫ ∞

x

dt

t2

[∫ 1

−1

dv (1− |v|)Φ(t+ vsk)
]2) 1

2

=C

(∫ ∞

x

v̂(t)2

t2
dt

) 1
2
(∫ ∞

1−svk

dt

(t− svk)2

∫ 1

−1

dv (1− |v|)Φ(t+ vsk)2
) 1

2

≤D
(∫ ∞

x

v̂(t)2

t2
dt

) 1
2

(∫ ∞

1
2

Φ(t)2

t2
dt

) 1
2

<∞. (6.132)

where we first used Jensen inequality and then we changed variable t+ vsk → t in
the third one. The first factor in (6.132) goes to zero as x→ +∞, and both factors
are uniformily bounded in s, k.

For each fixed t > 0, continuity of SJ/K gives

SJ(k, t, sk) −→ SJ(0; t, 0), SK(k, t, sk) −→ SK(0, t, 0).

On every bounded interval, (6.131) is uniformly bounded, including near the ori-
gin. Dominated convergence there, together with uniform smallness of the tails in
Equation (6.132), proves

lim
k→0

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)s2v̂(t)SJ/K(k, t, sk)

=
1

12

∫ ∞

0

dt h(t)2v̂(t)SJ/K(0, t, 0).

Using SK(0, t, 0) = −SJ(0; t, 0), we consequently obtain∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)Sshift(k, t, sk)

=
2k2

3

∫ ∞

0

dt h(t)2v̂(t)SJ(0; t, 0) + o(k2).

Multiplication by − 1
32π2ωbg(k)

proves the assertion. The explicit formula for cshift
follows from (6.46). □
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Lemma 6.21. Under Assumptions 2.1 and 3.1 wuth ν = v̂(0) = 1,

1

ωbg(k)

∫ ∞

2k

dt

∫ 1
2

− 1
2

ds h(t+ sk)h(t− sk)|R3(k, t, sk)| ≤ Ck2.

Proof. The exact formula (6.111)– (6.112), the estimates on RJ , RK and Rω, and
(6.119) imply

|R3(k, t, sk)| ≤Ck3|v̂(t)|
t2

ωbg(t)

(
|SJ(k, t, sk)|+ |SK(k, t, sk)|

)
+

Ck4

t(1 + t)

[
|v̂(t)|(1 + t2)

(
|SJ(k, t, sk)|+ |SK(k, t, sk)|

)
+ |SJ(k, t, sk)|2 + |SK(k, t, sk)|2

]
. (6.133)

For 2k ≤ t ≤ 1, the potential and SJ , SK are uniformly bounded. Hence

|R3(k, t, sk)| ≤ Ck3t+
Ck4

t
, (6.134)

whose integral, divided by ωbg(k), is bounded by Ck2 + Ck3| log k|.
For t ≥ 1, Lemma 6.6 and (6.132) give, uniformly in k, s,∫ ∞

1

dt

t2
(
|SJ(k, t, sk)|+ |SK(k, t, sk)|

)2 ≤ C. (6.135)

Moreover, Cauchy–Schwarz yields∫ ∞

1

dt |v̂(t)|
(
|SJ(k, t, sk)|+ |SK(k, t, sk)|

)
≤
(∫ ∞

1

t2v̂(t)2 dt

) 1
2
(∫ ∞

1

dt

t2
(
|SJ(k, t, sk)|+ |SK(k, t, sk)|

)2) 1
2

≤ C. (6.136)

Since t2

ωbg(t)
and (1 + t2)(t(1 + t))−1 are bounded on this interval, its contribution

is at most C(k3+k4)
ωbg(k)

≤ Ck2. Moreover, The density factor is uniformly bounded.

Combining the two intervals proves the assertion. □

Combining the four lemmas with (6.107), we obtain, in normalized units,

δ(Ik,3) = −cir(k, 1, v̂) + k
(
cmain(v̂) + cshift(v̂)

)
+ o(k).

Since the contributions from Ik,1 and Ik,2 are, respectively, o(k) and − 15k
16π2 + o(k),

this convention gives

c3(1, v̂) = cmain(v̂) + cshift(v̂)−
15

16π2
.

which can be seen to coincide with the coefficient in (3.67)-(3.69) after restoring ν
and v̂(0) as in Remark 6.1.

Appendix A. Scattering length

In this appedix we define the scattering length and derive the Born series, which
allows to compute it, essentially following [30], with our notation and conventions.
Note that our definition differs from the corresponding one in [30] by a factor of 2
in front of the potential.

We start from a Schrödinger operator −∆+ κv(x) on L2(R3) with v sufficiently
fast decaying and spherically symmetric. First we look for a zero-energy generalized
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eigenfunction of this operator. We make an ansatz saying that this eigenfunction
has the form 1− w(x), where w is of the order κ, and has the asymptotic form

w(x) ≃ a

|x|
, |x| → ∞, (A.1)

where a is called the scattering length. Now the eigenvalue equation(
−∆+ κv(x)

)(
1− w(x)

)
= 0 (A.2)

can be rewritten as
κv =

(
1 + κv(−∆)−1

)
(−∆w). (A.3)

Hence

−∆w =

∞∑
n=0

(−1)nκn+1
(
v(−∆)−1

)n
v. (A.4)

In the momentum representation this can be rewritten as

− ∆̂w(p) = κv̂(p) (A.5)

+

+∞∑
k=1

(−1)kκk+1

∫
dp1 . . . dpk

((2π)3)k
v̂(p− p1)v̂(p1 − p2) . . . v̂(pk−1 − pk)v̂(pk)

|p1|2 . . . |pk|2
,

Now

−∆̂w(0) = −
∫

∆w(x)dx = − lim
R→+∞

∫
|x|<R

∆w(x)dx (A.6)

= lim
R→+∞

∫
|x|=R

∇w(x) · dΩ⃗R = lim
R→+∞

∫
|x|=R

a

R2
dΩR = 4πa, (A.7)

where ΩR is the usual measure on the sphere of radius R and Ω⃗R is the same
measure multiplied by the outward normal vector. Setting p = 0 we obtain

4πa =κv̂(0)

+

+∞∑
k=1

(−1)kκk+1

∫
dp1 . . . dpk

((2π)3)k
v̂(p1)v̂(p1 − p2) . . . v̂(pk−1 − pk)v̂(pk)

|p1|2 . . . |pk|2
,
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[19] Dereziński, J., Jakšić, V., Return to equilibrium for Pauli–Fierz systems. Ann. Henri Poincaré
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